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Preface

Nonlinear continuum mechanics is one of the fundamental subjects that form the

foundation of modern computational mechanics. The study of the motion and be-

havior of materials under different loading conditions requires understanding of

basic, general, and nonlinear, kinematic and dynamic relationships that are covered

in continuum mechanics courses. The finite element method, on the other hand, has

emerged as a powerful tool for solving many problems in engineering and physics.

The finite element method became a popular and widely used computational ap-

proach because of its versatility and generality in solving large-scale and complex

physics and engineering problems. Nonetheless, the success of using the continuum-

mechanics-based finite element method in the analysis of the motion of bodies that

experience general displacements, including arbitrary large rotations, has been lim-

ited. The solution to this problem requires resorting to some of the basic concepts in

continuum mechanics and putting the emphasis on developing sound formulations

that satisfy the principles of mechanics. Some researchers, however, have tried to

solve fundamental formulation problems using numerical techniques that lead to

approximations. Although numerical methods are an integral part of modern com-

putational algorithms and can be effectively used in some applications to obtain

efficient and accurate solutions, it is the opinion of many researchers that numerical

methods should only be used as a last resort to fix formulation problems. Sound

formulations must be first developed and tested to make sure that these formula-

tions satisfy the basic principles of mechanics. The equations that result from the use

of the analytically correct formulations can then be solved using numerical methods.

This book is focused on presenting the nonlinear theory of continuum mechan-

ics and demonstrating its use in developing nonlinear computer formulations that

can be used in the large displacement dynamic analysis. To this end, the basic

concepts used in continuum mechanics are first presented and then used to develop

nonlinear general finite element formulations that can be effectively used in the

large displacement analysis. Two nonlinear finite element dynamic formulations will

be considered in this book. The first is a general large-deformation finite element

formulation, whereas the second is a formulation that can be used efficiently to solve

small-deformation problems that characterize very and moderately stiff structures.
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In this latter case, an elaborate method for eliminating the unnecessary degrees of

freedom must be used in order to be able to efficiently obtain a numerical solution.

An attempt has been made to present the materials in a clear and systematic manner

with the assumption that the reader has only basic knowledge in matrix and vector

algebra as well as basic knowledge of dynamics. The book is designed for a course at

the senior undergraduate and first-year graduate level. It can also be used as a ref-

erence for researchers and practicing engineers and scientists who are working in the

areas of computational mechanics, biomechanics, computational biology, multibody

system dynamics, and other fields of science and engineering that are based on the

general continuum mechanics theory.

In Chapter 1 of this book, matrix, vector, and tensor notations are introduced.

These notations will be repeatedly used in all chapters of the book, and, therefore, it is

necessary that the reader reviews this chapter in order to be able to follow the pre-

sentation in subsequent chapters. The polar decomposition theorem, which is funda-

mental in continuum and computational mechanics, is also presented in this chapter.

D’Alembert’s principle and the principle of virtual work can be used to systematically

derive the equations of motion of physical systems. These two important principles

are discussed, and the relationship between them is explained. The use of a finite

dimensional model to describe the continuum motion is also discussed in Section 8;

whereas in Section 9, the procedure for developing the discrete equations of motion

is outlined. In Section 10, the principles of momentum and principle of work and

energy are presented. In this section, the problems associated with some of the finite

element formulations that violate these analytical mechanics principles are discussed.

Section 11 of Chapter 1 is devoted to a discussion on the definitions of the gradient

vectors that are used in continuum mechanics to define the strain components.

In Chapter 2, the general kinematic displacement equations of a continuum are

developed. These equations are used to define the strain components. The Green–

Lagrange strains and the Almansi or Eulerian strains are introduced. The Green–

Lagrange strains are defined in the reference configuration, whereas the Almansi or

Eulerian strains are defined in the current deformed configuration. The relation-

ships between these strain components are established and used to shed light on the

physical meaning of the strain components. Other deformation measures as well as

the velocity and acceleration equations are also defined in this chapter. The impor-

tant issue of objectivity that must be considered when large deformations and in-

elastic formulations are used is discussed. The equations that govern the change of

volume and area, the conservation of mass, and examples of deformation modes are

also presented in this chapter.

Forces and stresses are discussed in Chapter 3. Equilibrium of forces acting on

an infinitesimal material element is used to define the Cauchy stresses, which are

used to develop the partial differential equations of equilibrium. The transformation

of the stress components and the symmetry of the Cauchy stress tensor are among

the topics discussed in this chapter. The virtual work of the forces due to the change

of the shape of the continuum is defined. The deviatoric stresses, stress objectivity,

and energy balance equations are also discussed in Chapter 3.
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The definition of the strain and stress components is not sufficient to describe

the motion of a continuum. One must define the relationship between the stresses

and strains using the constitutive equations that are discussed in Chapter 4. In

Chapter 4, the generalized Hooke’s law is introduced, and the assumptions used

in the definition of homogeneous isotropic materials are outlined. The principal

strain invariants and special large-deformation material models are discussed. The

linear and nonlinear viscoelastic material behavior is also discussed in Chapter 4.

In many engineering applications, plastic deformations occur due to excessive

forces and impact as well as thermal loads. Several plasticity formulations are pre-

sented in Chapter 5. First, a one-dimensional theory is used in order to discuss the

main concepts and solution procedures used in the plasticity analysis. The theory is

then generalized to the three-dimensional analysis for the case of small strains.

Large strain nonlinear plasticity formulations as well as the J2 flow theory are among

the topics discussed in Chapter 5. This chapter can be skipped in its entirety because

it has no effect on the continuity of the presentation, and the developments in

subsequent chapters do not depend on the theory of plasticity in particular.

Nonlinear finite element formulations are discussed in Chapter 6 and 7. Two

formulations are discussed in these two chapters. The first is a large-deformation

finite element formulation, which is discussed in Chapter 6. This formulation,

called the absolute nodal coordinate formulation, is based on a continuum

mechanics theory and employs displacement gradients as coordinates. It leads to

a unique displacement and rotation fields and imposes no restrictions on the

amount of rotation or deformation within the finite element. The absolute nodal

coordinate formulation has some unique features that distinguish it from other

existing large-deformation finite element formulations: it leads to a constant mass

matrix; it leads to zero centrifugal and Coriolis forces; it automatically satisfies

the principles of mechanics; it correctly describes an arbitrary rigid-body

motion including finite rotations; and it can be used to develop several beams,

plate, and shell elements that relax many of the assumptions used in classical

theorems because this formulation allows for the use of more general constitutive

relationships.

Clearly, large-deformation finite element formulations can also be used to solve

small deformation problems. However, it is not recommended to use a large-

deformation finite element formulation to solve a small-deformation problem.

Large-deformation formulations do not exploit some particular features of small-

deformation problems, and, therefore, such formulations can be very inefficient in

the solution of stiff and moderately stiff systems. It turns out that the development

of an efficient small-deformation finite element formulation that correctly describes

an arbitrary rigid-body motion requires the use of more elaborate techniques in

order to define a local linear problem without compromising the ability of the

method to describe large-displacement small-deformation behavior. The finite ele-

ment floating frame of reference formulation, which is widely used in the analysis

of small deformations, is discussed in Chapter 7 of this book. This formulation

allows eliminating high-frequency modes that do not have a significant effect on
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the solution, thereby leading to a lower-dimension dynamic model that can be

efficiently solved using numerical and computer methods.

I would like to thank many students and colleagues with whom I worked for

several years on the subject of flexible body dynamics. I was fortunate to collaborate

with excellent students and colleagues who educated me in this important field of

computational mechanics. In particular, I would like to thank two of my doctorate

students, Bassam Hussein and Luis Maqueda, who provided solutions for several of

the examples presented in Chapter 4 and Chapter 5. I am grateful for the help I

received from Mr. Peter Gordon, the Engineering Editor, and the production staff

of Cambridge University Press. It was a pleasant experience working with them on

the production of this book. I would also like to thank my family for their help,

patience, and understanding during the time of preparing this book.

Ahmed A. Shabana

Chicago, IL, 2007
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1 INTRODUCTION

Matrix, vector, and tensor algebras are often used in the theory of continuum

mechanics in order to have a simpler and more tractable presentation of the subject.

In this chapter, the mathematical preliminaries required to understand the matrix,

vector, and tensor operations used repeatedly in this book are presented. Principles

of mechanics and approximation methods that represent the basis for the formula-

tion of the kinematic and dynamic equations developed in this book are also

reviewed in this chapter. In the first two sections of this chapter, matrix and vector

notations are introduced and some of their important identities are presented. Some

of the vector and matrix results are presented without proofs because it is assumed

that the reader has some familiarity with matrix and vector notations. In Section 3,

the summation convention, which is widely used in continuum mechanics texts, is

introduced. This introduction is made despite the fact that the summation conven-

tion is rarely used in this book. Tensor notations, on the other hand, are frequently

used in this book and, for this reason, tensors are discussed in Section 4. In Section 5,

the polar decomposition theorem, which is fundamental in continuum mechanics, is

presented. This theorem states that any nonsingular square matrix can be decom-

posed as the product of an orthogonal matrix and a symmetric matrix. Other matrix

decompositions that are used in computational mechanics are also discussed. In

Section 6, D’Alembert’s principle is introduced, while Section 7 discusses the virtual

work principle. The finite element method is often used to obtain finite dimensional

models of continuous systems that in reality have infinite number of degrees of

freedom. To introduce the reader to some of the basic concepts used to obtain finite

dimensional models, discussions of approximation methods are included in Section 8.

The procedure for developing the discrete equations of motion is outlined in Section

9, while the principle of conservation of momentum and the principle of work and

energy are discussed in Section 10. In continuum mechanics, the gradients of the

position vectors can be determined by differentiation with respect to different

parameters. The change of parameters can lead to the definitions of strain compo-

nents in different directions. This change of parameters, however, does not change

the coordinate system in which the gradient vectors are defined. The effect of the

change of parameters on the definitions of the gradients is discussed in Section 11.

1
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1.1 MATRICES

In this section, some identities, results, and properties from matrix algebra that are

used repeatedly in this book are presented. Some proofs are omitted, with the

assumption that the reader is familiar with the subject of linear algebra.

Definitions An m� n matrix A is an ordered rectangular array, which can be

written in the following form:

A ¼ aij

� �
¼

a11 a12 . . . a1n

a21 a22 . . . a2n

..

. ..
. . .

. ..
.

am1 am2 . . . amn

2
6664

3
7775 ð1:1Þ

where aij is the ijth element that lies in the ith row and jth column of the matrix.

Therefore, the first subscript i refers to the row number, and the second subscript j

refers to the column number. The arrangement of Equation 1 shows that the matrix

A has m rows and n columns. If m ¼ n, the matrix is said to be square, otherwise the

matrix is said to be rectangular. The transpose of an m� n matrix A is an n�m

matrix, denoted as AT, which is obtained from A by exchanging the rows and

columns, that is AT ¼ aji

� �
.

A diagonal matrix is a square matrix whose only nonzero elements are the

diagonal elements, that is, aij ¼ 0 if i 6¼ j. An identity or unit matrix, denoted as I,

is a diagonal matrix that has all its diagonal elements equal to one. The null or zero

matrix is a matrix that has all its elements equal to zero. The trace of a square matrix

A is the sum of all its diagonal elements, that is,

tr Að Þ ¼
Xn

i¼1

aii ð1:2Þ

This equation shows that tr Ið Þ ¼ n, where I is the identity matrix and n is the di-

mension of the matrix.

A square matrix A is said to be symmetric if

A ¼ AT, aij ¼ aji ð1:3Þ

A square matrix is said to be skew symmetric if

A ¼ �AT, aij ¼ �aji ð1:4Þ

This equation shows that all the diagonal elements of a skew-symmetric matrix

must be equal to zero. That is, if A is a skew-symmetric matrix with dimension n,

then aii ¼ 0 for i ¼ 1, 2, . . . , n: Any square matrix can be written as the sum of

2 Introduction



a symmetric matrix and a skew-symmetric matrix. For example, if B is a square

matrix, B can be written as

B ¼ �Bþ ~B ð1:5Þ

where �B and ~B are, respectively, symmetric and skew-symmetric matrices defined as

�B ¼ 1

2
Bþ BT
� �

, ~B ¼ 1

2
B� BT
� �

ð1:6Þ

Skew-symmetric matrices are used in continuum mechanics to characterize the

rotations of the material elements.

Determinant The determinant of an n� n square matrix A, denoted as Aj j or

det Að Þ, is a scalar quantity. In order to be able to define the unique value of the

determinant, some basic definitions have to be introduced. The minor Mij corre-

sponding to the element aij is the determinant of a matrix obtained by deleting the

ith row and jth column from the original matrix A. The cofactor Cij of the element aij

is defined as

Cij ¼ �1ð ÞiþjMij ð1:7Þ

Using this definition, the determinant of the matrix A can be obtained in terms of

the cofactors of the elements of an arbitrary row j as follows:

Aj j ¼
Xn

k¼1

ajkCjk ð1:8Þ

One can show that the determinant of a diagonal matrix is equal to the product of

the diagonal elements, and the determinant of a matrix is equal to the determinant

of its transpose; that is, if A is a square matrix, then Aj j ¼ AT
�� ��. Furthermore, the

interchange of any two columns or rows only changes the sign of the determinant. It

can also be shown that if the matrix has linearly dependent rows or linearly de-

pendent columns, the determinant is equal to zero. A matrix whose determinant is

equal to zero is called a singular matrix. For an arbitrary square matrix, singular or

nonsingular, it can be shown that the value of the determinant does not change if any

row or column is added or subtracted from another.

It can be shown that the determinant of the product of two matrices is equal to

the product of their determinants. That is, if A and B are two square matrices, then

ABj j ¼ Aj j Bj j.
As will be shown in this book, the determinants of some of the deformation

measures used in continuum mechanics are used in the formulation of the energy

expressions. Furthermore, the relationship between the volume of a continuum

in the undeformed state and the deformed state is expressed in terms of the

1.1 Matrices 3



determinant of the matrix of position vector gradients. Therefore, if the elements of

a square matrix depend on a parameter, it is important to be able to determine the

derivatives of the determinant with respect to this parameter. Using Equation 8, one

can show that if the elements of the matrix A depend on a parameter t, then

d

dt
Aj j ¼

Xn

k¼1

_a1kC1k þ
Xn

k¼1

_a2kC2k þ . . . þ
Xn

k¼1

_ankCnk ð1:9Þ

where _aij ¼ daij=dt. The use of this equation is demonstrated by the following

example.

EXAMPLE 1.1

Consider the matrix J defined as

J ¼
J11 J12 J13

J21 J22 J23

J31 J32 J33

2
4

3
5

where Jij ¼ @ri=@xj, and r and x are the vectors

r x1, x2, x3, tð Þ ¼ r1 r2 r3½ �T, x ¼ x1 x2 x3½ �T

That is, the elements of the vector r are functions of the coordinates x1, x2, and

x3 and the parameter t. If J ¼ Jj j is the determinant of J, prove that

dJ

dt
¼ @ _r1

@r1
þ @ _r2

@r2
þ @ _r3

@r3

� �
J

where @ _ri=@rj ¼ @=@rj

� �
dri=dtð Þ, i, j ¼ 1, 2, 3.

Solution: Using Equation 9, one can write

dJ

dt
¼
X3

k¼1

_J1kC1k þ
X3

k¼1

_J2kC2k þ
X3

k¼1

_J3kC3k

where Cij is the cofactor associated with element Jij. Note that the preceding

equation can be written as

dJ

dt
¼

_J11
_J12

_J13

J21 J22 J23

J31 J32 J33

������
������þ

J11 J12 J13
_J21

_J22
_J23

J31 J32 J33

������
������þ

J11 J12 J13

J21 J22 J23
_J31

_J32
_J33

������
������

In this equation,

_Jij ¼
@ _ri

@xj
¼ @ _ri

@r1

@r1

@xj
þ @ _ri

@r2

@r2

@xj
þ @ _ri

@r3

@r3

@xj
¼
X3

k¼1

@ _ri

@rk
Jkj
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Using this expansion, one can show that

_J11
_J12

_J13

J21 J22 J23

J31 J32 J33

������
������ ¼

@ _r1

@r1

� �
J

Similarly, one can show that

J11 J12 J13
_J21

_J22
_J23

J31 J32 J33

������
������ ¼

@ _r2

@r2

� �
J,

J11 J12 J13

J21 J22 J23
_J31

_J32
_J33

������
������ ¼

@ _r3

@r3

� �
J

Using the preceding equations, it is clear that

dJ

dt
¼ @ _r1

@r1
þ @ _r2

@r2
þ @ _r3

@r3

� �
J

This matrix identity is important and is used in this book to evaluate the rate of

change of the determinant of the matrix of position vector gradients in terms of

important deformation measures.

Inverse and Orthogonality A square matrix A–1 that satisfies the relationship

A�1A ¼ AA�1 ¼ I ð1:10Þ

where I is the identity matrix, is called the inverse of the matrix A. The inverse of the

matrix A is defined as

A�1 ¼ Ct

Aj j ð1:11Þ

where Ct is the adjoint of the matrix A. The adjoint matrix Ct is the transpose of the

matrix of the cofactors (Cij) of the matrix A. One can show that the determinant of

the inverse A�1
�� �� is equal to 1= Aj j.

A square matrix is said to be orthogonal if

ATA ¼ AAT ¼ I ð1:12Þ

Note that in the case of an orthogonal matrix A, one has

AT ¼ A�1 ð1:13Þ

1.1 Matrices 5



That is, the inverse of an orthogonal matrix is equal to its transpose. One can also

show that if A is an orthogonal matrix, then Aj j ¼ ±1; and if A1 and A2 are two

orthogonal matrices that have the same dimensions, then their product A1A2 is also

an orthogonal matrix.

Examples of orthogonal matrices are the 3� 3 transformation matrices that

define the orientation of coordinate systems. In the case of a right-handed coordi-

nate system, one can show that the determinant of the transformation matrix is +1;

this is a proper orthogonal transformation. If the right-hand rule is not followed, the

determinant of the resulting orthogonal transformation is equal to –1, which is an

improper orthogonal transformation, such as in the case of a reflection.

Matrix Operations The sum of two matrices A ¼ aij

� �
and B ¼ bij

� �
is defined as

Aþ B ¼ aij þ bij

� �
ð1:14Þ

In order to add two matrices, they must have the same dimensions. That is, the two

matrices A and B must have the same number of rows and same number of columns

in order to apply Equation 14.

The product of two matrices A and B is another matrix C defined as

C ¼ AB ð1:15Þ

The element cij of the matrix C is defined by multiplying the elements of the ith row

in A by the elements of the jth column in B according to the rule

cij ¼ ai1b1j þ ai2b2j þ . . . þ ainbnj ¼
X

k

aikbkj ð1:16Þ

Therefore, the number of columns in A must be equal to the number of rows in B. If A

is an m� n matrix and B is an n� p matrix, then C is an m� p matrix. In general,

AB 6¼ BA. That is, matrix multiplication is not commutative. The associative law for

matrix multiplication, however, is valid; that is, ABð ÞC ¼ A BCð Þ ¼ ABC, provided

consistent dimensions of the matrices A, B, and C are used.

1.2 VECTORS

Vectors can be considered special cases of matrices. An n-dimensional vector a can

be written as

a ¼ aið Þ ¼

a1

a2

..

.

an

2
6664

3
7775 ¼ a1 a2 . . . an½ �T ð1:17Þ
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Therefore, it is assumed that the vector is a column, unless it is transposed to make it

a row.

Because vectors can be treated as columns of matrices, the addition of vectors is

the same as the addition of column matrices. That is, if a ¼ aið Þ and b ¼ bið Þ are two

n-dimensional vectors, then aþ b ¼ ai þ bið Þ. Three different types of products,

however, can be used with vectors. These are the dot product, the cross product,

and the outer or dyadic product. The result of the dot product of two vectors is

a scalar, the result of the cross product is a vector, and the result of the dyadic

product is a matrix. These three different types of products are discussed in the

following text.

Dot Product The dot, inner, or scalar product of two vectors a and b is defined

as

a � b ¼ aTb ¼ a1b1 þ a2b2 þ . . . þ anbn ¼
Xn

i¼1

aibi ð1:18Þ

Note that the two vectors a and b must have the same dimension. The two vectors

a and b are said to be orthogonal if

a � b ¼ aTb ¼ 0 ð1:19Þ

The norm, magnitude, or length of an n-dimensional vector is defined as

aj j ¼
ffiffiffiffiffiffiffiffiffi
a � a
p

¼
ffiffiffiffiffiffiffiffi
aTa
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn

i¼1

aið Þ2
s

ð1:20Þ

It is clear from this definition that the norm is always a positive number, and it is

equal to zero only when a is the zero vector, that is, all the components of a are equal

to zero.

In the special case of three-dimensional vectors, the dot product of two arbitrary

three-dimensional vectors a and b can be written in terms of their norms as

a � b ¼ aj j bj j cos a, where a is the angle between the two vectors. A vector is said

to be a unit vector if its norm is equal to one. It is clear from the definition of the

norm given by Equation 20 that the absolute value of any element of a unit vector

must not exceed one. A unit vector â along the vector a can be simply obtained by

dividing the vector by its norm. That is, â ¼ a= aj j. The dot product b � â ¼ bj j cos a
defines the component of the vector b along the unit vector â, where a is the angle

between the two vectors. The projection of the vector b on a plane perpendicular

to the unit vector â is defined by the equation b� b � âð Þâ, or equivalently by

b� bj j cos að Þâ.
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Cross Product The vector cross product is defined for three-dimensional vectors

only. Let a and b be two three-dimensional vectors defined in the same coordinate

system. Unit vectors along the axes of the coordinate system are denoted by the

vectors i1, i2, and i3. These base vectors are orthonormal, that is,

ii � ij ¼ dij ð1:21Þ

where dij is the Kronecker delta defined as

dij ¼
1 i ¼ j

0 i 6¼ j

�
ð1:22Þ

The cross product of the two vectors a and b is defined as

c ¼ a� b ¼
i1 i2 i3

a1 a2 a3

b1 b2 b3

�������
�������

¼ a2b3 � a3b2ð Þi1 þ a3b1 � a1b3ð Þi2 þ a1b2 � a2b1ð Þi3

ð1:23Þ

which can be written as

c ¼ a� b ¼
c1

c2

c3

2
64

3
75 ¼

a2b3 � a3b2

a3b1 � a1b3

a1b2 � a2b1

2
64

3
75 ¼

0 �a3 a2

a3 0 �a1

�a2 a1 0

2
64

3
75

b1

b2

b3

2
64

3
75 ð1:24Þ

This equation can be written as

c ¼ a� b ¼ ~ab ð1:25Þ

where ~a is the skew-symmetric matrix associated with the vector a and is defined as

~a ¼
0 �a3 a2

a3 0 �a1

�a2 a1 0

2
64

3
75 ð1:26Þ

One can show that the determinant of the skew-symmetric matrix ~a is equal to zero.

That is, ~aj j ¼ 0. One can also show that

c ¼ a� b ¼ �b� a ¼ �~ba ð1:27Þ
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In this equation, ~b is the skew-symmetric matrix associated with the vector b. If

a and b are two parallel vectors, it can be shown that

a� b ¼ 0 ð1:28Þ

That is, the cross product of two parallel vectors is equal to zero.

Dyadic Product Another form of vector product used in this book is the dyadic or

outer product. Whereas the dot product leads to a scalar and the cross product leads

to a vector; the dyadic product leads to a matrix. The dyadic product of two vectors

a and b is written as a� b and is defined as

a� b ¼ abT ð1:29Þ

Note that, in general, a� b 6¼ b� a. One can show that the dyadic product of two

vectors satisfies the following identities:

a� bð Þc ¼ a b � cð Þ, a � b� cð Þ ¼ a � bð ÞcT ð1:30Þ

In Equation 30, it is assumed that the vectors have the appropriate dimensions. As

a special case of the identities of Equation 30, one has a� ikð Þc ¼ cka and

a � ik � cð Þ ¼ akcT, where ik, k ¼ 1, 2, 3, . . ., are the base vectors and ak and ck are

the kth elements of the vectors a and c, respectively. Similarly, a� bð Þik ¼ bka and

ik � a� bð Þ ¼ akbT, which show that postmultiplying the dyadic product by one of

the kth base vectors defines the kth element of the second vector multiplied by the

first vector, whereas premultiplying the dyadic product by the kth base vector

defines the kth element of the first vector multiplied by the second vector. The

dyadic product satisfies the following additional properties for any arbitrary vectors

u, v, v1, and v2 and a square matrix A:

u� vð ÞT¼ v� u

A u� vð Þ ¼ Au� vð Þ
u� vð ÞA ¼ u�ATv

� �
u� v1 þ v2ð Þ ¼ u� v1 þ u� v2

9>>>>=
>>>>;

ð1:31Þ

The second and third identities of Equation 31 show that

Au�Avð Þ ¼ A u� vð ÞAT. This result is important in understanding the rule

of transformation of the second-order tensors that will be discussed later in

this chapter. It is left to the reader as an exercise to verify the identities of

Equation 31.
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EXAMPLE 1.2

Consider the two vectors a ¼ a1 a2½ �T and b ¼ b1 b2 b3½ �T: The dyadic

product of these two vectors is given by

a� b ¼ a1

a2

	 

b1 b2 b3½ � ¼ a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

	 


For a given vector c ¼ c1 c2 c3½ �T, one has

a� bð Þc ¼
a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

	 
 c1

c2

c3

2
64

3
75

¼
a1b1

a2b1

	 

c1 þ

a1b2

a2b2

	 

c2 þ

a1b3

a2b3

	 

c3

¼
a1

a2

	 

b1c1 þ

a1

a2

	 

b2c2 þ

a1

a2

	 

b3c3 ¼ a b � cð Þ

Also note that the dyadic product a� b can be written as

a� b ¼ a1

a2

	 

b1

a1

a2

	 

b2

a1

a2

	 

b3

	 

¼ ab1 ab2 ab3½ �

It follows that if R is a 2� 2 matrix, one has

R a� bð Þ ¼ R ab1 ab2 ab3½ � ¼ Rað Þb1 Rað Þb2 Rað Þb3½ �
¼ Ra� bð Þ

Several important identities can be written in terms of the dyadic product. Some of

these identities are valuable in the computer implementation of the dynamic formu-

lations presented in this book because the use of these identities can lead to significant

simplification of the computational algorithms. By using these identities, one can avoid

rewriting codes that perform the same mathematical operations, thereby saving effort

and time by producing a manageable computer code. One of these identities that can

be written in terms of the dyadic product is obtained in the following example.

EXAMPLE 1.3

In the computer implementation of the formulations presented in this book, one

may require differentiating a unit vector r̂ along the vector r with respect to the

components of the vector r. Such a differentiation can be written in terms of

the dyadic product. To demonstrate this, we write

r̂ ¼ 1ffiffiffiffiffiffiffi
rTr
p r ¼ 1

rj j r
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where rj j ¼
ffiffiffiffiffiffiffi
rTr
p

. It follows that

@r̂

@r
¼ 1ffiffiffiffiffiffiffi

rTr
p I� 1

rTr
rrT

� �

This equation can be written in terms of the dyadic product as

@r̂

@r
¼ 1ffiffiffiffiffiffiffi

rTr
p I� 1

rTr
r� r

� �

Projection If â is a unit vector, the component of a vector b along the unit vector

â is defined by the dot product b � â. The projection of b along â is then defined as

b � âð Þâ, which can be written using Equation 30 as b � âð Þâ ¼ â� âð Þb: The matrix

P ¼ â� â defines a projection matrix. For an arbitrary integer n, one can show that

the projection matrix P satisfies the identity Pn ¼ P: This is an expected result

because the vector â� âð Þb ¼ Pb is defined along â and has no components in other

directions. Other projections should not change this result.

The projection of the vector b on a plane perpendicular to the unit vector â is

defined as b� b � âð Þâ, which can be written using the dyadic product as I� â� âð Þb.

This equation defines another projection matrix Pp ¼ I� â� â, or simply

Pp ¼ I� P. For an arbitrary integer n, one can show that the projection matrix

Pp satisfies the identity Pn
p ¼ Pp. Furthermore, PPp ¼ 0 and Pþ Pp ¼ I.

EXAMPLE 1.4

Consider the vector a ¼ 1 2 0½ �T. A unit vector along a is defined as

â ¼ 1ffiffiffi
5
p 1 2 0½ �T

The projection matrix P associated with this unit vector can be written as

P ¼ â� â ¼ 1

5

1 2 0

2 4 0

0 0 0

2
64

3
75

It follows that

P2 ¼ 1

25

5 10 0

10 20 0

0 0 0

2
64

3
75 ¼ 1

5

1 2 0

2 4 0

0 0 0

2
64

3
75 ¼ P
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The projection matrix Pp is defined in this example as

Pp ¼ I� â� â ¼ I� P ¼ 1

5

4 �2 0
�2 1 0
0 0 0

2
4

3
5

Note that P2
p ¼ I� Pð Þ2¼ I� 2Pþ P2 ¼ I� P ¼ Pp. Successive application of

this equation shows that Pn
p ¼ Pp. The reader can verify this fact by the data

given in this example.

1.3 SUMMATION CONVENTION

In this section, another convenient notational method, the summation convention, is

discussed. The summation convention is used in most books on the subject of con-

tinuum mechanics. According to this convention, summation over the values of the

indices is automatically assumed if an index is repeated in an expression. For ex-

ample, if an index j takes the values from 1 to n, then in the summation convention,

one has

ajj ¼ a11 þ a22 þ . . . þ ann ð1:32Þ

and

aijj ¼ ai11 þ ai22 þ . . . þ ainn ð1:33Þ

The repeated index used in the summation is called the dummy index, an example of

which is the index j used in the preceding equation. If the index is not a dummy

index, it is called a free index, an example of which is the index i used in Equation 33.

It follows that the trace of a matrix A can be written using the summation conven-

tion as

tr Að Þ ¼ aii ð1:34Þ

The dot product between two n-dimensional vectors a and b can be written using the

summation convention as

a � b ¼ aTb ¼ aibi ð1:35Þ

The product of a matrix A and a vector b is another vector c ¼ Ab whose com-

ponents can be written using the summation convention as

ci ¼ aijbj ð1:36Þ
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It follows that the components of an n-dimensional vector a ¼ aið Þ defined by the

multiplication a ¼ Rb, where R ¼ Rij

� �
and b ¼ bið Þ, can be written using the sum-

mation convention as ai ¼ Rijbj. Here, i is the free index and j is the dummy index.

The dyadic product between two vectors can also be written using the summa-

tion convention. For example, in the case of three-dimensional vectors, one can

define the base vectors ik, k ¼ 1, 2, 3. Any three-dimensional vector can be written

in terms of these base vectors using the summation convention as a ¼
aiii ¼ a1i1 þ a2i2 þ a3i3. The dyadic product of two vectors a and b can then be

written as

a� b ¼ aiiið Þ � bjij

� �
¼ aibjii � ij ð1:37Þ

For example, if ii ¼ i1 ¼ 1 0 0½ �T, ij ¼ i2 ¼ 0 1 0½ �T, and a and b are arbitrary

three-dimensional vectors, one can show that the dyadic product of the preceding

equation can be written in the following matrix form:

a� b ¼ aibjii � ij ¼
a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

a3b1 a3b2 a3b3

2
4

3
5 ð1:38Þ

The dyadic products of the base vectors ii � ij are called the unit dyads. Using

this notation, the dyadic product can be generalized to the products of three or

more vectors. For example, the triadic product of the vectors a, b, and c can be

written as a� b� c ¼ aiiið Þ � bjij
� �

� ckikð Þ ¼ aibjckii � ij � ik: In this book, the

familiar summation sign
P

will be used for the most part, instead of the summation

convention.

1.4 CARTESIAN TENSORS

It is clear from the preceding section that a dyadic product is a linear combination of

unit dyads. The second-order Cartesian tensor is defined as a linear combination of

dyadic products. A second-order Cartesian tensor A takes the following form:

A ¼
X3

i, j¼1

aijii � ij ð1:39Þ

where aij are called the components of A. Using the analysis presented in the pre-

ceding section, one can show that the second-order tensor can be written in the

matrix form of Equation 38. Nonetheless, for a given second-order tensor A, one

cannot in general find two vectors a and b such that A ¼ a� b: Using Equation 39,

one can show that the element aij can be defined as

aij ¼ ii �Aij ð1:40Þ
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The proof of this equation can be obtained using Equation 30 (Spencer, 1997). To

this end, we write

ii �Aij ¼ ii �
X3

k,l¼1

aklik � il

 !
ij ¼ ii �

X3

k,l¼1

akl il � ij
� �

ik

 !

¼ ii �
X3

k,l¼1

akldljik

 !
¼

X3

k,l¼1

akldljdik

 !

¼ aij ð1:41Þ

The unit or identity tensor can be written in terms of the base vectors as

I ¼
X3

i¼1

ii � ii ð1:42Þ

Using the definition of the second-order tensor as a linear combination of dyadic

products, one can show, as previously mentioned, that the components of any sec-

ond-order tensor can be arranged in the form of a 3� 3 matrix. Using this matrix

arrangement of the second-order tensor A, another simple proof of Equation 40 can

be provided. To this end, we note that the product Aij defines column j of the matrix

A denoted as Aj. The dot product ii �Aj defines element i of the vector Aj, which is

the same as aij.

If the components of A are defined using a set of base vectors�ii and�ij defined in

another coordinate system and are denoted as �aij, one has

A ¼
X3

i, j¼1

aijii � ij ¼
X3

i, j¼1

�aij
�ii ��ij ð1:43Þ

Let R ¼ Rij

� �
be the orthogonal matrix of transformation between the two coordi-

nate systems in which the two sets of base vectors are defined, such that

ii ¼ R�ii, �ii ¼ RTii ð1:44Þ

It follows that

�ii ��ij ¼ �ii�i
T

j ¼ RTii i
T
j R ¼ RT ii � ij

� �
R ð1:45Þ

which is the result obtained earlier in Section 2. Substituting the identity of Equation

45 into Equation 43, one obtains

A ¼
X3

i,j¼1

aijii � ij ¼ RT
X3

i,j¼1

�aijii � ij

 !
R ð1:46Þ
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Let A ¼ aij

� �
and �A ¼ �aij

� �
. It then follows from the preceding equation that

A ¼ aij

� �
¼ RT �AR ð1:47Þ

The inverse relationship is given by

�A ¼ RART ð1:48Þ

Using Equation 47, one can show that the elements aij can be written in terms of the

elements �aij as follows:

apq ¼
X3

i,j¼1

RipRjq�aij ð1:49Þ

Using matrix notation, it can also be shown that apq ¼ RT
p

�ARq, where Rk is the kth

column of the tensor R. That is, R ¼ R1 R2 R3½ �. Equation 47, or equivalently

Equation 48, governs the transformation of the second-order tensors. That is, any

second-order tensor must obey this transformation rule. In continuum mechanics,

the elements of tensors represent physical quantities such as moments of inertia,

strains, and stresses. These elements can be defined in any coordinate system. The

coordinate systems used depend on the formulation used to obtain the equilibrium

equations. It is, therefore, important that the reader understands the rule of the

coordinate transformation of tensors and recognizes that such a transformation

leads to the definition of the same physical quantities in different frames of refer-

ence. We must also distinguish between the transformation of vectors and the

change of parameters. The latter does not change the coordinate system in which

the vectors are defined. This important difference will be discussed in more detail

before concluding this chapter.

A tensor that has the same components in any coordinate system is called an

isotropic tensor. An example of isotropic tensors is the unit tensor. It can be shown

that second-order isotropic tensors take only one form and can be written as aI

where a is a scalar and I is the unit or the identity tensor. Second-order isotropic

tensors are sometimes called spherical tensors.

Double Product or Double Contraction If A is a second-order tensor, the

contraction of this tensor to a scalar is defined as
P3

i¼1 aii ¼ a11 þ a22 þ a33 ¼
trðAÞ, where tr denotes the trace of the matrix (sum of the diagonal elements)

(Aris 1962). It can be shown that the trace of a second-order tensor is invariant

under orthogonal coordinate transformations. To this end, one can write, using

Equation 49, aqq ¼
P3

i,j¼1 RiqRjq�aij, which, using the orthogonality of the columns

of the transformation R ¼ Rij

� �
, leads to

P3
q¼1 aqq ¼

P3
q¼1

P3
i,j¼1 RiqRjq�aij

� �
¼
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P3
q,j¼1dqj�aqj ¼

P3
q¼1 �aqq. That is, the trace is indeed invariant under coordinate

transformation. In addition to the trace, the determinant of A is the same as the

determinant of �A, that is, Aj j ¼ �A
�� ��. This important result can also be obtained in

the case of second-order tensors using the facts that the determinant of an orthog-

onal matrix is equal to ±1 and the determinant of the product of matrices is equal to

the product of the determinants of these matrices.

If A and B are second-order tensors, the double product or double contraction is

defined as

A : B ¼ trðATBÞ ð1:50Þ

Using the properties of the trace, one can show that

A : B ¼ trðATBÞ ¼ trðBATÞ ¼ trðBTAÞ ¼ trðABTÞ ¼
X3

i,j¼1

aijbij ð1:51Þ

where aij and bij are, respectively, the elements of the tensors A and B. If a, b, u, and

v are arbitrary vectors and A is a second-order tensor, one can show that the double

contraction has the following properties:

trðAÞ ¼ I : A
A : u� vð Þ ¼ u � Avð Þ
a� bð Þ : u� vð Þ ¼ a � uð Þ b � vð Þ

9=
; ð1:52Þ

It can also be shown that if A is a symmetric tensor and B is a skew symmetric tensor,

then

A : B ¼ 0 ð1:53Þ

It follows that if A is a symmetric tensor and B is an arbitrary tensor,

the definition of the double product can be used to show that A : B ¼ A : BT ¼
A : ðBþBTÞ=2.

If A and B are two symmetric tensors, one can show that

A : B ¼ a11b11 þ a22b22 þ a33b33 þ 2 a12b12 þ a13b13 þ a23b23ð Þ ð1:54Þ

The preceding two equations will be used in this book in the formulation of the

elastic forces of continuous bodies. These forces are expressed in terms of the strain

and stress tensors. As will be shown in Chapters 2 and 3, the strain and stress tensors

are symmetric and are given, respectively, in the following form:

e ¼
e11 e12 e13

e12 e22 e23

e13 e23 e33

2
4

3
5, s ¼

r11 r12 r13

r12 r22 r23

r13 r23 r33

2
4

3
5 ð1:55Þ
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Using Equation 54, one can write the double contraction of the strain and stress

tensors as

e : s ¼ e11r11 þ e22r22 þ e33r33 þ 2 e12r12 þ e13r13 þ e23r23ð Þ ð1:56Þ

Because a second-order symmetric tensor has six independent elements, vector

notations, instead of tensor notations, can also be used to define the strain and stress

components of the preceding two equations. In this case, six-dimensional strain and

stress vectors can be introduced as follows:

ev ¼ e11 e22 e33 e12 e13 e23½ �T

sv ¼ r11 r22 r33 r12 r13 r23½ �T



ð1:57Þ

where subscript v is used to denote a vector. The dot product of the strain and stress

vectors is given by

e � s ¼ eTs ¼ e11r11 þ e22r22 þ e33r33 þ e12r12 þ e13r13 þ e23r23 ð1:58Þ

Note the difference between the results of the double contraction and the dot prod-

uct of Equations 56 and 58, respectively. There is a factor of 2 multiplied by the term

that includes the off-diagonal elements in the double contraction of Equation 56.

Equation 56 arises naturally when the elastic forces are formulated, as will be shown

in Chapter 3. Therefore, it is important to distinguish between the double contrac-

tion and the dot product despite the fact that both products lead to scalar quantities.

Invariants of the Second-Order Tensor Under an orthogonal transformation

that represents rotation of the axes of the coordinate systems, the components of

the vectors and second-order tensors change. Nonetheless, certain vector and tensor

quantities do not change and remain invariant under such an orthogonal transfor-

mation. For example, the norm of a vector and the dot product of two three-

dimensional vectors remain invariant under a rigid-body rotation.

For a second-order tensor A, one has the following three invariants that do not

change under an orthogonal coordinate transformation:

I1 ¼ tr Að Þ
I2 ¼

1

2
tr Að Þð Þ2�trðA2Þ

n o
I3 ¼ det Að Þ ¼ Aj j

9>=
>; ð1:59Þ

These three invariants can also be written in terms of the eigenvalues of the tensor

A. For a given tensor or a matrix A, the eigenvalue problem is defined as

Ay ¼ ky ð1:60Þ
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where k is called the eigenvalue and y is the eigenvector of A. Equation 60 shows that

the direction of the vector y is not affected by multiplication with the tensor A. That

is, Ay can change the length of y, but such a multiplication does not change the

direction of y. For this reason, y is called a principal direction of the tensor A. The

preceding eigenvalue equation can be written as

A� kIð Þy ¼ 0 ð1:61Þ

For this equation to have a nontrivial solution, the determinant of the coefficient

matrix must be equal to zero, that is,

det A� kIð Þ ¼ 0 ð1:62Þ

This equation is called the characteristic equation, and in the case of a second-order

tensor it has three roots k1, k2, and k3. Associated with these three roots, there are

three corresponding eigenvectors y1, y2, and y3 that can be determined to within an

arbitrary constant using Equation 61. That is, for a root ki, i ¼ 1, 2, 3, one can solve

the system of homogeneous equations A� kiIð Þyi ¼ 0 for the eigenvector yi to

within an arbitrary constant, as demonstrated by the following example.

EXAMPLE 1.5

Consider the matrix

A ¼
1 �1 2
0 3 1
0 0 2

2
4

3
5

The characteristic equation of this matrix can be obtained using Equation 62 as

det A� kIð Þ ¼ 1� kð Þ 3� kð Þ 2� kð Þ ¼ 0

The roots of this characteristic equation define the following three eigenvalues

of the matrix A:

k1 ¼ 1, k2 ¼ 2, k3 ¼ 3

Associated with these three eigenvalues, there are three eigenvectors, which can

be determined using Equation 61 as

A� kiIð Þyi ¼ 0, i ¼ 1, 2, 3

or

1� ki �1 2
0 3� ki 1
0 0 2� ki

2
4

3
5 yi1

yi2

yi3

2
4

3
5 ¼ 0, i ¼ 1, 2, 3
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This equation can be used to solve for the eigenvectors associated with the three

eigenvalues k1, k2, and k3. For k1 ¼ 1, the preceding equation yields the

following system of algebraic equations:

0 �1 2
0 2 1
0 0 1

2
4

3
5 y11

y12

y13

2
4

3
5 ¼ 0

This system of algebraic equations defines the first eigenvector to within an

arbitrary constant as

y1 ¼
y11

y12

y13

2
4

3
5 ¼ 1

0
0

2
4
3
5

For k2 ¼ 2, one has

y2 ¼
y21

y22

y23

2
4

3
5 ¼ �3

1
�1

2
4

3
5

The eigenvector associated with k3 ¼ 3 can also be determined as

y3 ¼
y31

y32

y33

2
4

3
5 ¼ 1

�2
0

2
4

3
5

In the special case of a symmetric tensor, one can show that the eigenvalues are

real and the eigenvectors are orthogonal. Because the eigenvectors can be deter-

mined to within an arbitrary constant, the eigenvectors can be normalized as unit

vectors. For a symmetric tensor, one can then write

Ayi ¼ kiyi , i ¼ 1, 2, 3

yT
i yj ¼ dij , i, j ¼ 1, 2, 3

)
ð1:63Þ

If yi, i = 1, 2, 3, are selected as orthogonal unit vectors, one can form the orthogonal

matrix F whose columns are the orthonormal eigenvectors, that is,

F ¼ y1 y2 y3½ � ð1:64Þ

It follows that

AF ¼ Fl ð1:65Þ
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where

l ¼
k1 0 0
0 k2 0
0 0 k3

2
4

3
5 ð1:66Þ

Using the orthogonality property of F, one has

A ¼ FlFT ¼
X3

i¼1

kiyi � yi ð1:67Þ

This equation, which defines the spectral decomposition of A, shows that the or-

thogonal transformation F can be used to transform the tensor A to a diagonal

matrix as

FTAF ¼ l ¼
k1 0 0
0 k2 0
0 0 k3

2
4

3
5 ð1:68Þ

That is, the matrices A and l have the same determinant and the same trace. This

important result is often used in continuum mechanics to study the invariant prop-

erties of different tensors.

Let R be an orthogonal transformation matrix. Using the transformation y ¼ Rz

in Equation 61 and premultiplying by RT, one obtains

RTAR� kI
� �

z ¼ 0 ð1:69Þ

This equation shows that the eigenvalues of a tensor or a matrix do not change under

an orthogonal coordinate transformation. Furthermore, as previously discussed, the

determinant and trace of the tensor or the matrix do not change under such a co-

ordinate transformation. One then concludes that the invariants of a symmetric

second-order tensor can be expressed in terms of its eigenvalues as follows:

I1 ¼ tr Að Þ ¼ k1 þ k2 þ k3

I2 ¼
1

2
tr Að Þð Þ2�trðA2Þ

n o
¼ k1k2 þ k1k3 þ k2k3

I3 ¼ det Að Þ ¼ k1k2k3

9>=
>; ð1:70Þ

Some of the material constitutive equations used in continuum mechanics are for-

mulated in terms of the invariants of the strain tensor. Therefore, Equation 70 will

be used in later chapters of this book.

For a general second-order tensor A (symmetric or nonsymmetric), the invar-

iants are I1 ¼ tr Að Þ, I2 ¼ 1
2 tr Að Þð Þ2�trðA2Þ
n o

, and I3 ¼ det Að Þ, as previously pre-

sented. One can show that the characteristic equation of a second-order tensor can
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be written in terms of these invariants as k3 � I1k
2 þ I2k� I3 ¼ 0. Furthermore, by

repeatedly multiplying Equation 60 n times by A, one obtains Any ¼ kny. Using this

identity after multiplying the characteristic equation k3 � I1k
2 þ I2k� I3 ¼ 0 by y,

one obtains A3 � I1A2 þ I2A� I3I ¼ 0, which is the mathematical statement of the

Cayley–Hamilton theorem, which states that a second-order tensor satisfies its char-

acteristic equation. The simple proof provided here for the Cayley–Hamilton the-

orem is based on the assumption that the eigenvectors are linearly independent. A

more general proof can be found in the literature.

For a second-order skew-symmetric tensor W, one can show that the invariants

are given by I1 ¼ I3 ¼ 0 and I2 ¼ w2
12 þ w2

13 þ w2
23, where wij is the ijth element of

the tensor W. Using these results, the characteristic equation of a second-order

tensor W can be written as k3 þ I2k ¼ 0. This equation shows that W has only one

real eigenvalue, k ¼ 0, whereas the other two eigenvalues are imaginary.

Higher-Order Tensors In continuum mechanics, the stress and strain tensors are

related using the constitutive equations that define the material behavior. This re-

lationship can be expressed in terms of a fourth-order tensor whose components are

material coefficients. In general, a tensor A of order n is defined by 3n elements,

which can be written as aijk...n, provided that these elements as the result of a co-

ordinate transformation take the form

apq...s ¼
Xn

i,j,...,l¼1

RipRjq . . . Rls �aij...l ð1:71Þ

where R ¼ Rij

� �
is the matrix of coordinate transformation. A lower-order tensor

can be obtained as a special case of Equation 71 by reducing the number of indices.

A zero-order tensor is represented by a scalar, a first-order tensor is represented by

a vector, and a second-order tensor can be represented by a matrix. A tensor of

order n is said to be symmetric with respect to two indices if the interchange of these

two indices does not change the value of the elements of the tensor. The tensor is

said to be antisymmetric or skew symmetric with respect to two indices if the in-

terchange of these two indices changes only the sign of the elements of the tensor.

As in the case of the second-order tensors, higher-order tensors can be defined

using outer products. For example, a third-order tensor T can be defined as the outer

product of three vectors u, v, and w as follows:

T ¼ u� v� wð Þ ¼
X3

i,j,k¼1

tijkii � ij � ik ð1:72Þ

where il, l ¼ i, j, k is a base vector. An element of the tensor T takes the form uivjwk.

Roughly speaking, in the case of three-dimensional vectors, one may consider the

third-order tensor a linear combination of a new set of unit dyads that consist of 27

elements (three layers, each of which has nine elements). The elements of layer or

matrix l, l ¼ 1, 2, 3 are given by wl u� vð Þ ¼ Til. Using this definition of the product
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or following a procedure similar to the one used to define the elements of the second-

order tensor, one can show that the elements of the third-order tensor are defined as

tijk ¼ ii � ij

� �
: Tik ð1:73Þ

In this equation, the third-order tensor is defined such that it maps an arbitrary

vector b according to

u� v� wð Þb ¼ w � bð Þ u� vð Þ ð1:74Þ

That is, multiplying a third-order tensor by a vector results in a second-order tensor.

Note that whereas a third-order tensor can in general be written as

T ¼
P3

i,j,k¼1 tijkii � ij � ik, one cannot always, as in the case of second-order tensors,

find vectors u, v, and w such that T ¼ u� v� wð Þ.

EXAMPLE 1.6

Let T ¼ tijk

� �
¼ u� v� w be a third-order tensor and u, v, and w be three-

dimensional vectors. The third-order tensor T has 27 elements defined by the

products

w1 u� vð Þ, w2 u� vð Þ, w3 u� vð Þ

It follows that

Tik ¼ wk u� vð Þ ¼ wk

u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

2
64

3
75

The element t13k of the tensor T can be defined as

t13k ¼ i1 � i3ð Þ : Tik ¼ tr i1 � i3ð ÞTTik

n o

where

i1 � i3ð Þ ¼
0 0 1
0 0 0
0 0 0

2
4

3
5

Using the preceding three equations, one obtains

t13k ¼ i1 � i3ð Þ : Tik ¼ tr i1 � i3ð ÞTTik

n o
¼ u1v3wk

Other elements of the tensor T can be determined in a similar manner.
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The double product or double contraction can also be applied to third-order

tensors. Let T and S be, respectively, third- and second-order tensors and a, b, c, u,

and v be arbitrary vectors. For such tensors, one can verify the following properties

based on the double contraction (Bonet and Wood, 1997):

T : a� bð Þ ¼ Tbð Þa
a� b� cð Þ : u� vð Þ ¼ u � bð Þ v � cð Þa
a� Sð Þ : T ¼ S : Tð Þ � a

S� að Þ : T ¼ S Tað Þ

9>>>=
>>>;

ð1:75Þ

Using the first of these equations, one can show that the double contraction of

a third-order tensor T by a second-order tensor S can be evaluated in terms of their

components as

T : S ¼
X3

i,j,k¼1

tijksjkii ð1:76Þ

This result can be proven by writing T ¼
P3

i,j,k¼1 tijkðii � ij � ikÞ and S ¼P3
l,m¼1 slm il � imð Þ, and using the second identity of Equation 75, as shown by Bonet

and Wood (1997).

An important example of a third-order tensor is the alternating tensor G, which,

when applied to a vector v ¼ v1 v2 v3½ �T, maps this vector to a skew-symmetric

matrix associated with this vector, that is,

Gv ¼ �~v ð1:77Þ

where

~v ¼
0 �v3 v2

v3 0 �v1

�v2 v1 0

2
4

3
5 ð1:78Þ

The components Cijk of G are defined as

Cijk ¼ ii � ij

� �
: Gikð Þ ¼ � ii � ij

� �
: ~ik ¼ �ii � ~ikij

� �
¼ ii � ij � ik

� �
ð1:79Þ

From this equation, it is clear that Cijk ¼ 0 if any indices are repeated; Cijk ¼ 1 for an

even permutation of i, j, and k; i, j, kð Þ, j, k, ið Þ, k, i, jð Þf g; and Cijk ¼ �1 for any other

permutation. Using this result, one can show that the alternating tensor can be

written as (Spencer, 1997):

G ¼ i1 � i2 � i3 þ i3 � i1 � i2 þ i2 � i3 � i1

� i1 � i3 � i2 � i2 � i1 � i3 � i3 � i2 � i1 ð1:80Þ
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Using the first equation in Equation 75, one can show that, for any two arbitrary

vectors u and v, the alternating tensor G can be introduced using another definition as

G : u� vð Þ ¼ Gvð Þu ¼ �~vu ¼ u� v ð1:81Þ

Note that Equation 77 can also be written in component form as ~vij ¼
P3

k¼1 Cijkvk

because for a fixed k, only terms that do not have repeated indices will appear. For

example, if the summation convention is used, Cij2~vij ¼ C132~v13 þ C312~v31 ¼
�~v13 þ ~v31 ¼ 2v2. One can follow the same procedure for the other two components

for the vector v and show that vk ¼ � 1
2

P3
i,j¼1 Cijk ~vij ¼ � 1

2

P3
i,j¼1 Ckij ~vij ¼

1
2

P3
i,j¼1 Cikj ~vij (Aris, 1962). The alternating tensor G is another example of an iso-

tropic tensor. Furthermore, one can show that the cross product between the two

vectors in Equation 181 can be written as u� v ¼
P3

i,j¼1 uivj ii � ij

� �
¼P3

i,j,k¼1 Cijkuivjik.

In a similar manner to the third-order tensor, a Fourth-order tensor F can be

defined as

F ¼ u1 � u2 � u3 � u4ð Þ ¼
X3

i,j,k,l¼1

f ijkl ii � ij � ik � il ð1:82Þ

where um, m ¼ 1, 2, 3, 4 is an arbitrary vector. As in the case of third-order tensors,

one can write u4m u1 � u2 � u3ð Þ ¼ Fim, where u4m is the mth component of the

vector u4. It can then be shown that the coefficients fijkl can be written as

f ijkl ¼ ii � ij

� �
: F : ik � ilð Þ ð1:83Þ

More generally, if v is an arbitrary vector, one has

Fv ¼ u1 � u2 � u3 � u4ð Þv ¼ v � u4ð Þ u1 � u2 � u3ð Þ ð1:84Þ

which results in a third-order tensor. The double contraction of a fourth-order

tensor F with a second-order tensor leads to

F : u1 � u2ð Þ ¼ Fu2ð Þu1 ð1:85Þ

which results in a second-order tensor. Equation 85 is important because it will

be used to define the product that appears in the constitutive equations of the

materials.

Alternatively, a fourth-order tensor F can be defined as the outer product of two

second-order tensors A and B as F ¼ A� B. In this case, the elements of the tensor

F can be defined in terms of the elements of the tensors A and B as f ijkl ¼ AijBkl.
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Furthermore, FT ¼ A� Bð ÞT¼ B�Að Þ, and for arbitrary second-order tensors S1

and S2, one has the following identity: S1 : FT : S2 ¼ S2 : F : S1 ¼ F : S1ð Þ : S2.

1.5 POLAR DECOMPOSITION THEOREM

The polar decomposition theorem states that any square nonsingular matrix can be

decomposed as the product of an orthogonal matrix and a symmetric matrix. According

to this theorem, the square matrix J can have one of the following two decompositions:

J ¼ RU, J ¼ VR ð1:86Þ

where R is an orthogonal matrix and U and V are nonsingular symmetric matrices.

Note that if the decomposition in the first equation is proved, the proof of the

decomposition of the second equation follows because V ¼ JRT ¼ RURT. There-

fore, it is sufficient to prove the first decomposition.

Although the proof of the polar decomposition theorem is outlined in this

section for 3� 3 matrices, the generalization to square matrices with higher dimen-

sions is straightforward. In order to prove the polar decomposition theorem, we

define the following symmetric matrix:

C ¼ JTJ ð1:87Þ

Because C is symmetric, its eigenvalues are real and its eigenvectors are orthogonal.

Furthermore, in addition to the symmetry property, the property of positive defi-

niteness of C is required. The matrix C is said to be positive definite if for all nonzero

vectors a, aTCa is positive. It can be shown that the eigenvalues of a positive definite

matrix are positive. Let k1, k2, and k3 be the eigenvalues of the symmetric positive

definite matrix C, and let F be the matrix whose columns are the eigenvectors of C

associated with the eigenvalues k1, k2, and k3. Using the orthogonality property of

the eigenvectors, one has

FTCF ¼
k1 0 0
0 k2 0
0 0 k3

2
4

3
5 ð1:88Þ

One can define the following matrix:

U ¼ F

ffiffiffiffiffi
k1

p
0 0

0
ffiffiffiffiffi
k2

p
0

0 0
ffiffiffiffiffi
k3

p

2
4

3
5FT ð1:89Þ

Again using the orthogonality of the eigenvectors, one can show that

U2 ¼ F
k1 0 0
0 k2 0
0 0 k3

2
4

3
5FT ¼ C, U�1 ¼ F

1ffiffiffiffiffi
k1

p 0 0

0
1ffiffiffiffiffi
k2

p 0

0 0
1ffiffiffiffiffi
k3

p

2
6666664

3
7777775

FT ð1:90Þ
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The matrix R that appears in the polar decomposition theorem can now be

defined as

R ¼ JU�1 ð1:91Þ

One can show that this matrix is an orthogonal matrix. To this end, we write

RTR ¼ U�1JTJU�1 ¼ U�1CU�1 ¼ U�1U2U�1 ¼ I ð1:92Þ

which shows that R is indeed an orthogonal matrix. Using the positive definiteness

property, one can show that the matrices R, U, and V that appear in the polar

decomposition theorem are unique.

The result of the polar decomposition theorem, which states that a matrix can be

written as the product of an orthogonal matrix and a symmetric matrix, can be used

to explain some of the fundamental problems associated with some finite element

formulations. In continuum mechanics, as will be discussed, the position field can be

used to define the matrix of position vector gradients. This matrix can be written as

the product of an orthogonal matrix and a symmetric matrix. The orthogonal matrix

defines the rotation of the material elements. That is, the rotation field can be de-

fined using the matrix of position vector gradients, which is determined from the

displacement or position field. In some finite element formulations, the displace-

ment and rotation fields are interpolated independently, and as a consequence, the

rotation field is not uniquely defined. The result of the polar decomposition theorem

shows that the use of such independent interpolations for the displacements and

rotations can lead to a coordinate redundancy problem. In computational mechan-

ics, such a coordinate redundancy can lead to serious fundamental and numerical

problems. In Chapters 6 and 7, two nonlinear finite element formulations are in-

troduced. The two formulations define unique displacement and rotation fields, and

therefore, the problem of coordinate redundancy is not an issue when these two

nonlinear formulations are used.

Other Decompositions There are several other techniques that can be used in

the decomposition of matrices. One of these techniques is the QR decomposition,

which is based on the Householder transformation. Using this technique, a square

matrix A can be written as A ¼ QB, where Q is an orthogonal matrix and B is an

upper triangular matrix. Here, to avoid confusion, the upper triangular matrix is

denoted as B instead of R because R is used to denote the orthogonal matrix

that results from the polar decomposition theorem. The Householder transforma-

tion operates on the columns of the matrix A to produce a set of orthonormal

vectors. For example, if A is a 3� 3 matrix, one can make the first column a unit

vector and use this unit vector with the other two columns to produce an orthogonal

triad that consists of three orthonormal vectors. This triad defines a coordinate sys-

tem and the orthogonal matrix Q. One can show that the use of this procedure leads
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to the upper triangular matrix B defined as B ¼ QTA. The way the orthogonal

matrix Q is defined here gives a physical interpretation for the QR decomposition

of 3� 3 matrices. In the next chapter, it will be shown that the matrix of position

vector gradients plays an important role in the formulation of the kinematic and

strain equations. One can show that the matrix Q, which results from the QR de-

composition of the matrix of position vector gradients, is associated with a coordi-

nate system, called the tangent frame, frequently used in computational mechanics

(Sugiyama et al., 2006). Furthermore, the triangular matrix B, whose diagonal ele-

ments define the principal values, provides an alternate upper triangular form in-

stead of the symmetric matrix U that results from the polar decomposition theorem.

The matrix U in continuum mechanics, when obtained from the decomposition of

the matrix of position vector gradients, describes the deformations of the continuum

and can be used to determine the strain components because such strain compo-

nents are not affected by the orthogonal matrix that results from the polar decom-

position or the QR decomposition. Because the polar decomposition and the QR

decomposition can be used for the same matrix A, it follows, when using the or-

thogonality of the matrices R and Q, that ATA ¼ UTU ¼ BTB. The QR decompo-

sition and the Householder transformation have been used in other areas of

computational mechanics as reported in the literature (Kim and Vanderploeg,

1986; Shabana, 2001).

1.6 D’ALEMBERT’S PRINCIPLE

The virtual work method represents a powerful technique that can be used to

formulate the equations of motion of the continuum. This method is based on

D’Alembert’s principle, which is the foundation for the skillful approaches devel-

oped by Lagrange. In this section, we review the particle- and rigid-body mechanics

to demonstrate the use of D’Alembert’s principle in formulating the dynamic equa-

tions of motion.

Particle Mechanics A continuum consists of an infinite number of particles or

material points that can move relative to each other if the rigid-body assumptions

cannot be applied. The dynamic equations of particles can be obtained using

Newton’s second law of motion, which states that the force acting on a particle is

equal to the rate of change of momentum. Newton’s second law can be written in

vector form as

F ¼ _p ð1:93Þ

In this equation, F is the result of the forces acting on the particle and p is the

particle momentum defined as

p ¼ mv ð1:94Þ
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where m and v are, respectively, the mass and the absolute velocity vector of the

particle. If the mass m is assumed to be constant, the preceding two equations lead to

F ¼ _p ¼ m
dv

dt
¼ ma ð1:95Þ

In this equation, a is the absolute acceleration vector of the particle. Note that, in

general, three scalar equations are required to describe the particle dynamics. This is

mainly due to the fact that, in the case of unconstrained motion, the particle has

three degrees of freedom in the spatial analysis because it is represented by a point

that has no dimensions. In the case of planar motion, only two equations are re-

quired because, in this case, the particle has only two degrees of freedom.

Rigid-Body Kinematics Rigid bodies are assumed to have dimensions, and there-

fore, they differ from particles. Nonetheless, a rigid body can be assumed to consist

of an infinite number of particles. In this special case of continuum, the distances

between the particles of the rigid body remain constant. As a consequence, the

displacements of the points on the rigid body are constrained such that there is

no relative motion between two points along the line joining them. Using this

condition of rigidity, the number of degrees of freedom of a continuum can be

significantly reduced. In the case of spatial analysis, a rigid body has six degrees

of freedom that describe three independent translations and three independent

rotations. In the case of planar motion, the rigid body has only three degrees of

freedom: two describe the body translation and one describes the rotation of

the body. For instance, as shown in Figure 1, the configuration of the rigid body

in planar motion can be described using the vector rO and the angle h. The vector rO

X1

X2

X1
X2

O

P

rO

u

r

θ

Figure 1.1. Rigid-body coordinates.
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defines the location of the reference point that represents the origin of a selected

body coordinate system, whereas the angle h defines the body rotation. Using these

three coordinates, one can show that the global position vector of an arbitrary point

on the body can be written as

r ¼ rO þ u ð1:96Þ

In this equation, u is the vector that defines the position of the point with respect to

the reference point �O. Because the coordinates of the arbitrary point in the body

coordinate system remain constant by virtue of the rigidity assumption, the vector u

can be expressed in terms of these constant coordinates as

u ¼
�x1 cos h� �x2 sin h
�x1 sin hþ �x2 cos h

	 

ð1:97Þ

where �x1 and �x2 are the constant coordinates of the arbitrary point defined in the

body coordinate system. The preceding equation can be written in matrix form as

u ¼ A�u ð1:98Þ

where

A ¼ cos h � sin h

sin h cos h

	 

, �u ¼

�x1

�x2

	 

ð1:99Þ

Substituting Equation 98 into Equation 96, one obtains

r ¼ rO þA�u ð1:100Þ

In this equation, A represents the transformation matrix that defines the orientation

of the selected body coordinate system. This transformation matrix is orthogonal,

that is, AAT ¼ ATA ¼ I. Equation 100 shows that the position vector of an arbitrary

point on the body is a function of the three coordinates rO and h that can change

throughout the body motion. Therefore, these coordinates depend on time. If these

coordinates are determined, the global position of any point on the body, or equiv-

alently the body configuration, can be determined using the preceding equation. An

equation in the same form as Equation 100 can be obtained in the case of spatial

motion of rigid bodies, as will be demonstrated in Chapter 7. In the case of spatial

motion, three-dimensional vectors instead of two-dimensional vectors are used, and

the transformation matrix A is expressed in terms of three independent rotation

parameters instead of one parameter.

The absolute velocity of an arbitrary point on the rigid body can be obtained by

differentiating Equation 100 with respect to time. This leads to

_r ¼ _rO þ _hAh�u ð1:101Þ
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where Ah ¼ @A=@h is the partial derivative of the transformation matrix A with

respect to the angle h. In deriving Equation 101, _�u is assumed to be zero because the

case of a rigid body is considered. One can define the following angular velocity

vector:

�v ¼ 0 0 _h
� �T ð1:102Þ

Using this definition, the absolute velocity vector of Equation 101 can be written,

after extending the vectors to three-dimensional form by adding zeros, as

_r ¼ _rO þA �v� �uð Þ ð1:103Þ

The planar transformation matrix is defined when the preceding equation is

used as

A ¼
cos h � sin h 0

sin h cos h 0

0 0 1

2
4

3
5 ð1:104Þ

Equation 103 can also be rewritten using vectors defined in the global coordinate

system as

_r ¼ _rO þv� u ð1:105Þ

In this equation,

v ¼ A �v, �u ¼ A�u ð1:106Þ

Note that in the case of the simple planar motion, v ¼ �v. In the more general case

of spatial rigid-body motion, the absolute velocity vector takes the same form as

Equations 103 and 105 except for the definition of the transformation matrix A and

the angular velocity vectors �v and v, which must be formulated using three rotation

parameters instead of one, as described in Chapter 7.

The absolute acceleration of an arbitrary point on a rigid body in a planar

motion can be obtained by differentiating Equation 101 with respect to time. This

leads to

€r ¼ €rO þ €hAh�u� _h2A�u ð1:107Þ

In deriving this equation, the fact that

Ahh ¼ @2A=@h2 ¼ �A ð1:108Þ
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is utilized. The identity of Equation 108 applies only to planar transformation; it is a

special case of a more general identity that applies to spatial transformation matri-

ces (Roberson and Schwertassek, 1988; Shabana, 2005). Using three-dimensional

vectors to represent this planar motion and introducing the following definition for

the angular acceleration:

�a ¼ 0 0 €h
� �T

, ð1:109Þ

one can show that the absolute acceleration vector of Equation 107 can be written as

€r ¼ €rO þA �a� �uð Þ �A �v� �v� �uð Þf g ð1:110Þ

Alternatively, this equation can be written using vectors defined in the global co-

ordinate system as

€r ¼ €rO þ a� u�v� v� uð Þ ð1:111Þ

In this equation, a ¼ A�a, and other vectors are as defined previously in this section.

Again, Equations 110 and 111 are also applicable to the spatial rigid-body motion.

The only difference is in the definition of the transformation matrix and the angular

velocity and angular acceleration vectors, which depend on three rotation parame-

ters instead of one as will be discussed in Chapter 7.

Application of D’Alembert’s Principle D’Alembert’s principle is the foundation

for the skillful development of the principle of virtual work made by Lagrange.

D’Alembert’s principle states that the inertia forces can be treated as the applied

external forces. This principle can be used to conveniently derive the equations of

motion of rigid bodies by invoking Newton’s second law and assuming that the rigid

body consists of a large number of particles. To demonstrate the use of this principle,

we consider the planar motion of a rigid body. Assuming that the body consists of

a large number of particles, the equations of motion of an infinitesimal material

volume on the rigid body can be written as

qdV€r ¼ dF ð1:112Þ

In this equation, dm ¼ qdV is the mass of the infinitesimal volume dV, q is the mass

density of the body, €r is the absolute acceleration vector defined by Equation 107,

and dF is the body force per unit volume. In the Newton–Euler formulation of the

equations of motion, the origin of the body coordinate system (reference point) is

assumed to be attached to the body center of mass. In this case, the vector �u defines

the position of the arbitrary point with respect to the body center of mass. It follows

that ð
V

q�udV ¼ 0 ð1:113Þ
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Using this identity and the fact that the angular velocity and angular acceleration do

not depend on the spatial coordinates, substitution of Equation 107 into Equation

112 and integration leads to

m€rO ¼ F ð1:114Þ

where m is the total mass of the body and F is the vector of resultant forces acting on

the body. Both are defined as

m ¼
ð
V

qdV, F ¼
ð
V

dF ð1:115Þ

Equation 114 is the Newton equation for the rigid body. The vector of resultant

forces F also includes the effect of other concentrated forces. Equation 114 for the

planar motion includes two scalar equations. Because the unconstrained body in

planar motion has three degrees of freedom, an additional moment equation is

needed. Because D’Alembert’s principle states that the inertia forces can be treated

as the external forces, one can equate the moment of the inertia force qdV€r with the

moment of the applied forces dF about any point we select to be the center of mass.

Following this procedure and integrating, one obtains

ð
V

u� qdV€rð Þ ¼
ð
V

u� dFþM ð1:116Þ

In this equation, M is the external moment applied to the body. Using Equations 107

and 113, one can show that the preceding equation reduces to one nontrivial equa-

tion associated with the rotation about the X3-axis and is given by

IO
€h ¼MO ð1:117Þ

In this equation, IO ¼
Ð

V q �x2
1 þ �x2

2

� �
dV defines the mass moment of inertia of the

body about its center of mass and MO is the third component of the vectorÐ
V u� dFþM. Equation 117 is called the Euler equation. Equation 114 and Equa-

tion 117 are the two equations that govern the planar motion of the rigid body.

A similar procedure based on D’Alembert’s principle can be used to obtain the

equations that govern the spatial motion of rigid bodies. These equations are called

the Newton–Euler equations and are given by

mI 0
0 �Ihh

	 

€rO

�a

	 

¼ F

�MO � �v� �Ihh �v
� �	 


ð1:118Þ

In this equation, m is the total mass of the body, I is the identity matrix, F is the

vector of the resultant forces defined in the global coordinate system, �MO is the
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vector of the resultant moments defined in the body coordinate system, and �Ihh is the

constant symmetric inertia tensor defined in the body coordinate system. The inertia

tensor �Ihh is defined as

�Ihh ¼

Ð
V

q �x2
2 þ �x2

3

� �
dV Symmetric

�
Ð
V

q�x1�x2dV
Ð
V

q �x2
1 þ �x2

3

� �
dV

�
Ð
V

q�x1�x3dV �
Ð
V

q�x2�x3dV
Ð
V

q �x2
1 þ �x2

2

� �
dV

2
66664

3
77775 ð1:119Þ

where �x1, �x2, and �x3 are the components of the vector �u that defines the position of

the arbitrary point with respect to the origin of the body coordinate system. Equa-

tion 118 shows that the Newton–Euler equations do not include inertia coupling

between the body translation and rotation. This is mainly due to the use of the body

center of mass as the reference point.

The analysis presented in this section shows that starting with Newton’s second

law, D’Alembert’s principle can be used to obtain the Euler equations of motion of

the rigid body by equating the moments of the inertia forces to the moments of the

applied forces. The application of D’Alembert’s principle also allows for systemat-

ically eliminating the constraint forces, thereby obtaining a minimum number of

motion equations equal to the number of degrees of freedom of the system. This

subject is covered in more detail in books on computational and analytical dynamics.

The analysis presented in this section also shows that in the special case of rigid-

body motion, precise description of the finite rotation of the body is important in the

formulation of the dynamic equations. This description of the finite rotation

becomes even more important when the body undergoes deformation coupled with

a rigid-body motion. Therefore, in the case of deformable bodies, it is important to

select a set of coordinates that correctly describe the rigid-body motion when com-

putational methods are used to develop finite dimensional models. The coordinates

selected must define a unique displacement and rotation field and must lead to zero

strain under an arbitrary rigid-body displacement. This subject will be discussed in

more detail when large-displacement finite element formulations are introduced in

later chapters.

Continuum Forces In the case of rigid bodies, the mass density and volume re-

main constant. However, in the case of a continuum subjected to arbitrary displace-

ments, the mass density and volume change. For this reason, in continuum

mechanics, it is important to distinguish between the mass density qo and the volume

V in the reference undeformed configuration and the mass density q and the volume

v in the current deformed configuration. Nevertheless, the definitions and basic

principles used in rigid-body dynamics can be generalized to the case of a general

continuum by considering the continuum to consist of an infinite number of points

that can move relative to each other. For example, the inertia force of a material

point of an infinitesimal mass qdv on the continuum in the current configuration can
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be written as qdvð Þ€r, where €r is the absolute acceleration vector of the material point

and q and v are, respectively, the mass density and volume in the current deformed

configuration. Using this expression for the inertia force of the material point, the

inertia force for the continuum can be defined as
Ð

v q€rdv. Using a similar procedure,

the kinetic energy of the continuum can be written as 1
2

� � Ð
v q _rT _rdv. In the next

chapter, the relationship between the mass density and volume in the reference

configuration and in the current configuration will be defined. This relationship will

allow us to carry out the integration using the known properties and dimensions in

the undeformed reference configuration. For instance, the use of the principle of

conservation of mass obtained in the next chapter allows one to write the inertia

force as
Ð

V qo€rdV, where qo and V are, respectively, the mass density and volume in

the undeformed reference configuration.

In a similar manner, one can define the body forces acting on the continuum. Let

fb be the distributed body force per unit volume acting on the continuum at the

material points. Examples of these forces are gravity and magnetic forces. The sum

of the body forces acting on the continuum can be defined as
Ð

v fbdv. The effect of

the traction forces that include tangential friction forces and normal reaction and

pressure can be obtained by integration over the area. If fs is the vector of distrib-

uted surface forces that act on a surface area s, the surface forces acting on the

continuum can be defined using the integral
Ð

s fsds.

Expressions for the internal elastic forces due to the continuum deformations

will be developed in this book. These expressions will be written in terms of the

strain and stress components, which are introduced in Chapters 2 and 3, respec-

tively. As will be shown, D’Alembert’s principle and Lagrange’s techniques can still

be used to obtain the equations of motion of the continuum. Nonetheless, the in-

ternal elastic forces can be expressed using different deformation and stress meas-

ures. It is important, however, that the resulting work of the elastic forces and

the strain energy remain constant under an arbitrary rigid-body motion. For this

reason, the important concept of the objectivity will be a subject of discussion in this

book.

1.7 VIRTUAL WORK PRINCIPLE

As previously mentioned, D’Alembert’s principle represents the foundation for the

skillful virtual work method developed by Lagrange. The virtual work principle can

be used to systematically derive the equations of motion of complex systems. In this

principle, the concept of the virtual displacement, which represents an infinitesimal

change in coordinates that is consistent with the constraints imposed on the motion

of the system, is important. During this virtual change, time is assumed to be frozen.

For a vector r, the virtual change is denoted as dr. Given a system that consists of np

particles, the equations of motion of a particle i in the system can be written using

Newton’s second law as

mi€ri ¼ Fi
e þ Fi

c, i ¼ 1, 2, . . . , np ð1:120Þ
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In this equation, mi is the mass of the particle, ri is the global position vector, Fi
e is

the vector of applied forces acting on the particle, and Fi
c is the vector of constraint

forces. Multiplying the preceding equation by the virtual change in the position

vector of the particle, one obtains

mi€ri � dri ¼ Fi
e � dri þ Fi

c � dri, i ¼ 1, 2, . . . , np ð1:121Þ

This equation, which is called the Lagrange–D’Alembert equation, can be

written as

dWi
i ¼ dWi

e þ dWi
c ð1:122Þ

where dWi
i is the virtual work of the inertia forces, dWi

e is the virtual work of the

applied forces, and dWi
c is the virtual work of the constraint forces. These expres-

sions for the virtual work are defined for particle i as

dWi
i ¼ mi€ri � dri, dWi

e ¼ Fi
e � dri, dWi

c ¼ Fi
c � dri ð1:123Þ

Using Equation 122, one can write

Xnp

i¼1

dWi
i ¼

Xnp

i¼1

dWi
e þ

Xnp

i¼1

dWi
c ð1:124Þ

which can be written as

dWi ¼ dWe þ dWc ð1:125Þ

where

dWi ¼
Xnp

i¼1

dWi
i, dWe ¼

Xnp

i¼1

dWi
e, dWc ¼

Xnp

i¼1

dWi
c ð1:126Þ

represent, respectively, the virtual work of the system inertia forces, the virtual work

of the system applied forces, and the virtual work of the system constraint forces.

Because the constraint forces acting on two particles are equal in magnitude and

opposite in direction and because the virtual change in a specified (prescribed)

coordinate is equal to zero, one must have

dWc ¼ 0 ð1:127Þ

Equations 125 and 127 lead to the principle of virtual work, which can be stated

mathematically as

dWi ¼ dWe ð1:128Þ
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This principle states that the virtual work of the system inertia forces must be equal

to the virtual work of the system applied forces. Note that in Equation 128, the

constraint forces are systematically eliminated. Note also that although dWc ¼ 0,

dWi
c 6¼ 0 if the particle i is subjected to constraints.

Relationship with D’Alembert’s Principle A simple example can be used to dem-

onstrate the relationship between the principle of virtual work and D’Alembert’s

principle. To this end, we consider the derivation of the equations of motion of

a planar rigid body. The virtual work of the inertia forces of the rigid body can be

written as

dWi ¼
ð
V

q€r � drdV ð1:129Þ

where r and €r are given, respectively, by Equations 100 and 107. The virtual change

dr can be written as

dr ¼ drO þAh�udh ð1:130Þ

This equation can be written using matrix notation as

dr ¼ I Ah�u½ � drO

dh

	 

ð1:131Þ

where I is the 2� 2 identity matrix. The acceleration vector of Equation 107 can also

be written as

€r ¼ I Ah�u½ �
€rO

€h

	 

� _h2A�u ð1:132Þ

Substituting Equations 131 and 132 into Equation 129 and using Equation 113,

which is the result of using the center of mass as the reference point, one obtains

dWi ¼ drT
O dh

� � mI 0

0 IO

	 

€rO

€h

	 

ð1:133Þ

where m is the mass of the rigid body and IO is the mass moment of inertia about the

center of mass that was used in Equation 117.

The virtual work of all the applied forces and moments acting on the body can

be written as

dWe ¼ FTdrO þMOdh ¼ drT
O dh

� � F

MO

	 

ð1:134Þ
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Substituting Equations 133 and 134 into the principle of virtual work of Equation

128, one obtains

drT
O dh

� � mI 0

0 IO

	 

€rO

€h

	 

� F

MO

	 
� 

¼ 0 ð1:135Þ

In the case of unconstrained motion of the planar rigid body, rO and h represent two

independent coordinates, and therefore, the coefficients of their virtual change in

the preceding equation must be identically equal to zero. This leads to the following

system of equations of motion:

mI 0

0 IO

	 

€rO

€h

	 

� F

MO

	 

¼ 0

0

	 

ð1:136Þ

This matrix equation has three scalar equations, which are the planar Newton–Euler

equations previously obtained in this chapter (see Equations 114 and 117) using

D’Alembert’s principle.

Although D’Alembert’s principle and the virtual work principle lead to the

same equations, it is important to note that in the virtual work principle, scalar

quantities are used and there is no need to use cross products to define moments.

The forces and moments are defined using the scalar virtual work expressions. In

the case of constrained motion, D’Alembert’s principle and the virtual work

principle also lead to the same results. Both principles can be used to systemat-

ically eliminate the constraint forces and obtain a number of equations equal to

the number of degrees of freedom of the system. Nonetheless, the principle

of virtual work is much easier to use, particularly when complex systems are

considered.

1.8 APPROXIMATION METHODS

Solids and fluids have an infinite number of degrees of freedom because their

particles can have arbitrary displacements with respect to each other. The dynamics

of such systems is described using partial differential equations that depend on

time and the spatial coordinates. These general partial differential equations,

which are applicable to any solid or fluid material, are derived in Chapter 3. Only

for very simple problems, one can find a closed-form solution for these partial

differential equations. For most problems, however, one resorts to numerical meth-

ods to obtain the solution of the partial differential equations. Approximation

methods such as the finite difference and finite element methods are often used

to solve the partial differential equations by transforming these partial differential

equations into a finite set of ordinary differential or algebraic equations that can

be solved using computer and numerical methods. In some of the numerical
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techniques based on the Raleigh–Ritz method, physical variables such as posi-

tions, displacements, velocities, and/or accelerations are approximated using inter-

polation functions that have finite order. The coefficients of the interpolating

functions in the case of dynamics can be expressed in terms of coordinates

that depend on time. In order to demonstrate the use of this procedure, the two-

dimensional beam shown in Figure 2 is considered. It is assumed that the posi-

tion of the material points on the beam can be described using the following

polynomials:

r ¼
r1

r2

	 

¼ a0 þ a1x1 þ a2x2 þ a3x1x2 þ a4 x1ð Þ2þa5 x1ð Þ3

b0 þ b1x1 þ b2x2 þ b3x1x2 þ b4 x1ð Þ2þb5 x1ð Þ3

" #
ð1:137Þ

where x1 and x2 are the beam local coordinates defined in the beam coordinate

system shown in Figure 2 and ai and bi, i ¼ 1, 2, . . . , 5, are the polynomial coeffi-

cients. The procedure used in computational methods such as the finite element

method is to replace the polynomial coefficients with a set of coordinates that have

physical meaning. This can be accomplished by developing a set of algebraic equa-

tions that relate the polynomial coefficients to the new set of coordinates. These

algebraic equations can be solved to determine the polynomial coefficients in terms

of the new coordinates. In the beam example considered in this section, there are 12

X1

X2

O

X1

X2

A

rA

rP

P

B

Figure 1.2. Two-dimensional beam.
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polynomial coefficients, and therefore, 12 coordinates can be used to replace the

coefficients ai and bi in Equation 137. To this end, the preceding equation can be

written as

r ¼ r1

r2

	 

¼ 1 x1 x2 x1x2 x1ð Þ2 x1ð Þ3 0 0 0 0 0 0

0 0 0 0 0 0 1 x1 x2 x1x2 x1ð Þ2 x1ð Þ3
	 


a0

a1

a2

a3

a4

a5

b0

b1

b2

b3

b4

b5

2
6666666666666666664

3
7777777777777777775

ð1:138Þ

The coefficients ai and bi, i ¼ 1, 2, . . . , 5 can be replaced by coefficients that repre-

sent position and gradient coordinates. To this end, we choose a set of coordinates

associated with the position and gradient coordinates of the two endpoints of the

beam. For the first endpoint at A, we use

r1 ¼ r 0, 0ð Þ ¼ e1

e2

	 

, r1

x1
¼ rx1

0, 0ð Þ ¼ e3

e4

	 

, r1

x2
¼ rx2

0, 0ð Þ ¼ e5

e6

	 

ð1:139Þ

and for the second endpoint at B, we use

r2 ¼ r l, 0ð Þ ¼ e7

e8

	 

, r2

x1
¼ rx1

l, 0ð Þ ¼ e9

e10

	 

, r2

x2
¼ rx2

l, 0ð Þ ¼ e11

e12

	 

ð1:140Þ

In this equation, l is the length of the beam and rxk
¼ @r=@xk, k ¼ 1, 2. There are 12

coordinates in Equations 139 and 140, and therefore these coordinates, which have

physical meaning, can be used to replace the coefficients ai and bi, i ¼ 1, 2, . . . , 5 in

Equation 138. Using Equations 138–140, one can show that the position vector r can

be written in terms of the coordinates of Equations 139 and 140 as (Omar and

Shabana, 2001):

r ¼ S xð Þe tð Þ ð1:141Þ

where e ¼ e tð Þ ¼ e1 e2 . . . e12½ �T is a vector of time-dependent coefficients or coor-

dinates, which consist of position and gradient coordinates, t is time, x ¼ x1 x2½ �T,
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and S ¼ S(x) is a matrix called the shape function matrix that depends on the local

coordinates x1 and x2 and is given by

S ¼ s1 0 s2 0 s3 0 s4 0 s5 0 s6 0
0 s1 0 s2 0 s3 0 s4 0 s5 0 s6

	 

ð1:142Þ

The elements si, i ¼ 1, 2, . . . , 6, which appear in this equation, are given by

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

, s3 ¼ lg 1� nð Þ
s4 ¼ 3n2 � 2n3, s5 ¼ l �n2 þ n3

� �
, s6 ¼ lng

)
ð1:143Þ

where n ¼ x1=l and g ¼ x2=l.

The procedure described in this section to approximate a field using poly-

nomials and replace the polynomial coefficients using coordinates that can have

physical meaning is a fundamental step in the finite element formulation. The choice

of the coordinates to consist of absolute position and gradient coordinates is the

basis of a finite element formulation called the absolute nodal coordinate formula-

tion. This formulation, which is discussed in Chapter 6, can be used to correctly

describe an arbitrary rigid-body displacement including arbitrary rotations. Using

the absolute position and gradient coordinates, the absolute nodal coordinate for-

mulation does not impose any restriction on the amount of rotation or deformation

within the element, and therefore it is suited for the large deformation analysis.

Efficient solution of small deformation problems, on the other hand, requires the

use of a more elaborate procedure in order to eliminate displacement modes, which

have a negligible effect on the solution. In the literature, small deformation prob-

lems are often solved using the floating frame of reference formulation, which is

discussed in Chapter 7. In the floating frame of reference formulation, which can be

considered a generalization of the Newton–Euler equations used in rigid-body dy-

namics, a different set of coordinates is used to define a local linear deformation

problem that allows reducing systematically the number of degrees of freedom.

1.9 DISCRETE EQUATIONS

The principle of virtual work and approximation techniques can be used to deter-

mine a set of discrete ordinary differential equations that govern the dynamics of the

continuum. As will be shown in Chapter 3, the motion of the continuum is governed

by partial differential equations that depend on the spatial coordinates x and time t.

The principle of virtual work and the approximation techniques can be used to

systematically convert the partial differential equations to a set of discrete ordinary

differential equations. To demonstrate this standard procedure, consider a deform-

able body that may undergo arbitrary displacements. The global position vector of

an arbitrary point on the body is defined by the vector r. The mass of an infinitesimal

volume dv of the body is qdv, where q is the mass density in the current
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configuration. It follows that the inertia force of this infinitesimal volume is qdvð Þ€r,

where €r is the absolute acceleration vector. Therefore, the virtual work of the inertia

forces of the body can be written as follows:

dWi ¼
ð
v

q€rTdrdv ð1:144Þ

Using the approximation techniques, the virtual displacement dr can be expressed in

terms of the virtual changes of a finite set of coordinates q, as previously demon-

strated in the case of rigid bodies. That is,

dr ¼ Sdq ð1:145Þ

In this equation, S is an appropriate matrix that relates the virtual change of r x,tð Þ to

the virtual change in the coordinates q tð Þ. Note that, whereas r x, tð Þ depends on both

the coordinates x and time t, the coordinates q tð Þ depend only on time. As will be

shown in this book, the matrix S depends, in general, on both x and q, as in the case

of the small deformation floating frame of reference formulation discussed in Chap-

ter 7. That is, one can write S ¼ S x, q tð Þð Þ. However, in other formulations, such as

the absolute nodal coordinate formulation discussed in Chapter 6, one can write S as

a function of x only, as demonstrated in the preceding section. Therefore, in large

displacement formulations, one can in general write the absolute velocity and ac-

celeration vectors as

_r ¼ S _q, €r ¼ S€qþ g ð1:146Þ

In this equation, g ¼ _S _q is a vector, which is quadratic in the first derivatives of the

coordinates. If the matrix S is only a function of x, the vector g is identically zero.

Substituting Equations 145 and 146 into Equation 144, one obtains

dWi ¼
ð
v

q S€qþ gð ÞT Sdqð Þdv ð1:147Þ

The terms in this equation can be rearranged. This leads to

dWi ¼
ð
v

q €qT STS
� �

þ gTS
� �

dvdq ð1:148Þ

This equation can be written as

dWi ¼ M€q�Qvð ÞTdq ð1:149Þ

where

M ¼
ð
v

qSTSdv, Qv ¼ �
ð
v

qSTgdv ð1:150Þ

1.9 Discrete Equations 41



In this equation, M is the symmetric mass matrix, and Qv is the vector of Coriolis and

centrifugal forces. Depending on the set of coordinates selected, some nonlinear

finite element formulations, as will be discussed in this book, lead to a constant mass

matrix and zero centrifugal and Coriolis forces, while other formulations lead to

a nonlinear mass matrix and nonzero centrifugal and Coriolis forces. The use of

Equation 150 to evaluate the inertia forces leads to what is known in the literature as

a consistent mass formulation. In some structural finite element formulations,

lumped mass techniques are used to formulate the inertia forces by representing

the inertia of the body using discrete bodies or masses instead of using the distrib-

uted inertia representation of Equation 150. In the finite element formulations

discussed in this book, the mass matrix cannot, in general, be diagonal, even in

the case in which lumped mass techniques are used. Furthermore, in the large de-

formation finite element formulation presented in Chapter 6, one cannot use

lumped masses, because the use of such a lumping scheme does not lead to correct

modeling of the rigid-body dynamics.

Similarly, by using Equation 145, the virtual work of the applied forces can be

written as

dWe ¼ QT
e dq ð1:151Þ

Using Equations 149 and 151 and the principle of virtual work, which states that

dWi ¼ dWe, one obtains the following equation:

M€q�Qe �Qvð ÞTdq ¼ 0 ð1:152Þ

If the elements of the vector q are independent, the preceding equation leads to the

discrete ordinary differential equations of the system given as

M€q ¼ Qe þQv ð1:153Þ

However, if the elements of the vector q are not totally independent because of

kinematic relationships between the coordinates, one can always write the coordi-

nates q in terms of a reduced set of independent coordinates qi. In this case, one can

write the following relationship between the virtual changes of the system coordi-

nates and the virtual changes of the independent coordinates:

dq ¼ Bdqi ð1:154Þ

In this equation, B is a velocity transformation matrix that can be defined using the

kinematic relationship between the coordinates. Substituting the preceding equa-

tion into Equation 152 and using the argument that the elements of the vector qi are

independent, one obtains the following reduced system of ordinary differential

equations:

BT M€q�Qe �Qvð Þ ¼ 0 ð1:155Þ
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The vector of accelerations can also be expressed in terms of the independent

accelerations, leading to a number of equations equal to the number of independent

coordinates (degrees of freedom). To this end, one can use Equation 154 to write

_q ¼ B _qi, €q ¼ B€qi þ _B _qi ð1:156Þ

Substituting these equations into Equation 155, one obtains a set of equations solely

expressed in terms of the independent accelerations. These equations are given as

BTMB
� �

€qi ¼ BTðQe þQv �M _B _qiÞ ð1:157Þ

In this equation, BTMB
� �

is the generalized inertia matrix associated with the in-

dependent coordinates, BTðQe þQv �M _B _qiÞ is the vector of generalized forces that

include applied, centrifugal, and Coriolis forces.

The procedure described in this section for writing the dynamic equations in

terms of the independent coordinates or the degrees of freedom is called the em-

bedding technique. The dynamic equations can also be formulated in terms of re-

dundant coordinates using the technique of Lagrange multipliers. The subject of

constrained dynamics is discussed in more detail in the multibody system dynamics

literature (Roberson and Schwertassek, 1988; Shabana, 2005).

1.10 MOMENTUM, WORK, AND ENERGY

The study of the computational finite element method requires a sound understand-

ing of the basic analytical mechanics principles. If correctly derived, the equations of

motion must satisfy these principles. Violations of these mechanics principles are

a clear indication of inconsistencies in formulating the dynamic equations of motion.

Among the principles of mechanics that will be discussed in this section are the

principle of linear and angular momentum and the principle of work and energy.

Correct and consistent formulations of the finite element equations of motion must

automatically satisfy these principles. When these equations of motion are numer-

ically solved, the violations in these principles must be within the range of the error

tolerance of the numerical integration method used. Nonetheless, some finite ele-

ment formulations lead to energy drift as the result of being inconsistent. For ex-

ample, the use of a nonunique rotation field can lead to violations of the principle of

work and energy as evident by many of the results presented in the finite element

literature.

Linear and Angular Momentum The linear momentum of a body is defined as

Ml ¼
ð
v

q_rdv ð1:158Þ
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where Ml is the vector of linear momentum, q and v are, respectively, the mass density

and volume of the body in the current configuration, and r is the position vector of an

arbitrary point on the body. Newton’s second law states that the rate of change of the

linear momentum is equal to the resultant of the forces acting on the body, that is,

_Ml ¼
d

dt

ð
v

q_rdv

0
@

1
A ¼ F ð1:159Þ

where F is the resultant of the forces acting on the body. In the case of rigid bodies,

the volume is assumed to remain constant; as a result, the preceding equation, when

a centroidal body coordinate system is used, defines the Newton equation, m€rO ¼ F,

where m is the total mass of the body and €rO is the acceleration of the body center of

mass. If the resultant of the forces acting on the body is equal to zero, one obtains

the principle of conservation of the linear momentum, which is written as

Ml ¼ cl ð1:160Þ

In this equation cl is a constant vector.

The vector of the angular momentum of the body is defined as

Ma ¼
ð
v

q r� _rð Þdv ð1:161Þ

In the case of rigid bodies, the rate of change of the angular momentum is

given by

_Ma ¼
d

dt

ð
v

q r� _rð Þdv

0
@

1
A ¼ ð

v

q r� €rð Þdv ð1:162Þ

Using Newton’s equation and D’Alembert’s principle, one can show that, in the case

of rigid bodies, the rate of change of angular momentum is equal to the resultant of

the moment applied to the body. If the resultant of the moments is equal to zero, one

obtains the principle of conservation of angular momentum, which is expressed

mathematically as

_Ma ¼ ca ð1:163Þ

where ca is a constant vector.

Work and Energy According to D’Alembert’s principle, the work of the inertia

forces is equal to the work of the applied forces. This statement can be written

mathematically in the following form:

ð
v

q €r � drð Þdv ¼ F � dr ð1:164Þ
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Using the identity €rk ¼ _rkðd _rk=drkÞ, k ¼ 1, 2, 3, one can show that

€r � dr ¼ _r � d_r ð1:165Þ

Substituting this equation into Equation 164, one obtains

ð
v

q _r � d_rð Þdv ¼ F � dr ð1:166Þ

Integrating this equation from t0 to t and using the rigid-body assumption, one can

show that

1

2

ð
v

q _r � _rð Þdv� T0 ¼
ðt
t0

F � dr ð1:167Þ

where T0 is the kinetic energy of the body at the initial configuration. The preceding

equation is a statement of the principle of work and energy. This equation shows that

the change in the body kinetic energy is equal to the work done by the applied

forces. This principle is derived using the equations of motion of the body. There-

fore, any set of equations of motion, if correctly and consistently derived, must

satisfy the principle of work and energy. As previously mentioned, some of the

nonlinear finite element formulations proposed in the literature for the large dis-

placement analysis fail to automatically satisfy this principle. The nonlinear finite

element formulations presented in Chapters 6 and 7 automatically satisfy the prin-

ciple of work and energy, and their use does not require taking special measures

when the equations of motion are integrated numerically.

1.11 PARAMETER CHANGE AND COORDINATE TRANSFORMATION

In continuum mechanics, it is important to differentiate between two different trans-

formations. The first is the change of parameters, and the second is the coordinate

transformation of vectors. Understanding the difference between these two trans-

formations is crucial in understanding the definitions of the strain components that

will be introduced in the next chapter. This subject is also important in the large

deformation finite element formulation discussed in this book.

Change of Parameters In order to explain the difference between the change of

parameters and the coordinate transformation of vectors, we consider the vector r,

which is expressed in terms of three coordinates x1, x2, and x3. The vector r can then

be written as

r ¼ r1 r2 r3½ �T¼ r x1, x2, x3ð Þ ð1:168Þ
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Assume that the components of this vector are defined in the coordinate system

X1X2X3. The matrix of gradients of this vector obtained by differentiation with

respect to the parameters x1, x2, and x3 is given by

J ¼ rx1
rx2

rx3
½ � ¼

@r1

@x1

@r1

@x2

@r1

@x3

@r2

@x1

@r2

@x2

@r2

@x3

@r3

@x1

@r3

@x2

@r3

@x3

2
6666664

3
7777775

ð1:169Þ

It is important to realize that x1, x2, and x3 represent coordinate lines, and the vector

rxi
, i ¼ 1, 2, 3, which is a gradient vector defined by differentiation with respect to

the coordinate xi, represents the change in the vector r as the result of a small change

in the coordinate xi. The vector rxi
is not necessarily a unit vector, and a measure of

the deviation from a unit vector is defined as ðrT
xi

rxi
� 1Þ. A measure of the angle

between two gradient vectors can be obtained using the dot product rT
xi

rxj
, i 6¼ j.

Therefore, equations such as ðrT
xi

rxi
� 1Þand rT

xi
rxj

, i 6¼ j, can be used to

measure the deformation and shear effects at material points of the continuum.

The vector r defined in the same coordinate system X1X2X3 can be written in

terms of another set of parameters �x1, �x2, and �x3, which are related to the parameters

x1, x2, and x3 by the relation

x ¼ �x x1; x2; x3ð Þ ð1:170Þ

where x ¼ x1 x2 x3½ �T and �x ¼ �x1 �x2 �x3½ �T. Using differentiation with respect

to the parameters �x1, �x2, and �x3, the matrix of gradients can be written as

�J ¼ r�x1
r�x2

r�x3
½ � ¼

@r1

@�x1

@r1

@�x2

@r1

@�x3

@r2

@�x1

@r2

@�x2

@r2

@�x3

@r3

@�x1

@r3

@�x2

@r3

@�x3

2
6666664

3
7777775

ð1:171Þ

In this case, the vector r�xi
, i ¼ 1, 2, 3, represents a gradient vector obtained by dif-

ferentiation with respect to the coordinate �xi. Again, the vector r�xi
is not necessarily

a unit vector, and a measure of the deviation from a unit vector is given by

ðrT
�xi

r�xi
� 1Þ. A measure of the angle between two gradient vectors can be obtained

using the dot product rT
�xi

r�xj
, i 6¼ j: Note that the relationship between J and �J is

given by

�J ¼ @r

@�x
¼ @r

@x

@x

@�x
¼ J

@x

@�x
ð1:172Þ
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Although we assume in this section that parameters are defined along the or-

thogonal axes of coordinate systems, the relationship of Equation 172 is general and

governs the definition of the gradients when defined using different parameters,

including the case of curvilinear coordinates. It is important, however, to point

out that the use of different sets of parameters leads to the definition of different

gradient vectors. Nonetheless, these gradient vectors, regardless of what set of

parameters is used, are defined in the same coordinate system in which the vector

r is defined. That is, the differentiation of a vector does not change the coordinate

system in which this vector is defined.

As a special case, the curve shown in Figure 3 is considered. The position of

points on this curve can be defined in the coordinate system X1X2X3 and can be

written in terms of one parameter s as

r ¼ r sð Þ ð1:173Þ

Because there is only one parameter, there is only one gradient vector, defined as

rs ¼
@r

@s
ð1:174Þ

This gradient vector defines the tangent vector, as shown in Figure 3, and if s is

selected as the arc length, rs is a unit vector, as proven in Chapter 6. One may choose

other parameters, such as a1 and a2, and define the gradient vector by differentiation

with respect to these new parameters. This leads to other definitions of the gradient

vector as

ra1
¼ @r

@a1
, ra2

¼ @r

@a2
ð1:175Þ

rs
r

X2

X2

X3
X3

X1

X1

Figure 1.3. Space curve.
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Clearly, the three gradient vectors defined in Equations 174 and 175 are different

expressions for the tangent vector, for example,

ra1
¼ @r

@a1
¼ @r

@s

@s

@a1
ð1:176Þ

which shows that ra1
and rs are two parallel vectors that differ by a scalar multiplier

that depends on the relationship between the two parameters a1 and s. This simple

example shows that the change of parameters does not lead to a change in the

coordinate system because the resulting gradient vectors are defined in the

X1X2X3 coordinate system in which the vector r is defined.

Although in the simple one-dimensional example the change of parameters

does not change the orientation of the gradient vector, when two or more param-

eters are used, the change of parameters can lead to a change of the orientation of

the gradient vectors but does not change the coordinate system in which these

gradient vectors are defined. This is clear from Equation 172, which shows that

the columns of the gradient matrix �J are linear combinations of the columns of

the gradient matrix J.

Coordinate Transformation The analysis presented thus far in this section shows

that the change of parameters does not imply a change of the coordinate system in

which the gradient vectors are defined. That is, if x1, x2, and x3 are coordinates along

the orthogonal axes of the coordinate system X1X2X3 and �x1, �x2, and �x3 are the

coordinates along the axes of another coordinate system �X1
�X2

�X3, then, in general,

rxi
¼ @r=@xi 6¼ Rr�xi

, i ¼ 1, 2, 3, where R is the matrix that defines the orientation of

the coordinate system �X1
�X2

�X3 with respect to the coordinate system X1X2X3. The

gradient vector rxi
can be written in terms of components defined in the coordinate

system �X1
�X2

�X3 as

�rxi
¼ RTrxi

, i ¼ 1, 2, 3 ð1:177Þ

In the analysis presented in this book, it is important to understand the differ-

ence between the change of parameters and the transformation between two co-

ordinate systems, particularly when the large deformation finite element absolute

nodal coordinate formulation presented in Chapter 6 is discussed.

PROBLEMS

1. Find the sum of the following two matrices:

A ¼
�3 4 �1
2 0 5
�4 1 3

2
4

3
5, B ¼

2 1 0
2 3 4
�4 �2 �3

2
4

3
5

Find also the trace of these two matrices as well as the trace of their product.
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2. Find the product of the following three matrices:

A1 ¼
1 0 0
0 cos / � sin /
0 sin / cos /

2
4

3
5, A2 ¼

cos h 0 sin h
0 1 0

� sin h 0 cos h

2
4

3
5, A3 ¼

cos w � sin w 0
sin w cos w 0

0 0 1

2
4

3
5

3. Find the determinant and the inverse of the following two matrices:

A ¼
�3 4 �1
0 1 2
0 0 3

2
4

3
5, B ¼

1 0 0
1 1 0
1 1 1

2
4

3
5

4. Show that the following two matrices are orthogonal:

A1 ¼
cos h 0 sin h

0 1 0
� sin h 0 cos h

2
4

3
5, A2 ¼ Iþ ~v sin hþ 2~v2 sin2 h

2

� �

where h is an angle, v is a three-dimensional unit vector, ~v is the skew-symmetric

matrix associated with the unit vector v, and I is the identity matrix.

5. Show that the determinant of a 3� 3 matrix does not change if a row or a column

is subtracted or added to another.

6. Show that the matrices in Problem 2 are orthogonal and that their product is an

orthogonal matrix.

7. Find the norm of the columns of the matrices of Problem 3.

8. Prove the identities given in Equations 30 and 31 for three-dimensional vectors.

9. Prove Equation 37 for three-dimensional vectors.

10. Show that if A is a symmetric tensor and B is a skew-symmetric tensor, then

A : B ¼ 0.

11. If A, B, and C are second-order tensors, show that the double product satisfies

the identity A : BCð Þ ¼ ACT
� �

: B ¼ BTA
� �

: C.

12. If A and B are two symmetric tensors, show that

A : B ¼ A11B11 þA22B22 þA33B33 þ 2 A12B12 þA13B13 þA23B23ð Þ

13. Find the invariants, eigenvalues, and eigenvectors of the following two matrices:

A ¼
�3 4 �1
4 0 5
�1 5 3

2
4

3
5, B ¼

2 1 0
1 3 �2
0 �2 �3

2
4

3
5

Verify that the three invariants of each of these matrices can be written in terms

of the eigenvalues.

14. Find the projection matrices P and Pp associated with the unit vector

â ¼ ½1=
ffiffiffi
3
p

1=
ffiffiffi
3
p

1=
ffiffiffi
3
p
�T.
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15. Show that the components of a third-order tensor T can be written as

tijk ¼ ii � ij
� �

: Tik, where ii, ij, and ik are base vectors.

16. Prove the properties of Equation 75.

17. Show that the component vk of any vector v can be written as

vk ¼ � 1=2ð ÞCijk ~vij ¼ � 1=2ð ÞCkij ~vij ¼ 1=2ð ÞCikj ~vij, where G ¼ Cijk

� �
is the third-

order alternating tensor and ~v ¼ ~vij

� �
is the skew-symmetric matrix associated

with the vector v.

18. Show that the cross product between the two vectors u and v can be written as

u� v ¼
P3

i,j¼1 uivj ii � ij
� �

¼
P3

i,j,k¼1 Cijkuivjik, where ii, ij, and ik are base vec-

tors and G ¼ Cijk

� �
is the third-order alternating tensor.

19. Show that the components of a fourth-order tensor F can be written as

f ijkl ¼ ii � ij

� �
: F : ik � ilð Þ, where ii, ij, ik, and il are base vectors.

20. Find the polar decomposition of the matrix

A ¼
2 1 3
0 1 �2
0 0 2

2
4

3
5

21. Derive the Euler equation of motion using Equation 116.

22. Using D’Alembert’s principle, derive the equation of motion of a pendulum

connected to the ground at one of its ends by a pin joint. Assume that the

pendulum rod has length l, mass m, and mass moment of inertia about the center

of mass IO. The pendulum is subjected to an external moment M. Consider the

effect of gravity. Explain how D’Alembert’s principle can be used to systemat-

ically eliminate the reaction forces in this problem.

23. Solve Problem 22 using the principle of virtual work. Discuss the relationship

between D’Alembert’s principle and the principle of virtual work.

24. Verify the shape functions of Equation 143.
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2 KINEMATICS

In this chapter, the general kinematic equations for the continuum are developed.

The kinematic analysis presented in this chapter is purely geometric and does not

involve any force analysis. The continuum is assumed to undergo an arbitrary dis-

placement and no simplifying assumptions are made except when special cases are

discussed. Recall that in the special case of an unconstrained three-dimensional

rigid-body motion, six independent coordinates are required in order to describe

arbitrary rigid-body translation and rotation displacements. The general displace-

ment of an infinitesimal material volume on a deformable body, on the other hand,

can be described in terms of twelve independent variables; three translation param-

eters, three rigid-body rotation parameters, and six deformation parameters. One

can visualize these modes of displacements by considering a cube that may undergo

an arbitrary displacement. The cube can be translated in three independent orthog-

onal directions (translation degrees of freedom), it can be rotated as a rigid body

about three orthogonal axes, and it can experience six independent modes of de-

formation. These deformation modes are elongations or contractions in three dif-

ferent directions and three shear deformation modes. It is shown in this chapter that

the rotations and the deformations can be completely described using the matrix of

the position vector gradients, which in general has nine independent elements. This

fact can be mathematically proven using the polar decomposition theorem discussed

in the preceding chapter. The deformation at the material points on the body can be

described in terms of six independent strain components. These strain components

can be defined in the undeformed reference configuration leading to the Green–

Lagrange strains or can be defined using the current deformed configuration leading

to the Eulerian or Almansi strains. The velocity gradients and the rate of deforma-

tion tensor also play a fundamental role in the theory of nonlinear continuum

mechanics and for this reason they are discussed in detail in this chapter. The

concept of objectivity or frame indifference, which is important in the analysis of

large deformations, particularly in formulations that involve the strain rates, is also

introduced and will be discussed in more detail in the following chapter of this book.

In order to correctly formulate the dynamic equations of the continuum, one needs

to develop the relationships between the volume and area of the body in the

2
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reference configuration and its volume and area in the current configuration. These

relationships as well as the continuity equation derived from the conservation of

mass are presented in Section 8 and Section 9 of this chapter. Reynold’s transport

theorem, which is used in fluid mechanics, is discussed in Section 10. In Section 11,

several examples of simple deformations are presented.

Whereas a continuum has an infinite number of degrees of freedom; for sim-

plicity, concepts and definitions are explained in the examples throughout this book

using models that have a finite number of degrees of freedom. This provides the

reader with a natural introduction to the finite element formulations that will be

discussed in later chapters of this book.

2.1 MOTION DESCRIPTION

Figure 1 shows a body in the reference and current configurations. The position

vector of an arbitrary material point on the body in the reference configuration is

defined by the vector x ¼ x1 x2 x3½ �T, whereas the position vector of this arbi-

trary material point in the current configuration after displacement is defined by the

vector r ¼ r1 r2 r3½ �T. One can then write the following relationship:

r ¼ xþ u ð2:1Þ

where u ¼ u1 u2 u3½ �T is the displacement vector, and the three vectors r; x, and

u are defined in the same global coordinate system as shown in Figure 1. In the

preceding equation, it is assumed that both the position and displacement vectors r

and u are functions of the components of the position vector x in the reference

configuration. That is, given a material point defined by the position x in the refer-

ence configuration, one should be able to define the position vector r of this point in

the current configuration as well as the displacement vector u. In general, the

X1

X2

X3

O

P

x
Po

u

r
Reference
configuration

Current
configuration

Figure 2.1. Reference and current
configurations.
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position vector r and the displacement vector u can be written as functions of x and

time t, that is

r ¼ r x, tð Þ, u ¼ u x, tð Þ ð2:2Þ

The coordinates x are called the material or Lagrangian coordinates, whereas the

coordinates r are called the spatial or Eulerian coordinates. Both set of coordinates

can be used in the formulation of the kinematic and dynamic equations. If the

Lagrangian coordinates are used to formulate the dynamic equations, one obtains

the Lagrangian description, which is often used in solid mechanics. If the Eulerian

coordinates are used, on the other hand, one obtains the Eulerian description, which is

often used in the study of the motion of the fluids. The behavior of a Newtonian fluid is

independent of its history, and therefore, it is unnecessary and sometimes impossible

to describe the motion with respect to the reference configuration, as in the case of

a flow around an airfoil. In the case of solids, on the other hand, the history of the defor-

mation is important, and for this reason, the Lagrangian description is more suited.

EXAMPLE 2.1

As shown in Chapter 1, the general motion of a two-dimensional beamlike

structure, depicted in Figure 2, can be described using the following position

vector field (Omar and Shabana, 2001):

r ¼ Se ð2:3Þ

where e ¼ e tð Þ ¼ e1 e2 . . . e12½ �T is a vector of time-dependent coefficients or

coordinates, which consist of absolute position and slope coordinates as de-

scribed in Chapter 1, and S ¼ S(x) is a matrix that depends on the Lagrangian

coordinates and is given by

S ¼ s1 0 s2 0 s3 0 s4 0 s5 0 s6 0
0 s1 0 s2 0 s3 0 s4 0 s5 0 s6

	 

ð2:4Þ

The elements si that appear in this equation are given by

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

, s3 ¼ lg 1� nð Þ
s4 ¼ 3n2 � 2n3, s5 ¼ l �n2 þ n3

� �
, s6 ¼ lng

)
ð2:5Þ

where n ¼ x1=l and g ¼ x2=l; and l is the length of the beam in the reference

configuration. A reference configuration of the beam in which the beam axis is

parallel to the global X1 axis is given for the following values of the coefficients

or coordinates:

e ¼ e 0ð Þ ¼ 0 0 1 0 0 1 l 0 1 0 0 1½ �T

Using these values of the coordinates, one can verify that

r x, 0ð Þ ¼ S xð Þe 0ð Þ ¼ x1

x2

	 

¼ x
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This equation defines the position of the material points on the beam in the

undeformed reference configuration. That is, the position vector field of Equa-

tion 3 correctly describes the position of the beam material points in the un-

deformed reference configuration.

Line Elements In the study of deformation, the change of the length of a line

element is used to define the basic strain variables used in continuum mechanics.

It is clear that if the change of the distance between two arbitrary points as the result

of deformation is known, changes of areas and volumes can be determined. A

differential line element dr in the current configuration can be written as

dr ¼ @r

@x
dx ¼ Jdx ð2:6Þ

where J is the matrix of position vector gradients, also called the Jacobian matrix.

This matrix is defined as follows:

J ¼ @r

@x
¼

@r1

@x1

@r1

@x2

@r1

@x3

@r2

@x1

@r2

@x2

@r2

@x3

@r3

@x1

@r3

@x2

@r3

@x3

2
6666664

3
7777775
¼ rx1

rx2
rx3

½ � ð2:7Þ

X1

X2

O

X1
b

X2
b

Ob

Figure 2.2. Planar beam.
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In this equation, rxi
¼ @r=@xi, i ¼ 1, 2, 3. If there are no displacements of the par-

ticles of the body, the vector dr is equal to the vector dx. In this case, J is the identity

matrix and has a positive determinant that is equal to one. Because the Jacobian

matrix J cannot be singular and the displacement is assumed to be continuous

function, the determinant of J must be positive. Therefore, a necessary and sufficient

condition for a continuous displacement to be physically possible is that the de-

terminant of J be greater than zero, that is J is always positive definite. This re-

quirement of continuous displacement allows transformation from the current

configuration to the reference configuration and vice versa. It is therefore assumed

that the transformation is one-to-one and the function r ¼ r x, tð Þ is single-valued,

continuous, and has the following unique inverse:

x ¼ x r, tð Þ ð2:8Þ

This property, when guaranteed for every material point on the body, allows for the

transformation between the Eulerian and Lagrangian descriptions.

Rigid-Body Motion and Floating Frame of Reference In this book, two differ-

ent, yet equivalent, motion descriptions are frequently used to define the absolute

position vector r. In the first motion description, the vector r is defined using abso-

lute coordinates based on a description similar to the one used in Equation 3. In the

second motion description, a coordinate system that follows the motion of the body

is introduced. The position vector r can be defined in terms of the motion of this

reference plus the motion of the body with respect to the reference. This description

is referred to in this book as the floating frame of reference approach. It is important

to recognize that these two different descriptions are equivalent and are consistent

with the general continuum mechanics description. That is, the floating frame of

reference approach does not lead to a separation between the rigid-body motion and

the elastic deformation. Whereas the reference motion is a rigid-body motion, this

motion is not the rigid-body motion of the continuum because different references

can be selected for the same continuum.

Recall that in the special case of rigid-body motion, the length of a line segment

remains constant. This implies that

drTdr ¼ dxTdx ð2:9Þ

In this special case of rigid-body motion, one has JTJ ¼ JJT ¼ I. That is, J is an

orthogonal matrix that describes the relationship between the line element dx be-

fore the displacement and the line element dr after the displacement. Equation 9

shows that in the case of rigid-body motion, the stretch of the line element defined as

drj j � dxj j is equal to zero everywhere. Because the components of the line elements

are not affected by the translation, the matrix J in the case of rigid-body motion

describes pure rotation, and it is the matrix that can be used to define the orientation

of the rigid body in space. In this special case of rigid-body motion, the elements of
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the Jacobian matrix J are the direction cosines of unit vectors that define the axes

of a selected body coordinate system whose origin is attached to the rigid body

(Goldstein, 1950; Greenwood, 1988; Shabana, 2005).

Let dx1 and dx2 be two line elements defined in the reference configuration, and

let dr1 and dr2 be the corresponding line elements in the current configuration.

Using the definition of the dot product, the angle ao between the two line segments

dx1 and dx2 can be defined using the equation cos ao ¼ dxT
1 dx2

� �
= dx1j j dx2j j. Simi-

larly, the angle a between the two line segments dr1 and dr2 can be defined using

the equation cos a ¼ ðdrT
1 dr2Þ= dr1j j dr2j j. The change of the orientation of dx1 with

respect to dx2 as the result of the deformation, called shear, can be defined as a� ao.

In the case of rigid-body motion dr1 ¼ Jdx1 and dr2 ¼ Jdx2, where J in this special

case is an orthogonal matrix, as previously mentioned. It follows that in the case of

rigid-body motion, drT
1 dr2 ¼ dxT

1 dx2, and as a consequence, the shear is equal to zero

everywhere in the continuum.

In the case of a rigid-body motion, as shown in Figure 3, one can always select

a body coordinate system, Xb
1Xb

2Xb
3, that moves with the body. Line segments or

locations of the material points can be measured with respect to the origin of the

body coordinate system. Without any loss of generality, one can assume that before

displacement, the axes of the body coordinate system Xb
1Xb

2Xb
3 coincide with the

axes of the global coordinate system X1X2X3. In this case, the location of an arbi-

trary material point on the rigid body can be defined after the displacement using

the following equation:

r ¼ rO tð Þ þ Jxb ð2:10Þ

where rO is the vector that defines the location of the origin of the body coordinate

system; J, in this case of a rigid-body motion, is an orthogonal matrix that can be

X1

X2

X3

X1
b

X2
b

X3
b

Ob
P

rO
r

x

O

Figure 2.3. Rigid-body motion.
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expressed in terms of three independent orientation coordinates (Goldstein, 1950;

Greenwood, 1988; Shabana, 2005), and xb is the vector that defines position of the

material points in the moving coordinate system. Note that if an assumption is made

that the moving reference coordinate system coincides with the global coordinate

system before displacement, one has x ¼ xb. This assumption will be used through-

out the discussion presented in this section.

Equation 10 can be used to explain the difference between the global coordinate

system X1X2X3 in which the vector r is defined and the body coordinate system

Xb
1Xb

2Xb
3 in which the components of the vector xb do not change and remain the

same in the case of rigid-body motion. When using the motion description of Equa-

tion 10, the reference coordinate system follows the body. In this book, the body

coordinate system Xb
1Xb

2Xb
3 that follows the motion of the body and in which the

definition of the components of the vector xb remains the same in the case of rigid-

body motion is called the moving reference coordinate system or the floating frame of

reference. The reference coordinate system or the floating frame of reference can be

used to define a reference configuration that differs from the original reference

configuration by a rigid-body displacement. Therefore, it is important to recognize

that Equations 1 and 10 are the same in the case of rigid-body motion. This can be

demonstrated by writing the displacement vector u as u ¼ ro tð Þ þ J tð Þ � Ið Þx. Here,

without any loss of generality, an assumption is made, as previously mentioned, that

the origin and axes of the moving coordinate system coincide with the origin and

axes of the global coordinate system before displacement. That is, xb ¼ x.

In the case of general displacement, a body coordinate system, that is consistent

with the general continuum mechanics kinematic description, can still be intro-

duced. This body coordinate system, called again the reference coordinate system

or the floating frame of reference, follows the motion of the body, but does not have

to be rigidly attached to a point on the body. Nonetheless, it is required that there is

no relative rigid body displacement between the body and its coordinate system.

Using the polar decomposition theorem, the matrix of position vector gradients J

can be written, as described in Chapter 1, as the product of an orthogonal matrix and

a symmetric matrix as J ¼ RU, where R is an orthogonal matrix that describes the

rotation at the material points and U is a symmetric matrix that describes the de-

formation. Although both R and U depend on x, the orthogonal matrix R, which

describes the rotation at the material points, can be written as the product of two

orthogonal matrices R ¼ AR1, where A is an orthogonal matrix that does not de-

pend on x and defines the orientation of the body floating frame of reference and R1

is another orthogonal matrix that describes the rotation of the material point with

respect to the floating frame of reference. Therefore, without any loss of generality,

one can write J ¼ AR1U. Again, without any loss of generality, one can always

write R1U ¼ IþU1 x, tð Þ, where U1 x, tð Þ ¼ R1U� I. Therefore, the matrix of posi-

tion vector gradients can in general be written as J ¼ AR1U ¼ A IþU1 x, tð Þð Þ,
with A defined as A ¼ RRT

1 . Using this definition, the global position vector of an

arbitrary point, as shown in Figure 4, can in general be written as r x, tð Þ ¼
rO tð Þ þA tð Þ xþ �uf x, tð Þ

� �
, where �uf x, tð Þ measures the deformation of the body

with respect to the selected floating frame of reference, as shown in Figure 4.
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Because the choice of A, or alternatively R1, is arbitrary; one can have infinite

number of arrangements for the body coordinate system. This is an interesting

and fundamental problem when the floating frame of reference formulation dis-

cussed in Chapter 7 is used in the analysis of deformable bodies that experience

finite displacements.

The relationship r x, tð Þ ¼ rO tð Þ þA tð Þ xþ �uf x, tð Þ
� �

which is general and does

not imply any approximation is fundamental and represents the starting point in the

floating frame of reference formulation that will be discussed later in this book. This

formulation is widely used in the multibody system dynamics literature and allows

for obtaining an efficient formulation for flexible bodies that undergo large rigid-

body displacements as well as deformations that can be described using simple

shapes. It is important, however, to point out that the floating frame of reference

formulation was introduced many decades before the finite element method was

introduced. The corotational frame used in the finite element literature is not in

general equivalent to the floating frame. The configuration of the corotational frame

is defined by the finite element nodal coordinates, whereas the configuration of the

floating frame is defined by a set of absolute Cartesian coordinates. If the finite

element nodal coordinates can not be used to correctly describe finite rigid-body

displacements, as in the case of conventional beam, plate and shell elements which

employ infinitesimal rotations as nodal coordinates; the corotational frame does not

lead to zero strain under an arbitrary rigid-body displacements. On the other hand,

the floating frame of reference formulation always leads to zero strain under an

arbitrary rigid-body displacement, as demonstrated in the literature.

The analysis presented in this section demonstrates that the basic kinematic de-

scription used in the floating frame of reference formulation is based on the general

kinematic equations used in the nonlinear continuum mechanics. The floating frame of

X1

X3

X2

X1
b

X2
b

X3
b

Ob

P

rO
r

x

O

uf

Figure 2.4. Floating frame of reference.
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reference or the reference coordinate system can be used to measure the body defor-

mation with respect to a nominal motion. This motion is referred to as the reference

motion, which is not the rigid-body motion because different reference coordinate

systems can be selected, as discussed in the literature. This motion description, as will

be discussed in Chapter 7, allows, in the case of small deformation, to create a local

linear problem that can be exploited to effectively filter out insignificant high-fre-

quency modes of displacements, thereby leading to a more efficient solution procedure.

Nonetheless, it is important to mention at this point that it is not necessary in

computational continuum mechanics to write the displacement as the sum of refer-

ence motion plus the displacement with respect to the reference coordinate system

as it is the case when the floating frame of reference is used. Such a kinematic

description, which does not imply a separation between the rigid-body motion

and the deformation, is not necessary and its use is not recommended in the large

deformation analysis. One can always use the expression r ¼ r xð Þ with a proper

definition of r in terms of x to correctly describe the general displacement of the

continuum, as discussed in Chapter 6. This fact is also demonstrated by the following

simple example.

EXAMPLE 2.2

The displacement field of the two-dimensional beamlike structure, discussed in

Example 1, can describe an arbitrary rigid-body motion. Such a general rigid-

body motion can be described if the element’s time-dependent coordinates take

the following form:

e ¼ e1 e2 cos h sin h � sin h cos h½
e1 þ l cos hð Þ e2 þ l sin hð Þ cos h sin h � sin h cos h�T

Using these values of the coordinates, one can verify that

r x, tð Þ ¼ S xð Þe tð Þ ¼ e1

e2

	 

þ cos h � sin h

sin h cos h

	 

x1

x2

	 

¼ rO þ Jx

where rO, J, and x can be recognized in this case as

rO ¼
e1

e2

	 

, J ¼ cos h � sin h

sin h cos h

	 

, x ¼ x1

x2

	 


Note that, in this case of rigid-body motion, J is an orthogonal matrix.

Displacement Vector Gradients As previously mentioned, in the case of general

displacement, J is not an orthogonal matrix because the lengths of the line segments

do not remain constant. There are, however, motion types in which the determinant

of J remains constant, but J is not an orthogonal matrix. As will be shown later in

this book, the determinant of J remains constant if the volume does not change as in
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the case of incompressible materials. This type of motion is called isochoric. Rigid-

body motion is a special case of isochoric motion.

In the case of general displacement, the matrix of position vector gradients can

also be written in terms of the displacement gradients by writing dr using Equation 1

as follows:

dr ¼ Iþ @u

@x

� �
dx ¼ Iþ Jdð Þdx ð2:11Þ

where Jd is the matrix of the displacement vector gradients defined as

Jd ¼
@u

@x
¼

@u1

@x1

@u1

@x2

@u1

@x3

@u2

@x1

@u2

@x2

@u2

@x3

@u3

@x1

@u3

@x2

@u3

@x3

2
6666664

3
7777775

ð2:12Þ

In the analysis presented in this book, it is important to recognize the difference

between the matrix of the position vector gradients and the matrix of the displace-

ment vector gradients. For the most part, the matrix of the position vector gradients,

instead of the matrix of the displacement gradients, is used in this book because the

large deformation finite element formulation presented in Chapter 6 is based on

a global position representation. This representation leads to a formulation with

interesting features that will be discussed in more detail in Chapter 6.

2.2 STRAIN COMPONENTS

The strain components that will be defined in this section arise naturally when the

equations of motion are formulated as will be shown in later chapters of this book.

The strain components can be introduced by considering the elongation of a line

element. The square of the length of the line element in the reference configuration

is defined as

loð Þ2¼ dxTdx ð2:13Þ

The square of the length of the line element in the current configuration can be

defined using Equation 6 as

ldð Þ2¼ drTdr ¼ dxTJTJdx ð2:14Þ

One measure of the elongation of the line element can be written using the pre-

ceding two equations as

ldð Þ2� loð Þ2¼ drTdr� dxTdx ¼ dxT JTJ� I
� �

dx ð2:15Þ
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which can be written as

ldð Þ2� loð Þ2¼ 2dxTedx ð2:16Þ

where e is the Green–Lagrange strain tensor defined as

e ¼ 1

2
JTJ� I
� �

ð2:17Þ

Note that e is a symmetric tensor. Using the definition of the matrix of position

vector gradients, the Green–Lagrange strain tensor e can be written more explicitly

as follows:

e ¼ 1

2
JTJ� I
� �

¼ 1

2

rT
x1

rx1
� 1

� �
rT

x1
rx2

rT
x1

rx3

rT
x1

rx2
rT

x2
rx2
� 1

� �
rT

x2
rx3

rT
x1

rx3
rT

x2
rx3

rT
x3

rx3
� 1

� �
2
6664

3
7775 ð2:18Þ

One can also write the Green–Lagrange strain tensor e in terms of the elements of

the matrix of the displacement vector gradient Jd. Recall that J ¼ Jd þ I and

substituting in the definition of e, one obtains the following definition of the ele-

ments of the strain tensor:

eij ¼
1

2
ui,j þ uj,i þ

X3

k¼1

uk,iuk,j

 !
, i, j ¼ 1, 2, 3 ð2:19Þ

In this equation, eij are the elements of the tensor e, and ui, j ¼ @ui=@xj,

i, j ¼ 1, 2, 3. It is clear from the preceding two equations that the Green–Lagrange

strains are nonlinear functions of the position vector and displacement vector

gradients.

Because the strain tensor is symmetric, one can identify six independent strain

components that can be used to define the following strain vector:

ev ¼ e11 e22 e33 e12 e13 e23½ �T ð2:20Þ

In this vector, eij for i ¼ j are called normal strains, and eij for i 6¼ j are called the

shear strains.

In the case of rigid-body motion, J is an orthogonal matrix, and as a conse-

quence, e ¼ 0. This demonstrates that e can be used as a measure of the deformation,

whereas J cannot be used as deformation measure because it changes under an

arbitrary rigid-body motion. In the case of rigid-body motion, the vector of strains

e is identically zero. It is left to the reader as an exercise to show that if the nonlinear

displacement gradients terms in Equation 19 are neglected, the Green–Lagrange

strain tensor will not lead to zero strains under an arbitrary rigid body motion.

Geometric Interpretation of the Strains The gradient vectors rxi
, i ¼ 1, 2, 3,

define the rate of change of the position vector r with respect to the coordinate xi.

Therefore, the normal strains, rT
xi

rxi
� 1

� �
, measure the change of the length of the
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gradient vectors. On the other hand, the shear strains, rT
xi

rxj
, i 6¼ j, measure the change

of the relative orientation between the gradient vectors.

Another geometric interpretation of the strains can be provided for simple

cases. To this end, the extension of the line element per unit length can be defined as

e ¼ ld � lo

lo
ð2:21Þ

This equation defines what is called engineering strain because the extension is divided

by the length in the reference configuration. Another measure that can be used is the

logarithmic or natural strain defined as
Ð ld

lo
dl=l ¼ lnðld=l0Þ. Equation 21 leads to

ld ¼ 1þ eð Þlo ð2:22Þ

Using Equations 16 and 21, one can write the following quadratic equation for

the strain e:

e2 þ 2e� a ¼ 0 ð2:23Þ

where

a ¼ 2tTet, ð2:24Þ

and t ¼ dx=lo. Equation 23, which is a quadratic equation, has the following two

solutions:

e ¼ �1± 1þ að Þ
1
2 ð2:25Þ

The second solution is not physically possible because it does not represent a rigid-

body motion. Therefore, the strain e can be evaluated using the components of the

Green–Lagrange strain tensor as

e ¼ �1þ 1þ að Þ
1
2 ð2:26Þ

This equation can be used to provide a measure of the elongation of a line element.

Consider the special case in which dx ¼ dx1 0 0½ �T, one obtains in this special

case from the definition of the Green–Lagrange strain tensor, the following equation:

ldð Þ2� l0ð Þ2¼ 2e11 l0ð Þ2 ð2:27Þ

Using the preceding two equations, one has

e11 ¼
1

2
1þ eð Þ2�1

n o
ð2:28Þ

or

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2e11

p
� 1 ð2:29Þ

In the case of small strains, it can be shown that

e ¼ e11 ð2:30Þ
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Because shear strains can be defined using the dot product of vectors, these strains

can always be defined in terms of angles or rotations. Therefore, a geometric in-

terpretation of the shear strains can also be obtained.

EXAMPLE 2.3

For the beam defined in Example 1, the displacement field is given by

r ¼ s1
e1

e2

	 

þ s2

e3

e4

	 

þ s3

e5

e6

	 

þ s4

e7

e8

	 

þ s5

e9

e10

	 

þ s6

e11

e12

	 


where the shape functions si, i ¼ 1, 2, . . . , 6 are defined in Example 1. Using the

definitions of these shape functions, the vectors of gradients are

rx1
¼ @r

@x1
¼ s1,1

e1

e2

	 

þ s2,1

e3

e4

	 

þ s3,1

e5

e6

	 

þ s4,1

e7

e8

	 

þ s5,1

e9

e10

	 

þ s6,1

e11

e12

	 


and

rx2
¼ @r

@x2
¼ s3,2

e5

e6

	 

þ s6,2

e11

e12

	 


where si, j ¼ @si=@xj, and i ¼ 1, 2, � � � , 6; j ¼ 1, 2. Using these notations and the

definitions given in Example 1, one has

s1,1 ¼
6

l
�nþ n2
� �

, s2,1 ¼ 1� 4nþ 3n2
� �

, s3,1 ¼ �g,

s4,1 ¼
6

l
n� n2
� �

, s5,1 ¼ �2nþ 3n2
� �

, s6,1 ¼ g,

s3,2 ¼ 1� nð Þ, s6,2 ¼ n

It is clear from these equations that

e1

e2

	 

¼ r n ¼ 0ð Þ,

e3

e4

	 

¼ rx1

n ¼ 0ð Þ,
e5

e6

	 

¼ rx2

n ¼ 0ð Þ

e7

e8

	 

¼ r n ¼ 1ð Þ,

e9

e10

	 

¼ rx1

n ¼ 1ð Þ,
e11

e12

	 

¼ rx2

n ¼ 1ð Þ

Consider the case in which the vector of coordinates is defined as

e ¼ 0 0 1 0 0 1 l þ d 0 1 0 0 1½ �T

Here, l is the initial length of the beam, and d is the elongation at the end.

Substituting this vector in the displacement field r ¼ Se, one obtains

r ¼
x1 þ s4d

lg

	 

¼ x1 þ d 3n2 � 2n3

� �
x2

" #
,

rx1
¼ 1þ 6d

l
n� n2
� �
0

" #
, rx2

¼
0

1
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These equations show that the maximum elongation occurs at n ¼ 1 and it is

equal to d. The maximum gradient is at n ¼ 0.5 and is equal to 1 + 1.5(d /l). The

matrix of position vector gradients is

J ¼ 1þ 6d
l

n 1� nð Þ 0

0 1

" #

The Green–Lagrange strain tensor can then be defined as

e ¼ 1

2
JTJ� I
� �

¼ 1

2

12d
l

n 1� nð Þ 1þ 3 d
l

� �
n 1� nð Þ

n o
0

0 0

" #

This equation shows that the shear strains and the transverse normal strain are

equal to zero, and the maximum normal strain in the axial direction occurs at

n ¼ 0.5 and is equal to

e11ð Þmax¼ 1:5 d
l

� �
1þ 0:75 d

l

� �� 


As will be discussed in later chapters of this book, elongation of a beam, as the

one given in this example, leads to a change of the dimensions of the beam cross-

section and results in transverse normal stresses. This is due to the Poisson

effect, which cannot be captured based on purely kinematic considerations.

A different strain distribution can be obtained if the vector of coordinates

takes the following form:

e ¼ 0 0 1þ d
l

� �
0 0 1 l þ d 0 1þ d

l

� �
0 0 1

h iT

In this case, one can show that

r ¼ l þ dð Þn
lg

	 

, rx1

¼ 1þ d
l

0

" #
, rx2

¼ 0
1

	 


Note that in this case the deformation at x1¼ 0 is zero, and the deformation at x1

¼ l is maximum and is equal to d. The Green–Lagrange strain tensor is defined

in this case as

e ¼ 1

2
JTJ� I
� �

¼
d
l

1þ d
2l

� �
0

0 0

" #

This equation shows that the strain is constant everywhere. If d is small such that

second-order terms in d can be neglected, the axial strain reduces to d/l, which

defines the engineering strain.
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Eulerian Strain Tensor Because dx can be written as

dx ¼ J�1dr ¼ @x

@r
dr, ð2:31Þ

one can write

ldð Þ2� l0ð Þ2¼ drTdr� dxTdx ¼ drTðI� J�1T

J�1Þdr ð2:32Þ

Using this equation, the Eulerian or Almansi strain tensor is defined as

ee ¼
1

2
ðI� J�1T

J�1Þ ð2:33Þ

This tensor is also a symmetric tensor. It is important to note that the components of

the Eulerian (Almansi) strain tensor are defined using the current configuration,

whereas the components of the Green–Lagrange strain tensor are defined using the

reference configuration. Such definitions are important when the expressions of

the elastic forces due to deformation are developed. Clearly, the relationship be-

tween the Green–Lagrange strain tensor and the Eulerian strain tensor can be

written as

e ¼ JTeeJ ð2:34Þ

This equation can be interpreted as e is the pull-back of ee by J, or ee is the push-

forward of e in the equation ee ¼ J
�1T

eJ�1. It is important, however, to realize that e

and ee do not represent the same physical quantities because J in the preceding

equation is not an orthogonal transformation matrix. This can be understood be-

cause gradients evaluated by differentiation with respect to different coordinates

define different rates of change in different directions.

In the case of infinitesimal strains, the Eulerian strain tensor is called Cauchy

strain tensor. One can show that in the case of infinitesimal strains (small displace-

ment gradients), one has

ee ¼ e ¼ 1

2
Jd þ JT

d

� �
ð2:35Þ

That is, the Eulerian and Lagrangian strain tensors are equal in the case of infini-

tesimal strains.

EXAMPLE 2.4

Consider again the displacement field defined in Example 1. Assume that the

position vector of an arbitrary point on the beam is defined by the vector

r ¼ l þ dð Þn cos h� lg sin h
l þ dð Þn sin hþ lg cos h

	 


where d is assumed to be the axial displacement of the beam at the end x1 ¼ l

and h is an angle that defines the orientation of the beam. One can show that the

values of the coordinates that lead to the position vector defined in the
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preceding equation is

e ¼ 0 0 1þ d
l

� �
cos h 1þ d

l

� �
sin h � sin h cos h l þ dð Þ cos h

h
l þ dð Þ sin h 1þ d

l

� �
cos h 1þ d

l

� �
sin h � sin h cos h

iT

The matrix of position vector gradients is given by

J ¼
1þ d

l

� �
cos h � sin h

1þ d
l

� �
sin h cos h

2
4

3
5

Note that this matrix of position vector gradients can be written as the product

of two matrices as

J ¼ cos h � sin h

sin h cos h

	 

1þ d

l

� �
0

0 1

" #

The inverse of the matrix of the position vector gradients is given by

J�1 ¼
l

l þ d 0

0 1

" #
RT

Where R is the orthogonal matrix

R ¼ cos h � sin h
sin h cos h

	 


The Green–Lagrange strain tensor is

e ¼ 1

2
JTJ� I
� �

¼
d
l

d
2l
þ 1

� �
0

0 0

" #

This equation shows that the Green–Lagrange strain tensor does not depend on

the orthogonal matrix R.

The Eulerian strain tensor is

ee ¼
1

2
ðI� J�1T

J�1Þ ¼ 1

2
R

1� 1

1þ d
l

� �2 0

0 0

2
664

3
775RT

It can be shown that when d and h are small, the Lagrangian and Eulerian strains

are the same.

Let U be the matrix

U ¼ 1þ d
l

� �
0

0 1

" #

With this definition, one can write dr ¼ Jdx ¼ RUdx. Using the definition

J ¼ RU and Equation 34, one can derive the expression for Green–Lagrange
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strain tensor previously obtained in this example from the Almansi strain ten-

sor. Note that, in this simple example, the two tensors are not related by or-

thogonal transformation because the matrix U enters into the relationship

between the two tensors. That is, the two tensors do not represent the same

physical quantities expressed in two different coordinate systems.

2.3 OTHER DEFORMATION MEASURES

Other deformation measures that are invariant under an arbitrary rigid-body mo-

tion can be used as alternatives to the Lagrangian and Eulerian strain tensors. In this

section, some of these deformation measures are defined.

Right and Left Cauchy–Green Deformation Tensors In order to introduce alter-

nate strain measures, a unit vector t is defined as

t ¼ dx

l0
¼ 1

lo
dx1 dx2 dx3½ �T ð2:36Þ

Using this definition, one can write

ld

lo

� �2

¼ tTJTJt ¼ tTCrt ð2:37Þ

where Cr is a symmetric tensor called the right Cauchy–Green deformation tensor

and is defined as

Cr ¼ JTJ ð2:38Þ

This tensor can be used as a measure of the deformation because in the case of an

arbitrary rigid-body displacement Cr ¼ I, and it remains constant throughout the

rigid-body motion. Note that the Green–Lagrange strain tensor can be expressed in

terms of Cr as

e ¼ 1

2
Cr � Ið Þ ð2:39Þ

That is, the tensors Cr and e have a linear relationship. It follows that the derivatives

of one tensor with respect to a set of coordinates can be used to define the deriv-

atives of the other tensor with respect to the same coordinates. This linear relation-

ship can be conveniently used when different constitutive models are used. Some of

these constitutive models are expressed in terms of e, whereas the others are

expressed in terms of Cr.

Another deformation measure is the left Cauchy–Green deformation tensor Cl

defined as

Cl ¼ JJT ð2:40Þ
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This tensor also remains constant and is equal to the identity matrix in the case of

rigid-body motion. The Eulerian strain tensor can be written in terms of Cl as

ee ¼
1

2
I� C�1

l

� �
ð2:41Þ

Infinitesimal Strain Tensor It was previously mentioned that in the case of small

strains, the Lagrangian and Eulerian strain tensors are the same and both are de-

fined by the following equation:

ee ¼ e ¼ 1

2
Jd þ JT

d

� �
ð2:42Þ

In this equation, Jd is the matrix of displacement vector gradients. It is important,

however, to point out at this point that the infinitesimal strain tensor is not an exact

measure of the deformation because it does not remain constant in the case of an

arbitrary rigid-body motion. Recall that in the case of a rigid-body motion,

J ¼ Jd þ I ð2:43Þ

is an orthogonal matrix. It follows that in the case of infinitesimal strains,

ee ¼ e ¼ 1

2
Jd þ JT

d

� �
¼ 1

2
Jþ JT � 2I
� �

ð2:44Þ

This equation shows that the linear form of the strain tensors does not remain

constant under an arbitrary rigid-body motion because J changes, as previously

discussed. In order to provide an estimate of the errors as the result of using the

infinitesimal strain tensor in the case of general rigid-body motion, we use the

expression of the rotation matrix defined by Rodriguez formula. In the case of

a rigid-body motion, J is the rotation matrix that can be defined using Rodriguez

formula as follows:

J ¼ Iþ ~a sin hþ 2 ~að Þ2sin2 h
2

ð2:45Þ

where ~a is the skew symmetric matrix associated with a unit vector a along the axis of

rotation, and h is the angle of rotation (Shabana, 2005). Substituting the preceding

equation into the expression of the infinitesimal strain tensor and considering the

fact that ~a is a skew symmetric matrix and ~að Þ2 is a symmetric matrix, one has

ee ¼ e ¼ 2 ~að Þ2sin2 h
2

ð2:46Þ

Because the components of the unit vector a can be equal to or less than one, the

preceding equation shows that in the case of infinitesimal rotations, the error in the

infinitesimal strain tensor is of second order in the rotation h.
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2.4 DECOMPOSITION OF DISPLACEMENT

Using the polar decomposition theorem discussed in Chapter 1, any nonsingular

square matrix can be written as the product of two matrices; one is an orthogonal

matrix, whereas the other is a symmetric matrix. Applying this decomposition to the

matrix of position vector gradients J, one obtains

J ¼ AJJr ¼ JlAJ ð2:47Þ

where AJ is an orthogonal rotation matrix, and Jr and Jl are symmetric positive

definite matrices called, respectively, the right stretch and left stretch tensors. It

follows from the preceding equation that

Jr ¼ AT
J JlAJ , Jl ¼ AJJrA

T
J ð2:48Þ

The right and left Cauchy–Green strain tensors Cr and Cl can be expressed,

respectively, in terms of Jr and Jl as follows:

Cr ¼ JTJ ¼ JrA
T
J AJJr ¼ J2

r

Cl ¼ JJT ¼ JlAJAT
J Jl ¼ J2

l



ð2:49Þ

Therefore, Cr is equivalent to Jr, whereas Cl is equivalent to Jl. It is, however, easier

and more efficient to calculate Cr and Cl for a given J than to evaluate Jr and Jl from

the polar decomposition theorem.

Equation 49 shows that the deformation measures Cr and Cl do not depend on

the orthogonal matrix AJ . The expression of Cr in the preceding equation with

Equation 39 also show that the Green–Lagrange strain tensor e does not depend

on the orthogonal matrix AJ because it can be written as e ¼ ð1=2ÞðJ2
r � IÞ. Similarly,

the Eulerian strain tensor of Equation 41 can be written as ee ¼ ð1=2Þ I� ðJ�1
l Þ

2
� �

.

Homogeneous Motion In the special case of homogeneous motion, the matrix of

position vector gradients J is assumed to be independent of the coordinates x. In this

special case, one can write

r ¼ Jx ð2:50Þ

The motion of the body from the initial configuration x to the final configuration r

can be viewed as two successive homogeneous motions. In the first motion, the

coordinate vector x changes to xi, and in the second motion, the coordinate vector

xi changes to r. These two displacements can be described using the following two

equations:

xi ¼ Jrx, r ¼ AJxi ð2:51Þ

Clearly, these two equations lead to

r ¼ AJxi ¼ AJJrx ¼ Jx ð2:52Þ

Therefore, any homogeneous displacement can be decomposed into a deformation

described by the tensor Jr followed by a rotation described by the orthogonal tensor
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AJ. Similarly, if Jl is used instead of Jr, the displacement of the body can be consid-

ered as a rotation described by the orthogonal tensor AJ followed by a deformation

defined by the tensor Jl.

Nonhomogeneous Motion In the case of nonhomogeneous motion, the relation-

ship between the coordinates can be written as

dr ¼ Jdx ð2:53Þ

Although J in this case is a function of the reference coordinates x, the polar de-

composition theorem can still be applied. Different material points in this case have

different decompositions and different stretch and rotation tensors.

EXAMPLE 2.5

For the model used in Example 4, the matrix of position vector gradients was

defined as

J ¼
1þ d

l

� �
cos h � sin h

1þ d
l

� �
sin h cos h

2
4

3
5

This matrix can be written as

J ¼ AJJr ¼
cos h � sin h

sin h cos h

	 

1þ d

l

� �
0

0 1

" #

where

AJ ¼
cos h � sin h

sin h cos h

	 

, Jr ¼

1þ d
l

� �
0

0 1

" #

The matrix Jl is defined as

Jl ¼ AJJrA
T
J ¼

1þ d
l

cos2 h
� �

d
2l

sin 2h

d
2l

sin 2h 1þ d
l

sin2 h
� �

2
4

3
5

It follows that the right Cauchy–Green strain tensor is

Cr ¼ J2
r ¼

1þ d
l

� �2

0

0 1

" #
The left Cauchy–Green strain tensor is

Cl ¼ J2
l ¼

1þ d
l

� �2

cos2 hþ sin2 h d
2l

2þ d
l

� �
sin 2h

d
2l

2þ d
l

� �
sin 2h 1þ d

l

� �2

sin2 hþ cos2 h

2
64
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2.5 VELOCITY AND ACCELERATION

The absolute velocity vector can be obtained by differentiation of r ¼ r(x, t) with

respect to time. This leads to

v ¼ _r ¼ drðx, tÞ
dt

¼ duðx, tÞ
dt

¼ _u ð2:54Þ

In developing this equation for the velocity, the vector x is assumed to be indepen-

dent of time because it defines the position of the material points in the reference

configuration. In fluid mechanics, the curl of the velocity given by =� v is called the

vorticity. In this definition = ¼ @=@r1 @=@r2 @=@r3½ �T. In the case of irrotational

flow, the vorticity is equal to zero everywhere.

The absolute acceleration vector a(x, t) is the rate of change of the velocity

of the material points with respect to time. The acceleration vector can then be

written as

a x, tð Þ ¼ _v ¼ dvðx, tÞ
dt

¼ d2uðx, tÞ
dt2

¼ €u ð2:55Þ

In deriving this equation, it is assumed again that the vector x is not a function of

time.

As previously mentioned in this chapter, one can, without any loss of generality,

select a coordinate system, the floating frame of reference, that follows the motion of

the body. In this case, the position of an arbitrary point on the body is described by

the global position of the origin of the floating frame plus the position of the arbitrary

point with respect to the floating frame. In this case, as previously explained, the

global position of a point on the body can be written as r ¼ rO tð Þ þA xþ �uf x, tð Þ
� �

,

where rO tð Þ is the global position of the body reference, A is the orthogonal trans-

formation matrix that defines the orientation of the body coordinate system in the

global system, and �uf x, tð Þ is the vector of deformation with respect to the body

coordinate system. Differentiating the vector r once and twice with respect to time,

one obtains, respectively, the absolute velocity and acceleration vectors of the ar-

bitrary point. Using this motion description, the velocity and acceleration vectors

include terms that represent the rate of change of the motion of the arbitrary point

with respect to the origin of the floating frame. These terms include the Coriolis

acceleration, as discussed in more detail in Chapter 7 of this book.

Eulerian Description The velocity vector can also be expressed in terms of the

spatial (Eulerian) coordinates as

v ¼ v r, tð Þ ð2:56Þ

In this case, r is a function of time. The total derivative of this expression of the

velocity is given by

dv

dt
¼ @v

@r

dr

dt
þ @v

@t
¼ @v

@r
vþ @v

@t
ð2:57Þ
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The term @v=@rð Þv is called the convective or transport term, while @v=@t is called the

spatial time derivative. The preceding equation can also be written as

dv

dt
¼ Lvþ @v

@t
ð2:58Þ

where L is called the velocity gradient tensor and is defined as

L ¼ @v

@r
ð2:59Þ

Note that the velocity gradient tensor is obtained by differentiation with respect to

the spatial coordinates.

Rate of Deformation and Spin Tensors Another strain measure that will be

considered in this section is called the rate of deformation tensor. The rate of

deformation tensor D, which is also called the velocity strain and is used in the

formulation of some material constitutive laws, differs from Green–Lagrange

strain tensor, which is a measure of the deformation and not the rate of defor-

mation. In order to define the rate of deformation tensor, the velocity gradient

tensor is written as the sum of a symmetric tensor and a skew symmetric tensor as

follows:

L ¼ 1

2
Lþ LT
� �

þ 1

2
L� LT
� �

ð2:60Þ

The first matrix on the right-hand side of this equation is symmetric and is called the

rate of deformation tensor D, whereas the second matrix is a skew symmetric matrix

called the spin tensor. The preceding equation can then be written as

L ¼ DþW ð2:61Þ
where

D ¼ 1

2
Lþ LT
� �

, W ¼ 1

2
L� LT
� �

ð2:62Þ

The rate of deformation tensor D can be used as a measure of the deformation

because it vanishes in the case of a rigid-body motion. In order to demonstrate this

fact, the rate of change of the square of the length of the line segment is considered.

This change can be written as

d

dt
ldð Þ2¼

d

dt
drTdr
� �

¼ 2drTdv ¼ 2drT @v

@r
dr ¼ 2drTLdr ð2:63Þ

Using the definition of the matrix of the velocity gradients in terms of the rate of

deformation and spin tensors, one obtains

d

dt
ldð Þ2¼ 2drT DþWð Þdr ð2:64Þ
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Because W is a skew symmetric matrix, drTWdr ¼ 0, and as a result, the preceding

equation reduces to

d

dt
ldð Þ2¼ 2drTDdr ð2:65Þ

Because dr is arbitrary, the preceding equation shows that in the case of rigid-body

motion the rate of deformation tensor D is identically zero and such a tensor can

indeed be used as a measure of the rate of deformation. The preceding equation also

shows that

_ld=ld

� �
¼ tT

c Dtc ð2:66Þ

where tc ¼ dr=ld defines a unit vector.

Rate of Change of the Green–Lagrange Strain A relationship between the rate

of deformation tensor and the rate of change of the Green–Lagrange strain tensor

can be obtained. To obtain this relationship, the tensor of velocity vector gradients is

written as

L ¼ @v

@r
¼ @v

@x

@x

@r
¼ _JJ�1 ð2:67Þ

Using this equation, the rate of deformation tensor can be written as

D ¼ 1

2
Lþ LT
� �

¼ 1

2
_JJ�1 þ J�1T _J

T
� �

ð2:68Þ

Differentiation of the Green–Lagrange strain tensor leads to

_e ¼ d

dt

1

2
JTJ� I
� �� 


¼ 1

2
JT _Jþ _J

T
J

� �
ð2:69Þ

The preceding two equations show that

_e ¼ JTDJ ð2:70Þ
This equation is another example of a pull-back operation in which a tensor asso-

ciated with the undeformed configuration is defined using a tensor associated with

the deformed or current configuration. The preceding equation also leads to

D ¼ J�1T

_eJ�1 ð2:71Þ

which is an example of a push-forward operation in which a tensor in the deformed

(current) configuration is obtained using a tensor associated with the undeformed

(reference) configuration. Here, the push-forward operation is simply the result of

pushing forward the Lagrangian vector dx to the Eulerian vector dr using the Jaco-

bian matrix J as shown by Equation 6. On the other hand, the pull-back of the

Eulerian vector dr to the reference configuration using J–1 defines the Lagrangian

vector dx as dx ¼ J�1dr. The relationship between the rate of deformation tensor and

the Green–Lagrange strain tensor is an example of the push-forward and pull-back

operations. Other examples are presented in the literature (Belytschko et al., 2000).
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Another way for defining the relationship between the rate of deformation

tensor and the rate of change of the Green–Lagrange strain tensor is to use the

function relationship between r and x. To this end, we write

_e ¼ d

dt

1

2
JTJ� I
� �� 


¼ 1

2
JT _Jþ _J

T
J

� �
¼ 1

2
JT @v

@x
þ @v

@x

� �T

J

 !
ð2:72Þ

Because

@v

@x
¼ @v

@r

@r

@x
¼ LJ, ð2:73Þ

one has

_e ¼ 1

2
JTLJþ LJð ÞTJ
� �

¼ 1

2
JTLJþ JTLTJ
� �

¼ 1

2
JT Lþ LT
� �

J ¼ JTDJ ð2:74Þ

as previously obtained. Note that _e and D are not related by orthogonal tensor

transformation, and therefore, they do not represent the same physical variables.

Furthermore, it is important to point out that the time integral of _e is path indepen-

dent, whereas the time integral of D is path dependent. It is also important to keep

in mind that the rate of deformation tensor is not the time derivative of the Eulerian

(Almansi) strain tensor.

EXAMPLE 2.6

One can show that the position vector given in Example 4 can be written as

r ¼ r x, tð Þ ¼ RC1
x1

x2

	 

¼ RC1x

where the diagonal matrix C1¼ Jr and the orthogonal matrix R¼AJ are given by

C1 ¼
1þ d

l

� �
0

0 1

" #
, R ¼ cos h � sin h

sin h cos h

	 


It is clear that the matrix of position vector gradients is given in this example as

J ¼ RC1

Using these equations, one can write the material (Lagrangian) coordinates x in

terms of the spatial (Eulerian) coordinates as

x ¼ x r, tð Þ ¼ C�1
1 RT r1

r2

	 

¼ C�1

1 RTr

Assuming that the deformation d remains constant (constant strain), the

velocity vector v is given by

v ¼ _r x, tð Þ ¼ _RC1x
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The acceleration vector is

a ¼ €r x, tð Þ ¼ €RC1x

where

_R ¼ _h
@R

@h

� �
¼ _hRh, €R ¼ €hRh � _h2R

Clearly, the velocity vector can be written in terms of the Eulerian coordinate

vector r as

v ¼ _r x, tð Þ ¼ _RRTr

The tensor of velocity vector gradients L can then be defined as

L ¼ _RRT

The symmetric rate of deformation tensor and the skew symmetric spin tensor

are given by

D ¼ 1

2
ð _RRT þR _RTÞ, W ¼ 1

2
_RRT � _RRTÞ
�

Direct matrix multiplication shows that

_RRT ¼ _h
0 �1
1 0

	 


Because _RRT is a skew symmetric matrix, one has _RRT ¼ � _RRT
� �T¼ �R _RT. It

follows that

D ¼ 0, W ¼ _RRT ¼ _h
0 �1
1 0

	 

:

The results that D ¼ 0 is expected because the Green–Lagrange strain tensor is

considered constant in time as the result of the assumption made in this example

that the elongation of the beam remains constant during the beam rotation.

Clearly, if the elongation is time dependent, D will be different from zero. This

more general case is left to the reader as an exercise.

2.6 COORDINATE TRANSFORMATION

As discussed in Chapter 1, the gradients defined by differentiation with respect to

a set of coordinates x1, x2, and x3 represent changes of the position vector along

these coordinate lines. The rate of change of the position vector with respect to one

set of coordinates differs from the rate of change of this vector with respect to

another set of coordinates. Although the two sets of coordinates can be related

by an orthogonal transformation because they are associated with two different

reference coordinate systems, the change of the set of coordinates does not change

the coordinate system in which the gradient vectors are defined. In fact, the gradient
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vectors obtained by differentiation of the vector r with respect to one set of coor-

dinates can be written as a linear combination of the gradient vectors obtained by

differentiation of r with respect to another set of coordinates, as discussed in Chap-

ter 1. That is, the two sets of gradient vectors are defined in the same coordinate

system. Nonetheless, the strain components defined by the two different sets of

gradients give measures of deformations along two different sets of coordinate lines.

In one-dimensional problems, as in the case of Euler–Bernoulli beams, there is one

gradient vector that defines the tangent to a space curve. Change of the scalar coordinate

a used to define the gradient vector ra does not change the orientation of this tangent

vector because any selected coordinate a differs from another coordinate b by a scalar

multiplier. It follows that ra ¼ rb @b=@að Þ, which implies that ra and rb are parallel

vectors. In this case of one-dimensional problem, rT
a ra � 1

� �
will always define the

strain along the tangent to the centerline of the beam regardless of what the coordinate

a represents. Furthermore, this tangent remains defined in the same coordinate system

in which the vector r is defined. In two-dimensional problems, as in the case of plates,

change of the coordinates can lead to a change in the direction of the two resulting

gradient vectors. Nonetheless, the two gradient vectors remain tangent to the surface at

the point they are evaluated regardless of the coordinates used to define these gradient

vectors. In the three-dimensional case, the change of coordinates can lead to a more

general change in the orientation of the gradient vectors, as discussed in Chapter 1.

In continuum mechanics, it is important to understand the rules that govern the

coordinate (parameter) transformation because this transformation defines the co-

ordinate lines along which the strain components are measured. In order to develop

this transformation, we consider two sets of coordinates x ¼ x1 x2 x3½ �T and

�x ¼ �x1 �x2 �x3½ �T associated with two coordinate systems X1X2X3 and �X1
�X2

�X3,

respectively. These two coordinate systems are used for the same current configu-

ration. That is, we speak of a rotation of the reference coordinate system for the

same continuum state and position. The relationship between these two sets of

coordinates can be written as x ¼ A�x , where A is the orthogonal transformation

matrix that defines the orientation of the coordinate system �X1
�X2

�X3 with respect to

the coordinate system X1X2X3. The absolute position vector r can be written in

terms of x or in terms of �x. That is, r ¼ r x1, x2, x3ð Þ ¼ r �x1, �x2, �x3ð Þ. The matrix of

the position vector gradients (Jacobian matrix) can then be written by differentia-

tion of the vector r with respect to x or with respect to �x. One can therefore write the

following equation:

J ¼ @r

@x
¼ @r

@�x

@�x

@x
¼ @r

@�x
AT ð2:75Þ

That is, the gradients of the vectors r defined by differentiation with respect to

coordinate lines along the axes of the coordinate system �X1
�X2

�X3 are defined as

�J ¼ @r

@�x
¼ JA ¼ @r

@x
A ð2:76Þ

This rule of position vector gradient transformation is crucial in developing the finite

element formulation presented in Chapter 6. Note that in the preceding equation, r is
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still the vector that defines the position vector of the material points, say in the

X1X2X3 coordinate system. It follows that the columns of the matrices rx ¼ @r=@x

and r�x ¼ @r=@�x are vectors defined in the X1X2X3 coordinate system. That is, the

change of the parameters with respect to which the vectors are differentiated does

not change the coordinate system in which the resultant gradient vectors are defined, as

previously mentioned. The preceding equation (Equation 76) also shows that

J ¼ �JAT ð2:77Þ

In Chapter 6, finite elements that do not have a complete set of gradient vectors

are considered. These finite elements are referred to as gradient deficient because

the transformation of their coordinates is not governed by the simple relationship

given by Equations 76 and 77. It is also important to recognize that the gradient

transformation given by Equations 76 and 77 is the result of the change of the

reference coordinate system and not a change of the current configuration, as pre-

viously mentioned. In computational continuum mechanics, it is important to rec-

ognize the difference between the change of the reference coordinate system and

the change of the current configuration due to a rigid-body rotation, particularly

when the objectivity requirement is discussed. Because of its importance, this issue

will be revisited before this section is concluded, and it will be further discussed

when the objectivity requirement is introduced in Section 7 of this chapter.

Strain Transformation Using the gradient transformation developed in this sec-

tion and the definition of the strains in terms of the gradients, one can show that the

Green–Lagrange strain tensor defined in the �X1
�X2

�X3 coordinate system can be

written as

�e ¼ 1

2
�J

T�J� I
� �

¼ ATeA ð2:78Þ

where A is again the orthogonal transformation matrix that defines the orientation

of the coordinate system �X1
�X2

�X3 with respect to the coordinate system X1X2X3.

The same results can be obtained by using the following transformation for the line

element:

dx ¼ Ad�x ð2:79Þ
Substituting this equation into the equation that defines the square of the length of

the line element, one obtains the expressions for the transformed strains given by

Equation 78.

Gradients and Strains As previously pointed out, the columns of the matrix of

the position vector gradients rx represent variations of the vector r with respect

to the parameters x1, x2, and x3. For example, by definition, rxi
¼ r xi þ Dxið Þ�f

r xið Þg=Dxi, i ¼ 1, 2, 3. This equation shows that rxi
, which measures the change of

the vector r along the coordinate line xi, is defined in the same reference frame as the

one used to define the vector r, as previously stated. Nonetheless, the change of the

2.6 Coordinate Transformation 77



coordinates from x to �x can lead to another set of gradient vectors r�x because the

vector r �xi þ D�xið Þ � r �xið Þf g can have different length and/or orientation from the

vector r xi þ Dxið Þ � r xið Þf g. It follows that the normal strain components eii ¼
rT

xi
rxi
� 1

� �
, i ¼ 1, 2, 3, measure the magnitude of the change of the vector r along

the coordinate lines xi, whereas the normal strain components �eii ¼ rT
�xi

r�xi
� 1

� �
,

i ¼ 1, 2, 3, measure the magnitude of this change along the coordinate line �xi. These

two measures are, in general, different because they represent the variations of

a vector in different directions. Similar comments apply to the shear strain compo-

nents. It is, therefore, important to distinguish between the gradient transformation

that results from the change of parameters and the transformation of vectors be-

tween different coordinate systems. The transformation of the gradient vectors, as

previously stated, changes the coordinate system in which the vectors are defined

and does not lead to a change of the strain components, which are defined using

dot products. On the other hand, the change of parameters, despite the fact that it

is a coordinate transformation, does not change the coordinate system in which

the vector and its gradients are defined. This important difference between these

two types of transformations was discussed in Chapter 1 of this book, and recog-

nizing this difference is important in understanding the physical meaning of the

strain components as well as understanding the large deformation finite element

formulations discussed in this book.

EXAMPLE 2.7

In Example 4, it was shown that the Green–Lagrange strain tensor for a beam

whose axis is parallel to the reference X1 axis and subjected to an elongation d is

given by

e ¼ 1

2
JTJ� I
� �

¼
d
l

d
2l
þ 1

� �
0

0 0

" #

In this case, e11 represents the axial normal strain, and all other strain compo-

nents including the shear strains are equal to zero. The strain components in

another coordinate system �X1
�X2 that is rotated by an angle b with respect to the

coordinate system X1X2 can be written as

�e ¼ ATeA

where A is the transformation matrix defined as

A ¼ cos b � sin b
sin b cos b

	 


Using this transformation, it can be shown that

�e ¼ ATeA ¼ e11 cos2 b �e11 sin b cos b
�e11 sin b cos b e11 sin2 b
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where

e11 ¼
d
l

d
2l
þ 1

� �

For the special case in which b ¼ p=2, one has

�e ¼ 0 0
0 e11

	 


This equation shows that �e22 ¼ e11, and all other strains, including shear strains,

are equal to zero. One can show by examining the general expression of �e in

terms of the angle b that a maximum value for a strain component in this

example is obtained when sin b ¼ 0 or cos b ¼ 0. For these values of b, the

shear strains are equal to zero. One can show that there are always directions

along which the shear strains are equal to zero. These directions are called the

principal directions and can be determined in a systematic manner, as will be

explained in this section.

Principal Strains The principal directions of the strain tensor e can be obtained by

defining the following eigenvalue problem:

e� kIð ÞY ¼ 0 ð2:80Þ

In this equation, k is the eigenvalue, and Y is the eigenvector of the matrix e. In order

to have a nontrivial solution, the determinant of the coefficient matrix in the pre-

ceding equation must be equal to zero. This defines the following characteristic

equation:

e� kIj j ¼ 0 ð2:81Þ

This equation, which is cubic in k in the three-dimensional case, has three roots

k1, k2, and k3 called the eigenvalues or the principal values. Because e is symmetric,

the three roots k1, k2, and k3 are real. Associated with these three roots, one can

define three eigenvectors Y1, Y2, and Y3 to within an arbitrary constant using the

following equation:

e� kiIð ÞYi ¼ 0, i ¼ 1, 2, 3 ð2:82Þ

As discussed in Chapter 1, because the strain tensor is symmetric, one can show that

the eigenvectors Yi are orthogonal and if they are normalized such that they are

orthonormal (orthogonal unit vectors), one can show that

YT
i eYi ¼ ki, i ¼ 1, 2, 3 ð2:83Þ
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That is, the orthonormal eigenvectors can define an orthogonal matrix

Ym ¼ Y1 Y2 Y3½ � such that

YT
meYm ¼

k1 0 0
0 k2 0
0 0 k3

2
4

3
5 ð2:84Þ

Because Ym is an orthogonal matrix, its columns define directions of three orthog-

onal axes called the principal axes or principal directions. The roots k1, k2, and k3 are

called the principal normal strains. Note that in the principal directions, the shear

strains are identically equal to zero. Therefore, one can always select coordinate

lines �x along which the shear strains vanish by using the coordinate transformation

dx ¼ Ymd�x. Equation 84 also shows that the strain tensor e can be written as

e ¼
P3

i¼1 kiYi �Yi, which is the spectral decomposition of the strain tensor e.

Strain Invariants The following quantities associated with the strain tensor e are

called the principal strain invariants:

I1 ¼ tr eð Þ, I2 ¼
1

2
tr eð Þð Þ2�tr e2

� �n o
, I3 ¼ det eð Þ ¼ ej j ð2:85Þ

For the symmetric strain tensor e, one can show that

I1 ¼ k1 þ k2 þ k3

I2 ¼ k1k2 þ k1k3 þ k2k3

I3 ¼ k1k2k3

9=
; ð2:86Þ

The first strain invariant I1 ¼ e11 þ e22 þ e33 is called the dilatation or the volumetric

strain.

Relationships between the principal values of different strain measures can be

established. For example, the relationship between the principal values of the

Green–Lagrange strain tensor and the principal values of the right Cauchy–Green

deformation tensor can be developed using Equation 39, which when substituted

into Equation 80 yields Cr � Ið Þ=2f g � kIð ÞY ¼ 0. This equation shows that the

principal values and principal directions of the deformation tensor Cr can be de-

termined using the equation Cr � 2kþ 1ð ÞIð ÞY ¼ 0, which shows that e and Cr have

the same principal directions and also shows the difference between the principal

values of the two deformation tensors. As will be shown in Chapter 4, there are

material constitutive models, which are expressed in terms of the principal values

and invariants of the deformation measures.

EXAMPLE 2.8

In Example 7, it was shown that the strain tensor for the beam considered in this

chapter can be defined in an arbitrary coordinate system that differs from the
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reference coordinate system by an angle b using the following equation:

�e ¼ ATeA ¼
e11 cos2 b �e11 sin b cos b

�e11 sin b cos b e11 sin2 b

" #

The strain invariants of this tensor are

I1 ¼ tr eð Þ ¼ e11,

I2 ¼
1

2
tr eð Þð Þ2�tr e2

� �n o
¼ 0,

I3 ¼ det eð Þ ¼ ej j ¼ 0

Note that these invariants do not depend on the angle b that defines the

orientation of the coordinate system.

The principal values or eigenvalues can be determined using the following

characteristic equation:

e11 cos2 b� k
� �

e11 sin2 b� k
� �

� e2
11 sin2 b cos2 b ¼ 0

This equation leads to the following quadratic equation in k:

k2 � ke11 ¼ 0

This characteristic equation defines the following eigenvalues or principal

strains:

k1 ¼ e11, k2 ¼ 0

Using these principal values, the strain invariants can be recalculated as

I1 ¼ k1 þ k2 ¼ e11,

I2 ¼ k1k2 ¼ 0,

I3 ¼ k1k2 ¼ 0

These results are consistent with the results previously obtained in this example.

Using the eigenvalues, one can show that the ratio between the elements of the

eigenvectors or principal directions can be written as follows:

yi2

yi1

¼
e11 cos2 b� ki

� �
e11 sin b cos b

¼ e11 sin b cos b

e11 sin2 b� ki

� �
That is, the principal directions determined to within an arbitrary constant are

given by

Y1 ¼
cos b
� sin b

	 

, Y2 ¼

sin b
cos b

	 


Using these vectors, one can show that YT
i �eYi ¼ ki. The matrix of eigenvectors

Ym can then be defined as

Ym ¼ Y1 Y2½ � ¼ cos b sin b
� sin b cos b
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Using this matrix, one can show that

YT
m�eYm ¼

e11 0

0 0

	 

¼

d
l

d
2l
þ 1

� �
0

0 0

" #

This transformation defines the strain tensor in the original configuration. That

is, the original reference configuration is defined by the principal directions, and

the normal strains along these directions define the principal values. The shear

strains are equal to zero.

2.7 OBJECTIVITY

The concept of objectivity is important in solid mechanics and is associated with the

study of the effect of the rigid-body motion. Quantities, such as strains, stresses,

inertia, and distances between points should satisfy certain requirements when the

continuum experiences a rigid-body rotation. Stresses and deformation measures as

well as their rate enter into the formulation of the material constitutive equations. It

is important to make sure that the work of the resulting elastic forces and strain

energy are not affected when the continuum undergoes pure rigid-body motion. In

particular, the stress and deformation measures used to define the elastic forces

must be chosen such that the work of these forces and the strain energy remain

constant when the continuum experiences a rigid body rotation. In this case, the

stresses and deformation measures are said to satisfy the objectivity requirement. In

this book, we will not speak of objective variables, vectors, or tensors; instead we

will speak of sets of variables that satisfy the objectivity requirement when used

together in the formulation of the elastic forces. This is an approach slightly differ-

ent from the one used in most continuum mechanics books to introduce the concept

of objectivity.

In order to provide an introduction to the concept of objectivity, let A be the

matrix that describes an arbitrary rigid-body rotation, and let ao and a be three-

dimensional vectors on the continuous body before and after the rigid-body rota-

tion, respectively. The relationship between the components of the vectors ao and

a can be written as:

a ¼ Aao ð2:87Þ

Note that in this case, despite the fact that ao and a have different components, they

have the same length because A is an orthogonal matrix, and as a consequence,

aTa ¼ aT
o ao. Examples of vectors that satisfy this requirement are the vector dr that

defines the line segment on the continuous body. For example, consider the two-step

motion of a continuum. The first step is a general displacement defined by the

reference coordinates x and current spatial coordinates ro. For this step, one can

write dro ¼ Jodx, and as a result drT
o dro ¼ dxTJT

o Jodx, where in this equation, Jo is

the matrix of position vector gradients. In the second step, the continuum undergoes

a rigid-body rotation defined by the orthogonal transformation matrix A. If the
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spatial coordinates at the end of this step are defined by the vector r, one has

dr ¼ Adro ¼ AJodx. Using the fact that A is an orthogonal transformation matrix,

one has drTdr ¼ dxTJT
o Jodx ¼ drT

o dro. That is, the length of the line segment does

not change under an arbitrary rigid-body rotation.

The analysis presented in this section shows that if a vector is defined on the

continuum at any configuration, and the continuum experiences a pure rigid-body

rotation from this configuration, the components of the vector defined in a selected

global coordinate system will change as the result of this rigid-body rotation. None-

theless, the length of the vector will not change. This concept defines the objectivity

in continuum mechanics. The elastic and dissipative forces due to the continuum

displacements are expressed in terms of stress and deformation measures. Whereas

some of these measures can change as the result of a rigid-body motion, it is required

as previously stated that the work of the elastic forces and strain energy remain

constant. It is, therefore, important to understand how different measures change as

the result of the rigid-body rotation in order to be able to check the objectivity

requirement.

In order to examine the change in the Green–Lagrange strain tensor as the

result of the rigid-body rotation, we consider again a continuum at a certain config-

uration defined by the matrix of position vector gradients Jo. At this configuration,

the Green–Lagrange strain tensor is defined as

eo ¼
1

2
JT

o Jo � I
� �

ð2:88Þ

Assume that the continuum experiences a rigid-body rotation from this configura-

tion defined by the transformation matrix A. The new matrix of the position vector

gradients can be written as J ¼ AJo. It follows that the Green–Lagrange strain

tensor for the final configuration is defined as

e ¼ 1

2
JTJ� I
� �

¼ 1

2
JT

o ATAJo � I
� �

¼ 1

2
JT

o Jo � I
� �

¼ eo ð2:89Þ

That is, Green–Lagrange strain tensor is not affected by the rigid-body rotation, an

expected result based on the analysis previously presented in this chapter. It will be

shown in the following chapter that the Green–Lagrange strain tensor is used with

a stress tensor called the second Piola–Kirchhoff stress tensor to formulate the

elastic forces. Because the Green–Lagrange strain tensor remains constant under

an arbitrary rigid-body rotation, the second Piola–Kirchhoff stress tensor is also

expected to remain constant in order to satisfy the objectivity requirement, and

ensure that the work of the elastic forces and strain energy are not influenced by

an arbitrary rigid-body rotation.

Next, we examine the effect of the rigid-body rotation on the velocity gradient

tensor L ¼ _JJ
�1

. Let again Jo and J be, respectively, the matrices of position vector

gradients before and after the rigid-body rotation defined by the matrix A. Both Jo

and J are defined by differentiation with respect to the same material coordinates x.
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As the result of the rigid-body rotation, J can be written in terms of Jo, as previously

shown in this section, as

J ¼ AJo ð2:90Þ

Differentiating this equation with respect to time, one obtains

_J ¼ A _Jo þ _AJo ð2:91Þ

The velocity gradient tensor L is then defined as

L ¼ _JJ
�1 ¼ A _Jo þ _AJo

� �
J�1

o AT ¼ A _JoJ�1
o AT þ _A _AT ð2:92Þ

which can be written using the fact that Lo ¼ _JoJ�1
o as

L ¼ ALoAT þ _A _AT ð2:93Þ

The second term on the right-hand side of this equation makes the velocity gradient

tensor L unsuitable for use with a Lagrangian stress measure in the definition of the

elastic forces, because when it is used with such Lagrangian stress measures, the

objectivity requirement is not satisfied. Nonetheless, other stress measures, as dis-

cussed in Chapter 3, can be used with the velocity gradient vector to formulate the

energy balance equations.

The rate of deformation tensor, on the other hand, is often used with known

stress measures to satisfy the objectivity requirement. In order to show the effect of

the rigid-body rotation on the rate of deformation tensor D, one can write

D ¼ 1

2
Lþ LT
� �

¼ 1

2
AðLo þ LT

o ÞAT þ ð _A _ATþA _ATÞ ð2:94Þ

Because ðd=dtÞ AAT
� �

¼ 0 ¼ ð _AAT þA _ATÞ, the preceding equation reduces to

D ¼ ADoAT ð2:95Þ

This equation shows that the rate of deformation tensor is affected by the rigid-body

rotation in a manner similar to some known stress measures. For this reason, D is

used in several large deformation and plasticity constitutive models to account for

the energy dissipation and at the same time to satisfy the objectivity requirement.

The analysis presented in this section shows that the Green–Lagrange strain

tensor does not change under an arbitrary rigid-body rotation, whereas the rate of

deformation tensor changes under this arbitrary rigid-body rotation. For this reason,

when the Green–Lagrange strain tensor and the rate of deformation tensor are used

to formulate the elastic forces, they must be used with different strain measures in

order to ensure that the objectivity requirement is met. This subject will be discussed

in more detail in the following chapter.

Change of the Reference System and Current Configuration When studying the

objectivity, it is important to distinguish between the change of the reference co-

ordinate system and the change of the current configuration due to a rigid body

rotation. The change of the reference coordinate system, as discussed in Section 6,
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does not lead to a change of the current configuration. Consider the change of the

reference coordinate system from X1X2X3 to a new coordinate system �X1
�X2

�X3, as

shown in Figure 5. Both coordinate systems are used with the same current config-

uration. Let A be the transformation matrix that defines the orientation of the

coordinate system �X1
�X2

�X3 with respect to the original reference coordinate system

X1X2X3. As previously discussed, the matrix of position vector gradients �J associ-

ated with the coordinate system �X1
�X2

�X3 can be written in terms of the matrix of

position vector gradients J associated with the coordinate system X1X2X3 using the

equation �J ¼ JA. This gradient transformation does not change the vector r or the

components of the line segment dr, it changes the definition of the reference coor-

dinates from x to �x.

On the other hand, a rigid body rotation of the continuum from a given current

configuration defines a new current configuration, as shown in Figure 6. If the rigid-

body rotation is defined by the transformation matrix A, then the relationship be-

tween the new matrix of position vector gradients �J and the matrix of position vector

gradients J associated with the previous current configuration is defined as �J ¼ AJ.

Note that this change of the current configuration changes the definition of the com-

ponents of the vectors r and dr, whereas the reference coordinate remains the same.

2.8 CHANGE OF VOLUME AND AREA

The relationships between the areas and volumes in the reference and current con-

figurations are important in formulating the equations that define the effect of the

inertia and elastic forces of the continuum. These relationships, which will be used in

X1

X3

O

x

P

X1

X3

X2

X2

Figure 2.5. One current configuration
and two reference coordinate systems
(strain transformation).
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later chapters of this book, are obtained in this section. First, the relationship be-

tween the volumes is obtained and used to define the relationship between the areas.

Volume The volume of an element can be obtained using the scalar triple product.

Consider an element whose base is defined by the two vectors b and c, while another

side is defined by the vector a. The volume of the element is defined as

V ¼ a � b� cð Þ ð2:96Þ

The term b� cð Þ defines a vector whose magnitude is the area of the base and its

direction is along a vector perpendicular to both b and c. In fact, the volume can be

written using any cyclic permutation of the vectors a, b, and c, that is,

V ¼ a � b� cð Þ ¼ c � a� bð Þ ¼ b � c� að Þ ð2:97Þ

Now consider a volume element that has sides of length dx1, dx2, and dx3 in the

reference configuration. The length of these line elements in the current configura-

tion are given by dr1, dr2, and dr3, where

drk ¼
@rk

@x1
dx1 þ

@rk

@x2
dx2 þ

@rk

@x3
dx3 ¼

X3

i¼1

@rk

@xi
dxi, k ¼ 1, 2, 3 ð2:98Þ

The length of the side of the volume element in the current configuration can then

be defined in the direction of the parameters x1, x2, and x3 using the following three

vectors:

X1

X2

X3

O

Second current
configuration

First current 
configuration

X1

X2

X3

X1

X2

X3
Figure 2.6. Two current configurations
and one reference coordinate system
(objectivity).

j1 ¼
@r

@x1
dx1, j2 ¼

@r

@x2
dx2, j3 ¼

@r

@x3
dx3 ð2:99Þ
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The current volume of the element can then be written as

dv ¼ j1 � j2 � j3ð Þ ¼ rx1
dx1 � rx2

dx2 � rx3
dx3ð Þ ¼ rx1

� rx2
� rx3

ð Þf gdx1dx2dx3 ð2:100Þ

Because Jj j ¼ rx1
� rx2

� rx3
ð Þ, and x1, x2, and x3 are defined along the orthogonal axes

of a Cartesian coordinate system, that is, dx1dx2dx3 ¼ dV is the volume of the

element in the reference configuration, one has from the preceding equation, the

following relationship between the volumes in the current and reference configu-

rations:

dv ¼ JdV ð2:101Þ

where J ¼ Jj j. In the case of small deformation, the determinant of J remains ap-

proximately equal to one, and the volume in the current configuration can be as-

sumed to be equal to the volume in the reference configuration. Furthermore, if the

determinant of J remains constant, the volume of the continuous body does not

change. In this case, the displacement is called isochoric. The deformation of an

incompressible material is isochoric because the volume does not change. Note also

that if A is an orthogonal matrix, then AJj j ¼ Jj j ¼ J, which shows that the volume

does not change under an arbitrary rigid-body motion.

Area The relationship between the volumes in the reference and current config-

urations can be used to obtain the relationship between the areas. To this end,

consider an area element defined in the reference and current configurations, re-

spectively, by

dS ¼ NdS, ds ¼ nds ð2:102Þ

where N and n are unit vectors normal to the areas in the reference and current

configurations, respectively. Consider an arbitrary line element dx which in the

current configuration is defined by dr, where dr ¼ Jdx. The corresponding volumes

in the reference and current configurations are given by

dV ¼ dx � dS ¼ dx �NdS, dv ¼ dr � ds ¼ dr � nds ð2:103Þ

Using Equation 101, it follows that

dr � nds ¼ Jdx �NdS ð2:104Þ

which upon using the fact that dr ¼ Jdx, one obtains

Jdxð Þ � nds ¼ Jdx �NdS ð2:105Þ

Because dx is arbitrary, one has

N ¼ 1

J
JTn

ds

dS
ð2:106Þ
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In some references, this equation is called Nanson’s formula (Ogden, 1984). Because

N is a unit vector, it follows from Equation 106 that

ds

dS

� �2

¼ J2

nTJJTn
� � ð2:107Þ

or equivalently,

ds ¼ J

nTJJTn
� �1

2

dS ð2:108Þ

This equation defines the relationship between the area in the current configuration

and the area in the reference configuration. Recall that the left Cauchy–Green strain

tensor Cl is defined as Cl ¼ JJT. It follows that ds=dSð Þ ¼ J=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
nTCln

p
.

EXAMPLE 2.9

Consider the beam model of Example 3. Assume that the beam deformation is

defined by the following equation:

r ¼ x1 x2 þ ngd½ �T

where d is a constant, x1 and x2 are the beam local coordinates, and n ¼ x1=l and

g ¼ x2=l, where l is the length of the beam in the undeformed configuration. The

displacement defined by the preceding equation corresponds to the following

vector of beam coordinates:

e ¼ 0 0 1 0 0 1 l 0 1 0 0 1þ d
l

h iT

This shows that the displacement considered in this example can be produced by

a change of the length of the gradient vector rx2
at n ¼ 1. The direction of this

vector remains the same. The matrix of position vector gradients is defined as

J ¼
1 0

g d
l

� �
1þ n d

l

� �" #

The determinant of this matrix is

J ¼ 1þ n
d
l

� �

Note that J is always positive at an arbitrary material point for a positive d, and

the maximum value of the determinant for a positive d occurs at n ¼ 1. Also

note that, for g 6¼ 0, the gradient vector rx1
is no longer a unit vector, and its

orientation depends on g. The relationship between the volumes in the current

and reference configurations at an arbitrary material point can then be written as

dv ¼ JdV ¼ 1þ n
d
l

� �� 

dV
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That is, as the length of the gradient vector rx2
n ¼ 1ð Þ increases, the volume in

the current configuration increases according to the linear relationship in n
given by the preceding equation.

In order to evaluate the ratio between the areas in the current and reference

configurations, the left Cauchy–Green strain tensor is evaluated as

Cl ¼ JJT ¼
1 g d

l

� �
g d

l

� �
g2 d

l

� �2

þ 1þ n d
l

� �� �2

2
64

3
75

Consider an area defined by the normal n ¼ 1 0½ �T. Using this vector and the

definition of Cl, one can show that

nTCln ¼ 1

The ratio between the areas in the current and reference configurations can then

be written as

ds=dSð Þ ¼ J=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
nTCln

p
¼ J ¼ lþ n

d
l

� �

This equation shows that, in this example, the ratio between the areas is the

same as the ratio between the volumes because deformation along the x3 axis of

the beam is not considered in this planar case.

2.9 CONTINUITY EQUATION

If the mass is conserved, an element of mass dm can be written using the volumes

and densities in the initial and current configurations as

dm ¼ q0dV ¼ qdv ð2:109Þ

In this equation, q0 and q are, respectively, the mass density in the initial and current

configurations. Using the preceding equation and Equation 101, it is clear that

q0 ¼ qJ ð2:110Þ

This equation which is obtained using the principle of conservation of mass is called the

continuity equation. In the case of incompressible materials, the volume does not

change and J ¼ 1. In this case, the mass density remains constant; that is, q0 ¼ q.

The continuity equation can be written in another form by considering the rates

of the mass flow. If the mass is conserved, the rate at which an element mass

increases must be equal to the rate at which the mass flows out of the element.

Using the concept of a control volume, the element volume dv and the element area

ds can be used to write the following conservation of mass equation:

ð
v

@q
@t

dv ¼ �
ð
s

qv � nds ð2:111Þ
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In this equation v is the velocity vector, and n is the normal to the surface. Because n

is used here to denote the outward normal, the negative sign is used. Furthermore,

the partial derivative @q=@t is used because the rate of change of the mass density q
is assumed to be evaluated at a fixed point in the control volume. Using the di-

vergence theorem, the surface integral can be written in terms of volume integral

leading to

ð
v

@q
@t
þ div qvð Þ

� 

dv ¼ 0 ð2:112Þ

Because this equation must be satisfied everywhere in the continuum, one has

@q
@t
þ div qvð Þ ¼ 0 ð2:113Þ

This is another form of the continuity equation, which can also be written as

@q
@t
þ @q
@r

vþ q
X3

i¼1

@vi

@ri
¼ 0 ð2:114Þ

or equivalently

dq
dt
þ q

X3

i¼1

@vi

@ri
¼ 0 ð2:115Þ

In the case of incompressible materials, the mass density remains constant, that is,

dq=dt ¼ 0. It then follows from the preceding equation that
P3

i¼1 @vi=@ri ¼ 0 for

incompressible materials. This implies that the trace of the rate of deformation

tensor must be equal to zero if the incompressibility condition is imposed, that is,

tr Dð Þ ¼ 0. This result will be used in Chapter 4 when the constitutive equations of

the fluids are discussed.

From the identities presented in the preceding chapter, one can write
_J ¼ Jtr Dð Þ ¼ Jtr Lð Þ ¼ Jdiv vð Þ, where D and L are, respectively, the rate of defor-

mation tensor and the velocity gradient tensor, and v is the velocity vector. Because

q0 ¼ qJ, one has _qJ þ q _J ¼ 0. It follows that _qþ qdiv vð Þ ¼ 0. This provides another

simple derivation of the continuity equation (Ogden, 1984).

2.10 REYNOLDS’ TRANSPORT THEOREM

In the preceding chapter, it was shown that the time rate of the change of the

determinant of the Jacobian matrix J can be written as

dJ

dt
¼ @ _r1

@r1
þ @ _r2

@r2
þ @ _r3

@r3

� �
J ¼ =vð ÞJ ð2:116Þ
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In this equation, =v ¼ div vð Þ. The preceding equation can also be written as

dJ

dt
¼ tr Lð ÞJ ¼ tr Dð ÞJ ð2:117Þ

This equation can be used to obtain Reynolds’ transport theorem, which defines the

rate of change of a volume integral. Let W r, tð Þ be any function defined in terms of

the current configuration. The volume integral of this function is given as

P tð Þ ¼
ð
v

W r, tð Þdv ð2:118Þ

Because the volume v is time varying, when evaluating the time rate of change of

P tð Þ, one cannot take the differentiation through the integral sign. Using Equation

101, which relates the volumes in the current and reference configurations, Equation

118 can be written as

P tð Þ ¼
ð
V

W r, tð ÞJdV ð2:119Þ

It follows that

d

dt
P tð Þ ¼ d

dt

ð
V

W r, tð ÞJdV ¼
ð
V

d

dt
W r, tð ÞJf gdV ð2:120Þ

This equation can be written as

d

dt
P tð Þ ¼

ð
V

dW r, tð Þ
dt

J þW r, tð Þ dJ

dt

� 

dV ð2:121Þ

Substituting Equation 116 into Equation 121, one obtains

d

dt
P tð Þ ¼

ð
V

dW r, tð Þ
dt

þW r, tð Þ =vð Þ
� 


JdV ð2:122Þ

This equation upon the use of Equation 101 can be written again in terms of the

volume defined in the current configuration as

d

dt
P tð Þ ¼

ð
v

dW r, tð Þ
dt

þW r, tð Þ =vð Þ
� 


dv ð2:123Þ

Because d=dt ¼ @=@tð Þ þ v � =, the preceding equation can be rewritten as

d

dt
P tð Þ ¼

ð
v

@W r, tð Þ
@t

þ = Wvð Þ
� 


dv ð2:124Þ
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This equation, upon the use of the divergence theorem, can be written as

d

dt
P tð Þ ¼

ð
v

@W r, tð Þ
@t

dvþ
ð
s

Wv � nds ð2:125Þ

In this equation, s is the surface area in the current configuration and n is the out-

ward normal. The preceding equation, which is a statement of the Reynolds’ trans-

port theorem, shows that the rate of the change of the volume integral of the function

W r, tð Þ is the integral of the rate of change at the material points plus the net flow of

W r, tð Þ over the surface. In Reynolds’ transport theorem, W r, tð Þ can be a scalar,

vector, or tensor function.

The principle of conservation of mass can be easily derived using the analysis

presented in this section. To this end, the mass m of any volume can be written as

m tð Þ ¼
ð
v

q r, tð Þdv ð2:126Þ

where q is the mass density in the current configuration. Letting P ¼ m and W ¼ q in

Equation 124, one obtains in the case of conservation of mass

dm

dt
¼
ð
v

@q r, tð Þ
@t

þ = qvð Þ
� 


dv ¼ 0 ð2:127Þ

Because this equation is valid for an arbitrary volume, the integrand in this equation

must be equal to zero everywhere. This leads to

@q r, tð Þ
@t

þ = qvð Þ ¼ 0 ð2:128Þ

which is the equation of continuity previously obtained in this chapter.

2.11 EXAMPLES OF DEFORMATION

In this section, several deformation examples are presented in order to shed light on

some of the important concepts and definitions introduced in this chapter. Among

these examples are the special case of planar deformation, extension and dilata-

tional deformations, and shear deformation. The example of the two-dimensional

beam used throughout this chapter will be used to demonstrate several deformation

modes. The assumed displacement field used in this example is one of the displace-

ment fields used in finite elements based on the absolute nodal coordinate formula-

tion discussed in Chapter 6 of this book. This finite element formulation relaxes

many of the assumptions used in classical beam and plate theories, and therefore, it

can be conveniently used to demonstrate some of the general concepts discussed in

this chapter.
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Planar Displacement In the case of planar displacement, the matrix of position

vector gradients and its inverse take the following form:

J ¼
J11 J12 0
J21 J22 0
0 0 1

2
4

3
5, J�1 ¼ 1

J

J22 �J12 0
�J21 J11 0

0 0 J

2
4

3
5 ð2:129Þ

In this equation, J ¼ J11J22 � J12J21. In this special case, rx3
does not change because

the displacement is assumed to be planar. The Green–Lagrange strain tensor is

defined as

e ¼
e11 e12 0
e21 e22 0
0 0 0

2
4

3
5 ¼ 1

2

J11J11 þ J21J21ð Þ � 1 J11J12 þ J21J22ð Þ 0
J11J12 þ J21J22ð Þ J12J12 þ J22J22ð Þ � 1 0

0 0 0

2
4

3
5 ð2:130Þ

This equation shows that e13, e23, and e33 are identically equal to zero. The velocity

gradient tensor is

L ¼ _JJ
�1 ¼ 1

J

_J11J22 � _J12J21
_J12J11 � _J11J12 0

_J21J22 � _J22J21
_J22J11 � _J21J12 0

0 0 0

2
4

3
5 ð2:131Þ

For such a planar motion, one can show that rate of deformation and spin tensors are

given, respectively, by

D ¼ 1

2
Lþ LT
� �

¼ 1

2J

2 _J11J22 � _J12J21

� �
Symmetric

_J21J22 � _J22J21 þ _J12J11 � _J11J12

� �
2 _J22J11 � _J21J12

� �
0 0 0

2
4

3
5

ð2:132Þ
and

W ¼ 1

2
L� LT
� �

¼ 1

2J

0 �x 0
x 0 0
0 0 0

2
4

3
5 ð2:133Þ

In this equation, x ¼ _J21J22 � _J22J21 � _J12J11 þ _J11J12

� �
. Note that the skew sym-

metric spin tensor in the special case of planar rigid-body motion can be written

as a function of the rate of one variable only.

Extension and Stretch If the gradient vectors change their lengths but remain

orthogonal, one obtains pure extension or stretch; the most general case of which is

the dilatational deformation. In this case, the matrix of position vector gradients can

be written as

J ¼ RU ð2:134Þ

where R is an orthogonal matrix and U is a diagonal stretch matrix given as

U ¼
a1 0 0
0 a2 0
0 0 a3

2
4

3
5 ð2:135Þ
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where ai is the stretch in the ith direction. That is, ai ¼ rxi
j j. The Green–Lagrange

strain tensor can be written as

e ¼
e11 0 0
0 e22 0
0 0 e33

2
4

3
5 ¼ 1

2

a2
1 � 1

� �
0 0

0 a2
2 � 1

� �
0

0 0 a2
3 � 1

� �
2
4

3
5 ð2:136Þ

This equation shows that all the shear strain components are identically equal to

zero and the motion is a dilatational deformation. Because U and _U are diagonal,

one can show that the rate of deformation tensor can be written as

D ¼ R _UU
�1

RT ¼ _UU
�1 ð2:137Þ

Because both U and _U are diagonal, the rate of deformation tensor D is also a di-

agonal tensor with diagonal elements Dii ¼ _ai=ai.

For this mode of purely extension deformations, the diagonal elements of the

Green–Lagrange strains of Equation 136 are the principal values, and the coordinate

axes define the principal directions because the shear stresses are identically equal

to zero. Because the trace and determinant are among the invariants of a second-

order tensor, one can show that an orthogonal coordinate transformation does not

change the values of these diagonal elements. Extensions in only one or two direc-

tions can be obtained as special cases of the model presented in this section.

Several classical formulations used in the small and large deformation analysis

of beams and plates do not capture some stretch modes. For example, classical beam

theories assume that the beam cross section remains rigid. That is, when the beam

experiences bending, for example, the dimensions of the beam cross-section do not

change. Although such an assumption can be acceptable for small deformation

problems, the theories based on this assumption cannot be used to correctly predict

the behavior of beams when they are subjected to large and inelastic deformations.

Such simplified theories can not also be used to fully capture Poisson effect, which

results in change of the cross-section dimensions when the beam is subjected to

elongation or bending. The material constitutive equations couple the normal

strains, leading to normal stresses (positive or negative) in the plane of the cross

section. With some of the existing nonlinear formulations, such a Poisson effect

cannot be captured. This represents a serious limitation in some of the applications

related to mechanical, aerospace, biomedical, and biological systems in which the

deformations of the cross-sections can have a significant effect. Modeling the struc-

tural stiffness of ligaments, muscles, and DNA as well as many other engineering

and biomedical applications are among the examples that require a more general

approach that allows implementing more general constitutive models. In Chapter 6

of this book, a nonlinear formulation that captures the Poisson effect and other

coupled modes of deformation is discussed in more detail. The displacement field

used in the following example is one of the displacement fields used for the finite

element absolute nodal coordinate formulation.
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EXAMPLE 2.10

Consider the beam model described in Example 3. The displacement field is given by

r ¼ s1
e1

e2

	 

þ s2

e3

e4

	 

þ s3

e5

e6

	 

þ s4

e7

e8

	 

þ s5

e9

e10

	 

þ s6

e11

e12

	 


The vectors of gradients are

rx1
¼ @r

@x1
¼ s1,1

e1

e2

	 

þ s2,1

e3

e4

	 

þ s3,1

e5

e6

	 

þ s4,1

e7

e8

	 

þ s5,1

e9

e10

	 

þ s6,1

e11

e12

	 


and

rx2
¼ @r

@x2
¼ s3,2

e5

e6

	 

þ s6,2

e11

e12

	 


where si,j ¼ @si=@xj and i ¼ 1, 2, � � � , 6; j ¼ 1, 2. Using these notations and the

definitions given in Example 1, one has

s1,1 ¼
6

l
�nþ n2
� �

, s2,1 ¼ 1� 4nþ 3n2
� �

, s3,1 ¼ �g,

s4,1 ¼
6

l
n� n2
� �

, s5,1 ¼ �2nþ 3n2
� �

, s6,1 ¼ g,

s3,2 ¼ 1� nð Þ, s6,2 ¼ n

The coordinates at the two ends of the beam are defined as

e1

e2

	 

¼ r n ¼ 0ð Þ,

e3

e4

	 

¼ rx1

n ¼ 0ð Þ,
e5

e6

	 

¼ rx2

n ¼ 0ð Þ

e7

e8

	 

¼ r n ¼ 1ð Þ,

e9

e10

	 

¼ rx1

n ¼ 1ð Þ,
e11

e12

	 

¼ rx2

n ¼ 1ð Þ

Consider the case in which the vector of coordinates is defined as

e ¼ 0 0 1 0 0 1 l 0 a1 0 0 1½ �T

where l is the initial length of the beam and a1 is a stretch factor. Substituting

this vector in the displacement field r ¼ Se and using the shape functions given

in Example 1, one can show that the position vector of an arbitrary point on the

beam can be written as

r ¼ cx1 x2½ �T

where
c ¼ 1þ 1� a1ð Þn 1� nð Þ

The preceding two equations describe an interesting kinematic mode of

displacement. These equations show that if a1 > 1, all points on the beam will

move toward the end n ¼ 0, while the two ends of the beam remain fixed. The

maximum displacement occurs at n ¼ 0:5. When the Poisson effect is considered
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in formulating the stress–strain relationship, such a displacement will lead, in

general, to a change in the dimension of the beam cross-section and changes in

the volume and density at the material points, an effect that cannot be captured

using only kinematic analysis based on the simple displacement mode presented

in this example. Nonetheless, because bending is not captured by this mode, the

length of the beam centerline does not change because a unit vector tangent to

the beam centerline is given by

t ¼ rx1

rx1
j j ¼ 1 0½ �T

This equation shows that s
ld

0 tj jds ¼ ld, where s is the arc length. More discussion

on the differential geometry relevant to the large deformation of beams and

plates is presented in Chapter 6.

The matrix of position vector gradients can be defined for the beam dis-

cussed in this example as

J ¼ b 0
0 1

	 


where

b ¼ 1þ 1� a1ð Þn 2� 3nð Þ

Note that, in this example, the gradient vectors remain orthogonal, and there-

fore, the deformation will be stretch with no shear strains. This can be confirmed

by evaluating the Green–Lagrange strain tensor as

e ¼ 1

2
b2 � 1 0

0 0

	 


In this simple example, the rate of deformation tensor takes the following

simple form:

D ¼
_b=b 0
0 0

	 


The beam model used in this example, which is based on the large deformation

absolute nodal coordinate formulation discussed in more detail in Chapter 6, allows

for the stretch of the beam cross section. This mode of deformation, as previously

mentioned, cannot be captured by many of the existing beam models that assume

that the cross-section of the beam remains rigid. The reader can verify that the

following vector of coordinates will lead to a stretch of the beam cross section:

e ¼ 0 0 1 0 0 1 l 0 1 0 0 a2½ �T

where a2 is an assumed stretch coefficient. As in the case of elongation, when

general constitutive equations are used, the assumed beam displacement field

used in this example captures the Poisson effect as well as the coupling between

the bending and deformation of the cross section. More general three-dimensional

beam and plate models are presented in Chapter 6.
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Shear Deformation If the lengths of all the gradient vectors remain constant, the

normal strains in the defined configuration will not change as it is clear from the defi-

nition of the Green–Lagrange strain tensor. If the motion is the result of only the

change of the relative orientation between the gradient vectors, one obtains the case

of shear deformations. In this case, the Green–Lagrange strain tensor can be written as

e ¼ 1

2
JTJ� I
� �

¼

0 e12 e13

e12 0 e23

e13 e23 0

2
664

3
775 ¼ 1

2

0 rT
x1

rx2
rT

x1
rx3

rT
x1

rx2
0 rT

x2
rx3

rT
x1

rx3
rT

x2
rx3

0

2
6664

3
7775 ð2:138Þ

That is, the normal strains are zeros; however, the shear strains are functions of the

angles between the gradient vectors. It is left to the reader to examine the effect of

the coordinate transformation on the form of the Green–Lagrange strain tensor

when the lengths of the gradient vectors remain constant.

EXAMPLE 2.11

Consider the beam model described in Example 10. Assume that the vector of

coordinates is defined as

e ¼ 0 0 1 0 � sin c cos c l 0 1 0 � sin c cos c½ �T

where l is the initial length of the beam and c is a constant that represents an

angle. The vector of coordinates shows that the gradient vectors at the end

points of the beam are defined as

rx2
n ¼ 0ð Þ ¼ rx2

n ¼ 1ð Þ ¼ � sin c cos c½ �T

That is, these two gradient vectors at the endpoints remain unit vectors.

Substituting this vector in the displacement field r ¼ Se, one can show that

the position vector of an arbitrary point on the beam is given by

r ¼ x1 � x2 sin c x2 cos c½ �T

This equation shows that points on the centerline of the beam are not displaced.

One can then define the matrix of position vector gradients as

J ¼ 1 � sin c
0 cos c

	 


Note that, in this example, the gradient vectors are no longer orthogonal, and

this leads to shear strains. This can be confirmed by evaluating the Green–

Lagrange strain tensor as

e ¼ 0 e12

e12 0

	 

¼ 1

2

0 � sin c
� sin c 0
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This equation shows that 2e12 ¼ � sin c ¼ cos cþ p=2ð Þ, where cþ p=2ð Þ is the

angle between the gradient vectors rx1
and rx2

at the two endpoints. If c is a small

angle, then 2e12 � �c.

In this example, one can show

J�1 ¼ 1

cos c

cos c sin c

0 1

" #
, _J ¼ _c

0 � cos c

0 � sin c

" #

The velocity gradient tensor is then defined as

L ¼ _JJ�1 ¼ _c
cos c

0 � cos c

0 � sin c

" #

Note that there is a singularity encountered when c ¼ p=2. At this singular

configuration, the matrix of position vector gradients has linearly dependent

columns, and as a consequence, its determinant is equal to zero. The rate of

deformation tensor is defined as follows:

D ¼ 1

2
Lþ LT
� �

¼ _c
2 cos c

0 � cos c

� cos c �2 sin c

" #

The skew symmetric spin tensor is defined as

W ¼ 1

2
L� LT
� �

¼ _c
2

0 �1

1 0

" #

This equation shows that the spin tensor is function of _c only.

In this example, one can show that the principal values of the Green–

Lagrange strain tensor are

k1 ¼ e12 ¼ �
sin c

2
, k2 ¼ �e12 ¼

sin c
2

The associated orthonormal principal directions are

Y1 ¼
1ffiffiffi
2
p

1

1

" #
, Y2 ¼

1ffiffiffi
2
p

1

�1

" #
:

The matrix of eigenvectors Ym can then be written as

Ym ¼
1ffiffiffi
2
p

1 1

1 �1

" #
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Note that this matrix defines a coordinate system that makes an angle p=4 with

the original coordinate system. It follows that

YT
meYm ¼

e12 0

0 �e12

" #
¼ 1

2

� sin c 0

0 sin c

" #

The reader can show that the strain components in the direction of the axes of

a coordinate system that makes an angle p=2 with the original coordinate system

are defined by �e. That is, in the direction of the axes of this new coordinate

system, the normal strains remain equal to zero, and the shear strain changes its

sign.

The preceding example sheds light on the strain transformation and the change

of the strain definitions in different planes and coordinate systems. Note that in

the special planar case, the general form of the symmetric strain tensor can be

written as

e ¼
e11 e12

e12 e22

" #
ð2:139Þ

The definition of this strain tensor in another coordinate system whose orientation is

defined by the transformation matrix A is given as previously mentioned by the

equation �e ¼ ATeA. Let the matrix A be defined using the general planar

transformation

A ¼
cos h � sin h

sin h cos h

" #
ð2:140Þ

Then the components of the symmetric strain tensor are defined as

�e11 ¼ e11 cos2 hþ 2e12 sin h cos hþ e22 sin2 h

�e22 ¼ e11 sin2 h� 2e12 sin h cos hþ e22 cos2 h

�e12 ¼ e22 � e11ð Þ sin h cos hþ e12 cos2 h� sin2 h
� �

9>=
>; ð2:141Þ

This equation can also be written in the following form:

�e11 ¼
e11 þ e22ð Þ

2
þ e11 � e22ð Þ

2
cos 2hþ e12 sin 2h

�e22 ¼
e11 þ e22ð Þ

2
þ e22 � e11ð Þ

2
cos 2h� e12 sin 2h

�e12 ¼
e22 � e11ð Þ

2
sin 2hþ e12 cos 2h

9>>>>>>=
>>>>>>;

ð2:142Þ

This equation is the basis for a graphical representation known as Mohr’s circle

(Ugural and Fenster, 1979). The orientation of the coordinate system in which the
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maximum normal strains are defined can be obtained by differentiating one of the

first two equations in Equation 142 with respect to h. This defines the angle h that

can be substituted back into the first two equations to determine the principal

strains. This procedure for determining the principal normal strains and principal

directions is equivalent to the use of the eigenvalue analysis previously discussed in

this chapter.

If the coordinate system is selected such that the normal strains are zero, as in

the case of the preceding example, one has e11 ¼ e22 ¼ 0. In this case, Equation 142

leads to

�e11 ¼ e12 sin 2h, �e22 ¼ �e12 sin 2h, �e12 ¼ e12 cos 2h ð2:143Þ

The orientation of a coordinate system which gives the maximum normal strains can

be determined using the preceding equation as

@�e11

@h
¼ @

@h
e12 sin 2hð Þ ¼ 0,

@�e22

@h
¼ @

@h
�e12 sin 2hð Þ ¼ 0 ð2:144Þ

which have solution h ¼ p=4, an angle that defines the coordinate system in which

the normal strains are maximum or minimum. Equation 143 shows that in this new

coordinate system, �e12 is identically equal to zero. This result was obtained in the

preceding example using the eigenvalue analysis.

Alternatively, if one starts with a coordinate system in which the shear strains

are equal to zero, Equation 142 yields

�e11 ¼
e11 þ e22ð Þ

2
þ e11 � e22ð Þ

2
cos 2h

�e22 ¼
e11 þ e22ð Þ

2
þ e22 � e11ð Þ

2
cos 2h

�e12 ¼
e22 � e11ð Þ

2
sin 2h

9>>>>>>=
>>>>>>;

ð2:145Þ

The orientation of the coordinate system in which the shear strain is maximum can

be determined from the following equation:

@�e12

@h
¼ @

@h
e22 � e11ð Þ

2
sin 2h

� 

¼ 0

This equation defines again h ¼ p= 4. Substituting this value of h in the first two

equations of Equation 145, one does not obtain zero normal strains.

PROBLEMS

1. The assumed displacement field of a two-dimensional beam is given by r ¼ Se,

where S is a 2� 8 shape function matrix defined as

S ¼ s1I s2I s3I s4I½ �
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In this equation I is a 2� 2 identity matrix and

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

,

s3 ¼ 3n2 � 2n3, s4 ¼ l �n2 þ n3
� �

where n ¼ x1=l and l is the length of the beam. The vector of time-dependent

coordinates e is defined as

e ¼ rT x1 ¼ 0ð Þ rT
x1

x1 ¼ 0ð Þ rT x1 ¼ lð Þ rT
x1

x1 ¼ lð Þ
� �T

Show that this displacement field can describe an arbitrary planar rigid-body

motion.

2. Show that the Green–Lagrange strain tensor does not lead to zero strains under

an arbitrary rigid-body motion if nonlinear terms of the displacement gradients

that appear in the definition of this strain tensor are neglected.

3. Let e ¼ ld � loð Þ=lo (see Equation 21). For the problem in Example 3, determine

e using Equation 26 at x1 ¼ 0:5l and x1 ¼ l for the following two cases of nodal

coordinates assuming that t ¼ 1 0½ �T:

e ¼ 0 0 1 0 0 1 l þ d 0 1 0 0 1½ �T

e ¼ 0 0 1þ d
l

� �
0 0 1 l þ d 0 1þ d

l

� �
0 0 1

	 
T

4. Instead of the definition of e given by Equation 21, define e ¼ ld � loð Þ=ld. Using

this definition, determine an expression of e (similar to Equation 26) in terms of

the Eulerian strain tensor.

5. Using the definition of e in the preceding problem, determine the Eulerain strain

tensor and e at x1 ¼ 0:5l and x1 ¼ l for the two cases of Problem 3.

6. For the problem in Example 3, discuss the differences between the Green–

Lagrange and Eulerian strain tensors in the case of arbitrary deflection d.

7. For the problem in Example 3, determine the right and left Cauchy–Green

deformation tensors for the two different sets of nodal coordinates.

8. For the problem in Example 4, show whether or not the right and left Cauchy–

Green strain tensors depend on the rotation angle h.

9. For the problem in Example 3, determine the polar decomposition of the matrix

of position vector gradients for d=lð Þ ¼ 0:1 at x1 ¼ 0:5l and x1 ¼ l for the two

different sets of nodal coordinates. Determine both the right and left symmetric

stretch matrices.

10. In the problem of Example 3, determine the rate of deformation tensor assum-

ing that _d is known.

11. Repeat Example 6, assuming that the elongation d is not constant.
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12. The Green–Lagrange strain tensor at a given point on the continuous body is

defined as

e ¼
0:1 �0:01 0:02

�0:01 0:15 0

0:02 0 0:1

2
64

3
75

Determine the principal values, principal directions, and the strain invariants.

13. Discuss the difference between the change of the reference coordinate system

and the change of the current configuration.

14. Show that Jj j ¼ rx1
� rx2

� rx3
ð Þ, where Jj j is the determinant of the matrix of

position vector gradients.
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3 FORCES AND STRESSES

In the theory of continuum mechanics, stresses are used as measures of the forces

and pressures. As in the case of strains, different definitions can be used for the

stresses; some of these definitions are associated with the reference configuration,

whereas the others are associated with the current deformed configuration. The

effect of the forces on the body dynamics can only be taken into consideration by

using both stresses and strains. These stress and strain components must be defined

in the same coordinate system in order to have a consistent formulation. In this

chapter, several stress measures are introduced and the relationship between them is

discussed. The Cauchy stress formula is presented and used to develop the partial

differential equations of equilibrium of the continuous body. The equations of

equilibrium are used to develop an expression for the virtual work of the stress

forces expressed in terms of the stress and strain components. The objectivity of

the stress rate and the energy balance equations are also among the topics that will

be discussed in this chapter.

3.1 EQUILIBRIUM OF FORCES

In this section, the equilibrium of forces acting in the interior of a continuous body is

considered. Let P be a point on the surface of the body, n be a unit vector directed

along the outward normal to the surface at P, and ds be the area of an element of the

surface that contains P in the current configuration. It is assumed that on the surface

element with area ds, the material outside the region under consideration exerts, as

shown in Figure 1, a force f on the material in the region under consideration

given by

f ¼ snds ð3:1Þ

The force vector f is called the surface force, and the vector sn is called the mean

surface traction transmitted across the element of area ds from the outside to the

inside of the region under consideration. All the variables that appear in Equation 1

are defined in the current configuration. A surface traction equal in magnitude and

3
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opposite in direction to sn is transmitted across the element with area ds from the

inside to the outside of the part of the body under consideration. It is assumed that

as ds tends to zero, sn tends to a finite limit that is independent of the shape of the

element with area ds.

The stress force on an arbitrary surface through point P can be written in terms

of the stress forces acting on three perpendicular surfaces of an infinitesimal volume

containing P. In this case, as shown in Figure 2, the application of Newton’s second

law leads to

qadv ¼ fbdvþ snds� s1d�s1 þ s2d�s2 þ s3d�s3ð Þ ð3:2Þ

where q and dv are, respectively, the mass density and volume in the current con-

figuration; a is the acceleration vector; fb is the vector of the body forces; and s1, s2,

and s3 are the mean surface traction on the three perpendicular surfaces of the

tetrahedral whose areas are d�s1, d�s2, and d�s3, respectively. Examples of the body

forces are the gravitational and magnetic forces. Note that the areas d�s1, d�s2, and d�s3

can be written as

d�s1 ¼ n1ds, d�s2 ¼ n2ds, d�s3 ¼ n3ds ð3:3Þ

where n1, n2, and n3 are the components of the normal vector n. Substituting the

preceding area identities of Equation 3 into Newton’s second law of Equation 2 and

rearranging terms, one obtains

f

n

ds Figure 3.1. Surface traction.

qa� fbð Þdv ¼ snds� s1n1 þ s2n2 þ s3n3ð Þds ð3:4Þ

104 Forces and Stresses



Rearranging terms again and dividing by ds, one has

sn ¼ s1n1 þ s2n2 þ s3n3ð Þ þ qa� fbð Þ dv

ds
ð3:5Þ

Because dv is proportional to the cube of the length and ds is proportional to the

square of the length, as the dimensions of the tetrahedral approach zero in the limit,

one has dv=ds approaching zero. Therefore, in the limit, the preceding equation

leads to

sn ¼ s1n1 þ s2n2 þ s3n3 ð3:6Þ

where s1, s2, and s3 are evaluated at point P. The preceding equation can be

written using matrix notation as

X1

X2

X3

O

f

n
f3

f2

f1

σ3n3

1n1

σ2n2

Figure 3.2. Surface forces.

sn ¼ s1 s2 s3½ �
n1

n2

n3

2
4

3
5 ¼ sn ð3:7Þ
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Writing s1, s2, and s3 in terms of their Cartesian components, the matrix s can be

written as

s ¼ s1 s2 s3½ � ¼
r11 r21 r31

r12 r22 r32

r13 r23 r33

2
4

3
5 ð3:8Þ

Equation 6 or Equation 7 is called the Cauchy stress formula, and the elements rij of

the matrix s are called Cauchy stresses. The elements rij for i ¼ j are called the

normal stresses, whereas rij for i 6¼ j are called the shear stresses. Therefore, the

vector of forces exerted on the region under consideration can be written in terms

of the Cauchy stresses as

f ¼ snds ð3:9Þ

It is important to emphasize again that all the variables in this equation, unlike the

definition of the Green–Lagrange strains, are defined using the current

configuration.

3.2 TRANSFORMATION OF STRESSES

In order to be able to develop the expressions for the components of the stress

tensor s in different coordinate systems, consider a coordinate system �X1
�X2

�X3

whose orientation with respect to the coordinate system X1X2X3 is defined by

the orthogonal transformation matrix A. The vector sn ¼ sn can be defined in

the �X1
�X2

�X3 as

�sn ¼ ATsn ¼ ATsn ¼ ATsA�n ð3:10Þ

where n ¼ A�n. The preceding equation can be written as

�sn ¼ �s�n ð3:11Þ

where

�s ¼ ATsA ð3:12Þ

This equation, which shows the rule of transformation of the stress tensor s, can be

used to define the stress components in different coordinate systems. As in the case

of the strain tensor, one can define directions, called principal directions, along

which the normal stresses take maximum or minimum values and the shear stresses

vanish.
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3.3 EQUATIONS OF EQUILIBRIUM

The equations of equilibrium of the continuous body can be obtained by

summing the integrals of all the forces acting on the body material points. The

formulation of the body forces such as gravitational, magnetic, and inertia

forces can be obtained from integration over the volume, whereas surface

forces such as contact forces and hydrostatic pressure can be formulated in terms

of surface integrals. Thus, the condition for the dynamic equilibrium can be written

as

ð
s

sndsþ
ð
v

fbdv ¼
ð
v

qadv ð3:13Þ

where s and v are, respectively, the area and volume of the continuous body in

the current configuration, and q is the mass density. The first integral in the pre-

ceding equation can be written as a volume integral using the divergence theorem as

follows:

ð
s

snds ¼
ð
s

snds ¼
ð
v

=sT
� �T

dv ð3:14Þ

Because the integrals in this equation are defined with respect to the current con-

figuration, the divergence operator is defined as

= ¼ @

@r
¼ @

@r1

@

@r2

@

@r3

	 

ð3:15Þ

Using the preceding relationships, the dynamic equations of equilibrium can be

written as follows:

ð
v

=sT
� �Tþ fb � qa
n o

dv ¼ 0 ð3:16Þ

This equation must hold in every region in the body, and therefore, the integrand

must be equal to zero. This leads to

=sT
� �Tþ fb � qa ¼ 0 ð3:17Þ
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These equations are known as the equations of equilibrium. In some texts, Equation

17 is called Cauchy’s first law of motion (Ogden, 1984). In a more explicit form, the

equations of equilibrium can be written as

r11,1 þ r21,2 þ r31,3 þ f b1
¼ qa1

r12,1 þ r22,2 þ r32,3 þ f b2
¼ qa2

r13,1 þ r23,2 þ r33,3 þ f b3
¼ qa3

9=
; ð3:18Þ

where subscript (,i) denotes differentiation with respect to ri; a1, a2, and a3 are

the components of the absolute acceleration vector; and f b1
, f b2

, and f b3
are the

components of the vector of the body forces. Note that the equations of equilibrium

are partial differential equations that are space and time dependent. These equa-

tions are general and are applicable to any solid or fluid materials because no

assumptions are made in their derivation. Furthermore, the partial differential

equations of equilibrium impose no restrictions on the amount of deformation or

rotation at the material points of the continuum, and therefore, these equations can

be used for the linear as well as the nonlinear analyses. Nonetheless, special forms

of motion can be systematically obtained from the partial differential equations of

equilibrium by employing the appropriate assumptions. For example, the Newton–

Euler equations used in rigid-body dynamics can be systematically obtained from

Equation 18 by recognizing that the rigid body has a finite number of degrees of

freedom instead of infinite number. In this case, as discussed in the preceding

chapters, the global position vector of an arbitrary point on the rigid body can be

written as r ¼ rO þAx, where rO is the global position vector of the origin of the

selected body coordinate system, A is the orthogonal transformation matrix that

defines the orientation of the body coordinate system with respect to the global

coordinate system, and x is the position vector of the arbitrary point in the refer-

ence configuration. The transformation matrix A can be expressed in terms of a set

of orientation parameters u. Using this motion description, the acceleration vector

a can be obtained as a ¼ €r. Multiplying Equation 18 by the virtual change dr,

assuming the stresses are zero due to the rigid-body assumption, integrating over

the volume, and grouping the coefficients of drO and du; one can systematically

obtain the ordinary differential equations that govern the motion of the rigid bodies

(Roberson and Schwertassek, 1988; Shabana, 2001). Applying this systematic pro-

cedure to derive the Newton–Euler equations of planar rigid bodies is left to the

reader as an exercise. It is important, however, to realize that when the Newton–

Euler formulation is used, the origin of the body coordinate system is assumed to be

attached to the body center of mass. If this assumption is not considered, the

principle of virtual work leads to a more general form of the equations of motion

which include dynamic coupling between the translation and rotation of the rigid

body.

In the general case of a continuum, the stresses can be expressed in terms of the

strains and their derivatives using the constitutive equations, which distinguish one

material from another and will be discussed in the following chapter. The strain

variables can be written in terms of the displacements, as explained in Chapter 2.
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That is, one can always, for a given material, write the stresses in terms of the

displacements. When these relationships are substituted into Equation 18, the par-

tial differential equations of equilibrium can be expressed in terms of the displace-

ments and their spatial and time derivatives. The resulting partial differential

equations can have a closed-form solution only under strict simplifying assumptions

and in the case of simple structural elements such as rods and beams. These simpli-

fied formulations that are the result of linearization assumptions lead to the linear

wave equations, which can be solved for given sets of initial and boundary condi-

tions. The wave equations are covered in texts on the subjects of vibration and wave

propagation. For more general and nonlinear systems, the principle of virtual work

and the finite element method can always be used to obtain a set of ordinary

differential equations that govern the motion of the continuum. These ordinary

differential equations can be solved numerically to determine the behavior of the

continuum in response to arbitrary loading conditions.

3.4 SYMMETRY OF THE CAUCHY STRESS TENSOR

In developing the partial differential equations of motion, the equilibrium of the

forces was considered. The condition that the resultant of the moments of all forces,

including the inertia forces, about the origin must be equal to zero can be used to

prove the symmetry of the stress tensor. This condition can be written as

ð
s

r� sndsþ
ð
v

r� fbdv ¼
ð
v

qr� adv ð3:19Þ

The first integral of this equation can be written as

ð
s

r� snds ¼
ð
s

r� snð Þds ¼
ð
s

~rsð Þnds ¼
ð
v

= ~rsð ÞT
n oT

dv ð3:20Þ

It can be shown that this equation can be written as

ð
s

r� snds ¼
ð
v

= ~rsð ÞT
n oT

dv ¼
ð
v

=sT
� �

~rT þ bs
T

n oT

dv ð3:21Þ

where the vector bs is defined as

bs ¼
r23 � r32

r31 � r13

r12 � r21

2
4

3
5 ð3:22Þ
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Substituting Equation 21 into Equation 19 yields

ð
v

r� =sT
� �Tþ fb � qa
� �n o

dvþ
ð
v

bsdv ¼ 0 ð3:23Þ

It is clear that the first integral in this equation vanishes by the virtue of the equation

of equilibrium. Therefore, one has

ð
v

bsdv ¼ 0 ð3:24Þ

Because this equation must hold in every region in the body, the integrand must be

equal to zero, that is,

bs ¼
r23 � r32

r31 � r13

r12 � r21

2
4

3
5 ¼ 0 ð3:25Þ

which shows that

r23 ¼ r32, r31 ¼ r13, r12 ¼ r21 ð3:26Þ

that is, rij ¼ rji for i 6¼ j. This proves that the Cauchy stress tensor is indeed a sym-

metric tensor. Some authors refer to Equation 25, or equivalently Equation 26, as

Cauchy’s second law of motion (Ogden, 1984).

Principal Stresses Because the Cauchy stress tensor s is symmetric, it has three

real principal values that can be determined by solving the following eigenvalue

problem:

s � sIð Þc ¼ 0 ð3:27Þ

where s is the eigenvalue or principal value and c is the eigenvector. As in the case of

the strain tensor, the preceding equation can be used to determine three principal

values s1, s2, and s3 called the principal stresses. Associated with these three

eigenvalues, there are three eigenvectors c1, c2, and c3, which define the principal

directions. If the coordinate axes coincide with the principal directions, shear

stresses are identically equal to zeros.

The three principal values s1, s2, and s3 are invariants and do not depend on

the choice of the coordinate system. Clearly, any quantity that is expressed in

terms of these invariants only is also an invariant. Because of the symmetry of the
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Cauchy stress tensor s, one can define the following three independent stress

invariants:

J1 ¼ s1 þ s2 þ s3 ¼ tr sð Þ
J2 ¼ s1s2 þ s1s3 þ s2s3 ¼

1

2
tr sð Þð Þ2 � tr s2

� �n o
J3 ¼ s1s2s3 ¼ det sð Þ ¼ sj j

9>=
>; ð3:28Þ

Some of these definitions will be used later in this chapter when the deviatoric

stresses are introduced.

3.5 VIRTUAL WORK OF THE FORCES

The definitions of the forces and stresses presented in the preceding sections are

based on the current configuration; areas and volumes in the current configuration

instead of the reference configuration are used. For this reason, Cauchy stress is

called the physical or true stress. In the preceding chapter, on the other hand, the

reference configuration is used to define the Green–Lagrange strains. In the case of

large deformations, the Cauchy stress tensor is not associated with the Green–

Lagrange strain tensor because Cauchy stress tensor is defined in the current (de-

formed) configuration whereas the Green–Lagrange strain tensor is defined in the

reference configuration.

In this section, the partial differential equations of equilibrium are used to de-

rive the virtual work of the forces. The principle of virtual work and the approxi-

mation of the displacement field are the two main building blocks that form the

foundation of the finite element method. Approximation methods, as discussed in

Chapter 1, lead to a finite dimensional model; whereas the principle of virtual work,

which has its roots in D’Alembert’s principle, can be used to systematically elimi-

nate the connection forces and obtain a set of discrete equations that govern the

motion of the continuum.

The analysis presented in this section shows that the stresses and strains arise

naturally in the formulation of the elastic forces of the continuum. It is important,

however, to use consistent stress and strain definitions, particularly in the analysis of

large deformation problems. The development in this section will show that another

symmetric stress tensor, the second Piola–Kirchhoff stress tensor is associated with

the Green–Lagrange strain tensor e. In order to simplify the derivation presented in

this section, the tensor double product and the change of the volume of a material

element, which are used in the derivation presented in this section, are first reviewed.

Tensor Double Product (Contraction) As discussed in Chapter 1 of this book, if

A and B are second-order tensors, the double product or double contraction is

defined as

A : B ¼ trðATBÞ ð3:29Þ
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where tr denotes the trace of the matrix (sum of the diagonal elements). Using the

properties of the trace, one can show that

A : B ¼ trðATBÞ ¼ trðBATÞ ¼ trðBTAÞ ¼ trðABTÞ ¼
P3

i,j ¼ 1

AijBij

A : BCð Þ ¼ ACT
� �

: B ¼ BTA
� �

: C

9>=
>; ð3:30Þ

where Aij and Bij are, respectively, the elements of the tensors A and B, and C is

a second-order tensor.

Volume Change It was shown in the preceding chapter that dV and dv, which

represent the volumes of a material element in the reference and current configu-

rations respectively, are related by

dv ¼ JdV ð3:31Þ

where J ¼ Jj j is the determinant of the matrix of position vector gradients J.

Virtual Work In this section, the principle of virtual work in dynamics is used to

define the virtual work of the elastic forces in terms of the stress and strain compo-

nents. To this end, the equations of equilibrium (Equation 17 or Equation 18) are

multiplied by dr and integrated over the current volume to obtain

ð
v

=sð ÞTþ fb � qa
n oT

drdv ¼ 0 ð3:32Þ

In this equation, = ¼ @

@r1

@

@r2

@

@r3

	 

is considered as a row vector. The form of the

equation of motion defined by Equation 32 is called in the literature the weak form

and is used with approximation methods as the basis for computational techniques

such as the finite element method. One can show that

= sdrð Þ ¼ =sð Þdrþ s :
@

@r
drð Þ ð3:33Þ

where

@

@ r
drð Þ ¼ @ drð Þ

@ x

@ x

@r
¼ dJð ÞJ�1 ð3:34Þ
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Substituting the preceding two equations into the virtual work of the forces and

using Gauss theorem, one obtains

ð
s

nTsdrds�
ð
v

s : dJð ÞJ�1 dvþ
ð
v

fb � qað ÞTdrdv ¼ 0 ð3:35Þ

where s is the current surface area and n is a unit normal to the surface. The first

integral in the preceding equation represents the virtual work of the surface traction

forces, the second integral is the virtual work of the internal elastic forces, and the

third integral is the virtual work of the body and inertia forces. If the principle of

conservation of mass or continuity condition qdv ¼ qodVð Þ is assumed, the virtual

work of the inertia forces can be written as

dWi ¼
ð
v

qaTdrdv ¼
ð
V

qoaTdrdV ð3:36Þ

This equation is important in developing the inertia forces of the continuous bodies

when computational techniques such as the finite element method are used.

Other Stress Measures The virtual work of the internal elastic forces defined by

the second term of Equation 35 is

dWs ¼ �
ð
v

s : dJð ÞJ�1 dv ð3:37Þ

Using Equation 31, the integration can be performed using the volume at the ref-

erence configuration. The preceding equation can then be written as

dWs ¼ �
ð
V

Js : dJð ÞJ�1 dV ð3:38Þ

where as previously defined J ¼ Jj j. The tensor sK ¼ Js is called the Kirchhoff

stress tensor, which is a symmetric tensor and differs from Cauchy stress tensor by

a scalar multiplier equal to the determinant of the matrix of the position vector

gradients. In the case of small deformations, this determinant remains approxi-

mately equal to one, and Cauchy and Kirchhoff stress tensors do not differ signif-

icantly. Note also that dJð ÞJ�1 is the virtual change in the deformation measure

associated with Kirchhoff stress tensor sK.

Another stress measure is the first Piola–Kirchhoff stress, which is associated

with the reference configuration and is given by

sP1 ¼ JJ�1s ð3:39Þ
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This equation shows that the first Piola–Kirchhoff stress tensor is not a symmetric

tensor and it is not the tensor that is associated with the Green–Lagrange strain

tensor in the formulation of the elastic forces. Nonetheless, because the Cauchy

stress tensor s is symmetric, the preceding equation can be used to show that the

first Piola–Kirchhoff stress tensor satisfies the identity JsP1 ¼ sT
P1JT. Furthermore,

it follows from Equation 38 and the properties of the double product that the virtual

work of the elastic forces can be written in terms of the first Piola–Kirchhoff stress

tensor as dWs ¼ �
Ð

V sT
P1 : dJdV, which shows that sP1 is associated with the matrix

of the position vector gradients J. Recall that the matrix of position vector gradients

J is not an appropriate measure of the deformation because this matrix does not

remain constant under an arbitrary rigid- body motion. In some texts, the transpose

of sP1 is the one which is called the first Piola–Kirchhoff stress tensor, whereas sP1

is called the nominal stress tensor.

Using the definition of the Green–Lagrange strain tensor defined in the pre-

ceding chapter, e ¼ 1=2ð Þ JTJ� I
� �

, one can show that

de ¼ 1

2
JTdJþ dJT

� �
J

� �
ð3:40Þ

Using this equation and the identities of Equation 30, the virtual work of the internal

elastic forces of Equation 38 can be written in terms of the virtual changes of the

components of the Green–Lagrange strain tensor as

dWs ¼ �
ð
V

Js : J�1T

deJ�1 dV ð3:41Þ

This equation upon the use of the properties of the tensor double product (Equation

30) can be written as

dWs ¼ �
ð
V

JJ�1sJ�1T
� �

: dedV ð3:42Þ

which can be written as follows:

dWs ¼ �
ð
V

sP 2 : dedV ð3:43Þ

where sP 2 is the second Piola–Kirchhoff stress tensor defined as

sP 2 ¼ JJ�1sJ�1T ð3:44Þ
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Clearly, the second Piola–Kirchhoff stress tensor is a symmetric tensor, and it is the

stress tensor associated with the Green–Lagrange strain tensor because both are

defined with respect to the reference configuration.

Another stress tensor which is used in continuum mechanics is the Biot

stress tensor sB. This stress tensor is defined in terms of the first Piola–Kirchhoff

stress tensor as sB ¼ RsP1ð ÞT, where R is the orthogonal matrix that appears in the

polar decomposition of the matrix of position vector gradients. That is, J ¼ RU,

where U is the symmetric stretch matrix. It can also be shown that the Biot stress

tensor can be written in terms of the second Piola–Kirchhoff stress tensor as

sB ¼ RTJsP 2.

EXAMPLE 3.1

Consider the beam model used in the examples of the preceding chapter. As-

sume that the beam displacement is described by

r ¼ l þ dð Þn lg½ �T

where n ¼ x1=l, g ¼ x2=l, l is the length of the beam, and d is a constant that

defines the beam axial deformation. It was shown in Example 3 of the preceding

chapter that this displacement can be produced using the following vector of

beam coordinates:

e ¼ 0 0 1þ d
l

� �
0 0 1 l þ d 0 1þ d

l

� �
0 0 1

	 
T

The matrix of position vector gradients and its inverse are defined as

J ¼ 1þ d
l

0

0 1

" #
, J�1 ¼

l

l þ d
0

0 1

" #

The determinant of the matrix of the position vector gradients is

J ¼ Jj j ¼ 1þ d
l

Note that for large d, J can differ significantly from one. The Green–Lagrange

strain tensor is defined in this case as

e ¼ 1

2
JTJ� I
� �

¼ e11 e12

e21 e22

	 

¼

d
l

1þ d
2l

� �
0

0 0

2
4

3
5 ¼ e11

1 0
0 0

	 


where e11 ¼ d=lð Þ 1þ d=2lð Þð Þ.
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Assume that the second Piola–Kirchhoff stress tensor is given for this strain

state by the following linear relationship:

sP 2 ¼
k1e11 0

0 k2e11

	 

¼ e11

k1 0
0 k2

	 


where k1 and k2 are appropriate stiffness coefficients. The Cauchy stress tensor

can be defined for this simple example as

s ¼ 1

J
JsP 2JT ¼ le11

l þ d
k1

l þ d
l

� �2

0

0 k2

2
4

3
5

It is clear from this equation and from the definition of e11 that if d is small, then

sP2 � s, otherwise, there can be significant differences between the two stress

measures.

Notation and Procedure As previously pointed out, if the displacement is small,

the matrix of the position vector gradients (Jacobian) J does not differ significantly

from the identity matrix, and as a consequence, it is acceptable not to distinguish

between Cauchy stress tensor which is defined using the deformed configuration and

the second Piola–Kirchhoff stress tensor associated with the reference undeformed

configuration. In this book, unless stated otherwise, we will always use the Green–

Lagrange strains with the understanding that the associated stress is the second

Piola–Kirchhoff stress tensor. For the sake of simplicity of the notation in some

of the general developments presented in the following chapters, we will occasion-

ally use s to denote the stress measure. That is, s will be used to denote other stress

measures such as the second Piola–Kirchhoff stress tensor sP 2 instead of Cauchy

stress tensor because whenever there is a difference between the two tensors (case of

large deformation), it is with the understanding that the second Piola–Kirchhoff

stress tensor is the one to be used with the Green–Lagrange strain tensor. Using

the tensor double product, and the fact that both sP 2 and e are symmetric tensors,

one can use the definition of the tensor double product to show that Equation 43 can

be written as follows:

dWs ¼ �
ð
V

sP 2 : dedV

¼ �
ð
V

r11de11 þ r22de22 þ r33de33 þ 2r12de12 þ 2r13de13 þ 2r23de23ð ÞdV ð3:45Þ
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where sij and eij are, respectively, the elements of the second Piola–Kirchhof stress

tensor and the Green–Lagrange strain tensor.

In addition to the virtual work of the elastic forces, the principle of virtual work

also defines the virtual works of the inertia and applied forces. The virtual work of the

inertia forces is defined as dWi ¼
Ð

v qaTdrdv, with a ¼ €r as the acceleration vector.

The virtual work of the body forces is defined as dWe ¼
Ð

v fT
b drdv. If the forces are

defined in the reference configuration, the volume in the reference configuration

should be used, instead of the volume in the current configuration, in evaluating

the integration resulting from the use of the virtual work principle. If approximation

methods are used to define r and dr, one can systematically obtain a finite dimen-

sional model. The following example demonstrates the use of this procedure for the

inertial forces. The same procedure can be applied for other forces, as will be dis-

cussed in more detail in Chapter 6 and Chapter 7 of this book.

EXAMPLE 3.2

As discussed previously in Chapter 1, in some of the nonlinear finite element

formulations, the global position vector of an arbitrary point on the body can be

written in the following form:

r ¼ Sq

where S ¼ S xð Þ is the space-dependent shape function matrix, x ¼ x1 x2 x3½ �T
is the vector of reference coordinates, and q ¼ q tð Þ is the vector of time-dependent

coordinates. In this case, the virtual change in the position vector and the accel-

eration vector can be written, respectively, as

dr ¼ Sdq , €r ¼ S€q

The mass of an arbitrary infinitesimal volume is qdv and its acceleration is €r.

That is, the inertia force of the infinitesimal volume is qdvð Þ€r. The virtual work

of this force is qdvð Þ€rTdr. Integrating over the volume, one obtains the virtual

work of the inertia forces of the continuum, previously obtained in this section

from the partial differential equations of equilibrium, as

dWi ¼
ð
v

q€rTdrdv ¼
ð
V

qo€rTdrdV

where qo and V are, respectively, the mass density and volume in the reference

configuration. The preceding equation can be written, upon the use of dr and €r as

dWi ¼ €qT

ð
V

qoSTSdV

0
@

1
Adq
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This equation can be written as

dWi ¼ €qTMdq

where M is the symmetric mass matrix of the continuum defined as

M ¼
ð
V

qSTSdV

This symmetric mass matrix has dimension equal to the dimension of the vector

of coordinate vector q. When the inertia forces are formulated using the shape

matrix and the procedure described in this example, one has what is called

a consistent mass formulation. There is another technique which is used often

in the finite element literature to approximate the inertia forces by assuming

that the continuum consists of a number of concentrated masses or rigid bodies.

This latter approach is called a lumped mass formulation. In the large rotation

finite element formulations, it is important to recognize the fundamental prob-

lems that may arise as the result of using the lumped mass technique. This

important topic is discussed in more detail in subsequent chapters of this book.

As discussed in Chapter 1, in some nonlinear finite element formulations, as

in the case of the floating frame of reference formulation discussed in Chapter 7,

the simple description of r as r ¼ S xð Þq tð Þ is not used. Nonetheless, the same

coordinate reduction procedure described in this example can still be used to

obtain a finite dimensional model. In the floating frame of reference formulation,

however, the mass matrix is not constant because it must account for the nonlinear

dynamic coupling between the reference motion and the elastic deformation.

Total and Updated Lagrangian Formulations The analysis presented in this sec-

tion shows that the weak form of the equations of motion can be expressed in terms

of variables defined in the original undeformed reference configuration or in terms

of variables defined in the current deformed configuration. When the equations are

expressed in terms of variables defined in the reference configuration and differ-

entiations and integrations are carried out with respect to the Lagrangian coordi-

nates x, one has the total Lagrangian formulation. If the equations of motion, on the

other hand, are expressed in terms of variables defined in the current configuration

and differentiations and integrations are carried out with respect to the Eulerian

coordinates r, one has the updated Lagrangian formulation. It is important to realize

that both formulations are equivalent and one formulation can be obtained from the

other by simply using a coordinate transformation; this is despite the fact that

different deformation and stress measures are used in these formulations. For ex-

ample, the traction forces can be formulated in terms of the Cauchy stresses and the

deformed geometry as
Ð

s snds. Using Nanson’s formula nds ¼ JJ�1T

NdS, which was
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derived in the preceding chapter, the traction forces can be written in terms of the

first Piola–Kirchhoff stress tensor and the surface area in the reference configuration

as
Ð

S JsJ�1T

NdS ¼
Ð

S sT
P1

NdS. Similarly, using the continuity condition qodV ¼ qdv,

where qo and V are, respectively, the mass density and volume in the reference

configuration, the inertia forces, as previously mentioned, can be written using

integrals defined in the reference configuration as
Ð

V qo€rdV. Similar comments apply

to the body forces. Following this procedure, recognizing that

@=@r ¼ð@=@xÞð@x=@rÞ ¼ ð@=@xÞJ�1, and using the divergence theorem, one can

show that the partial differential equations of equilibrium can be written in terms

of variables defined in the reference configuration as =sP1ð ÞT þ fbo ¼ qo€r, where fbo

is the vector of body forces associated with the reference configuration. Therefore,

the equations of motion can be expressed in terms of variables defined in the current

configuration or alternatively in terms of variables defined in the reference config-

uration, and the total and updated Lagrangian formulations are in principle the same.

EXAMPLE 3.3

Assuming that the gravity forces act in the direction of the X2 global axis, the

gravity forces acting on an infinitesimal volume of mass qdv in the current

configuration can be written as 0 �g 0½ �Tqdv. The sum of the inertia forces

acting on the body can be written as
Ð

v q 0 �g 0½ �Tdv, which upon using the

continuity equation, can also be written in the reference configuration asÐ
V qo 0 �g 0½ �TdV. The virtual work of the gravity forces can also be written

in the current and reference configuration, respectively as

dWe ¼
ð
v

q 0 �g 0½ �drdv, dWe ¼
ð
V

qo 0 �g 0½ �drdV

As previously mentioned, in the large deformation finite element formula-

tion discussed in Chapter 6, the position vector can be written as r ¼ Se, where S

is the space-dependent shape function, and e is the vector of time-dependent

coordinates. Using this motion description, the virtual work of the gravity forces

in the current and reference configuration can be written as

dWe ¼
ð
v

q 0 �g 0½ �Sdv

0
@

1
Ade, dWe ¼

ð
V

qo 0 �g 0½ �SdV

0
@

1
Ade

These equations can be used to define a finite dimensional vector of generalized

gravity forces associated with the time-dependent generalized coordinates e.

In the total Lagrangian formulation, strain tensors such as the Green–Lagrange

strain tensor are often used with the second Piola–Kirchhoff stress tensor; however,

in the updated Lagrangian formulation, the rate of deformation tensor is often used
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with the Cauchy stress tensor. Furthermore, in the total Lagrangian formulation, the

virtual displacement dr is used to define the virtual work principle, whereas in the

updated Lagrangian formulation virtual velocity dv is used to define a virtual power

principle.

The total and updated Lagrangian formulations are used more often in the

solution of solid mechanics problems and the motion description employed in both

formulations is different from the Eulerian formulation, which is used more often in

fluid mechanics. In the Eulerian formulation, the material density, the Cauchy stress

components, and the velocity are treated as the dependent variables. In order to

solve for these dependent variables, three sets of equations are used: the continuity

equation or conservation of mass in its differential form defined in the preceding

chapter, the constitutive equations, which are defined in the following chapter, and

the equations of motion that result from the use of the principle of virtual work or

virtual power. Using these three sets of equations, one obtains a number of equa-

tions equal to the number of unknown dependent variables. In general, the conti-

nuity equation is a first-order partial differential equation, the constitutive equations

can be in an algebraic, differential, or integral form depending on the type of

problem solved as will be discussed later in this book, and the equations of motion

are second-order partial differential equations. In the Eulerian formulation, these

three sets of equations are solved simultaneously to determine the density, stresses,

and velocities. When the finite element approximation is used with the Eulerian

formulation, the finite element nodes are assumed to be fixed in space and do not

deform as in the case of the Lagrangian formulations. Furthermore, independent

interpolation functions are used for the density, stresses, and velocities.

Physical Interpretation The analysis presented in this chapter and the preceding

chapter shows that different measures for the strains and stresses can be used. Some

measures can be more suited for specific problems. Nonetheless, understanding the

physical interpretations of these measures is important. For example, Cauchy stress

is derived using forces and areas defined in the current configuration. This is the

reason that Cauchy stress is called the true stress. The trace of the Cauchy stress

tensor 1=3ð Þ
P3

i¼1 rii ¼ �p defines the true pressure p that is commonly used in fluid

mechanics. On the other hand, it is difficult to give a physical meaning to the

symmetric second Piola–Kirchhoff stress tensor. The lack of a clear physical mean-

ing for the second Piola–Kirchhoff stress tensor makes its use difficult in some

applications as in the case of plasticity theory where the yield functions must be

formulated in terms of stresses that have physical meaning.

3.6 DEVIATORIC STRESSES

In some formulations based on the continuum mechanics theory, it is useful to write

the Cauchy stress tensor in the following form:

s ¼ Sþ pI ð3:46Þ
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Here S is called the stress deviator tensor, and p is called the hydrostatic pressure

defined as

p ¼ 1

3
r11 þ r22 þ r33ð Þ ¼ 1

3

X3

i¼1

rii ð3:47Þ

Note that tr(S) ¼ 0. Therefore, if s1, s2, and s3 are the principal values of S,

then

s1 þ s2 þ s3 ¼ 0 ð3:48Þ

Furthermore, because s � sIð Þc ¼ 0 can also be written as S� s� pð ÞIf gc ¼ 0 and

p ¼ 1

3
s1 þ s2 þ s3ð Þ where s1, s2, and s3 are the principal values of s; one can show

that the principal values of S can be written in terms of the principal values of s as

follows:

s1 ¼
1

3
2s1 � s2 � s3ð Þ

s2 ¼
1

3
2s2 � s1 � s3ð Þ

s3 ¼
1

3
2s3 � s1 � s2ð Þ

9>>>>>=
>>>>>;

ð3:49Þ

Because tr(S) ¼ 0, the stress deviator tensor has only two independent invariants

J02 and J03, which can be written in terms of the principal values of S as follows:

J02 ¼ s1s2 þ s1s3 þ s2s3 ¼ �
1

2
tr S2
� �

J03 ¼ s1s2s3 ¼ det Sð Þ ¼ � 1

3
tr S3
� �

9>=
>; ð3:50Þ

Using the preceding two equations, it is clear that the invariants J02 and J03 of the

stress deviator S can be expressed in terms of the invariants J1, J2, and J3 of the

Cauchy stress tensor s. It is sometimes convenient to use J1, J02, and J03 as the set of

invariants of s. It is also important to mention that the isolation of the hydrostatic

pressure component p from the components of the stress deviator S is advantageous

in many formulations in the field of plasticity and soil mechanics.

Similar decomposition can be developed for the first and second Piola–Kirchhoff

stress tensor by substituting s in their expressions. For the first Piola–Kirchhoff

stress tensor, one has

sP1 ¼ JJ�1s ¼ JJ�1 Sþ pIð Þ ¼ SP1 þ pJJ�1 ð3:51Þ
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where again J ¼ Jj j, and

SP1 ¼ JJ�1S ð3:52Þ

Similarly, for the second Piola–Kirchhoff stress tensor, one has

sP 2 ¼ JJ�1sJ�1T ¼ JJ�1 Sþ pIð ÞJ�1T ¼ SP 2 þ pJJ�1J�1T ð3:53Þ

where

SP 2 ¼ JJ�1SJ�1T ð3:54Þ

The tensors SP1 and SP 2 are known as the deviatoric components of the first and

second Piola–Kirchhoff stress tensors. Note that the traces of SP1 and SP 2 are not

necessarily equal to zero despite the fact that the trace of S is equal to zero. It can,

however, be shown that

trðSP 2JTJÞ ¼ SP 2 : Cr ¼ 0 ð3:55Þ

where Cr ¼ JTJ is the right Cauchy–Green deformation tensor. In order to prove

the identity of Equation 55, the properties of the trace and double product are used.

This leads to

trðSP 2JTJÞ ¼ tr JJ�1SJ�1T

JTJ
� �

¼ tr JJ�1SJ
� �

¼ Jtr Sð Þ ¼ 0 ð3:56Þ

This equation shows that indeed trðSP 2JTJÞ ¼ SP 2 : Cr ¼ 0. Using this identity after

postmultiplying sP 2 by Cr shows that the hydrostatic pressure p can be obtained

using the second Piola–Kirchhoff stress tensor as

p ¼ 1

3J
trðsP 2JTJÞ ¼ 1

3J
ðsP 2 : CrÞ ð3:57Þ

Therefore, the deviator tensor associated with the second Piola–Kirchhoff stress

tensor can be written as

SP 2 ¼ sP2 �
1

3
sP 2 : Crð ÞC�1

r ð3:58Þ

Following a similar procedure, one can also show that the hydrostatic pressure p can

be obtained using the first Piola–Kirchhoff stress tensor as

p ¼ 1

3J
trðsP1JÞ ¼ 1

3J
ðsP1 : JÞ ð3:59Þ
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Using this equation, an expression for the deviatoric part of the first Piola–Kirchhoff

stress tensor can be obtained.

For the most part, particularly in the analysis of large deformation used in this

book, the second Piola–Kirchhoff stress tensor will be used because this is the tensor

associated with the Green–Lagrange strain tensor. In some plasticity and viscoelas-

ticity formulations that require the use of true stress measures, the Cauchy stress or

the Kirchhoff stress tensors are used. Furthermore, being able to identify the effect

of the hydrostatic pressure is not only important in many large deformation formu-

lations, but it is also important in improving the numerical performance of the finite

elements in some applications. Although in some nonlinear formulations such as the

J2 plasticity formulations, the constitutive equations are formulated in terms of the

deviatoric stresses because the hydrostatic pressure is of less significance; in some

other linear and nonlinear applications, the performance of the finite elements can

significantly deteriorate owing to locking problems associated with the volumetric

changes, as in the case of incompressible or nearly incompressible materials. By

understanding the contributions of the hydrostatic pressure to the elastic forces, one

can propose solutions to these locking problems. Some of these locking problems

are discussed in more detail in Chapter 6.

3.7 STRESS OBJECTIVITY

The Cauchy stress tensor is a key element in the formulation of the partial differ-

ential equations of equilibrium. It is, therefore, important to check whether or not

this stress tensor satisfies the objectivity requirement as defined in the preceding

chapter. To this end, the transformations of the normal and traction vectors as

the result of a rigid-body motion are considered. The traction is defined using the

Cauchy stress formula as sn ¼ sn. If, from a given current configuration, the

continuous body undergoes a rigid-body rotation defined by the transformation

matrix A and because the Cauchy stresses are defined in the current configuration,

the traction and normal vectors as the result of the rigid-body rotation can be

defined as

�sn ¼ Asn, �n ¼ An ð3:60Þ

Using these two equations, one has

�sn ¼ Asn ¼ Asn ¼ AsAT�n ð3:61Þ

which can be written as

�sn ¼ �s�n ð3:62Þ
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where

�s ¼ AsAT ð3:63Þ

Note that this transformation is different from the transformation defined by Equa-

tion 12. This equation can be used to define the stresses in different coordinate

systems for a given current configuration. Equation 63, on the other hand, defines

the stresses due to a change of the current configuration as the result of a rigid-body

rotation. Equation 63 can be used to show that the Cauchy stress tensor satisfies the

objectivity requirement as it is used in the principle of virtual work. For the Cauchy

stress tensor to satisfy the objectivity requirement, one needs to show that the virtual

work of the elastic forces and the strain energy are not affected by the rigid-body

rotation. Recall that when the Cauchy stresses are used, the virtual work of the

elastic forces is written in terms of s : dJð ÞJ�1. In the case of a rigid-body rotation

defined by the transformation matrix A, one has �J ¼ AJ, �J
�1 ¼ J�1AT, and

�s ¼ AsAT. Here �J remains the matrix of position vector gradients, and not that

of displacement gradients. It follows that d�J ¼ dAð ÞJþA dJð Þ and

d�J
� �

�J
�1 ¼ dAð ÞAT þA dJð ÞJ�1AT. Note that because dAð ÞAT is a skew symmetric

matrix because d AAT
� �

¼ dAð ÞAT þA dAT
� �

¼ 0 and AsAT is a symmetric ten-

sor, then AsAT : dAð ÞAT ¼ 0. It follows that �s : d�J
� �

�J
�1 ¼ s : dJð ÞJ�1

, which

shows that the virtual work of the elastic forces remains the same and is not affected

by the rigid-body rotation. That is, Cauchy stress tensor is indeed objective when it is

used with dJð ÞJ�1 to evaluate these elastic forces. Furthermore, it is interesting to

note the similarity between the tensor dJð ÞJ�1 and the velocity gradient tensor

L ¼ _JJ
�1

, which is not in general an exact differential. As shown in Chapter 2,
�L ¼ ALAT þ _AAT. Using this equation, one can also show that �s : �L ¼ s : L,

and �s : �D ¼ s : D, where D is the rate of deformation tensor.

The second Piola–Kirchhoff stress tensor, on the other hand, is independent of

the superimposed rigid-body rotations. In order to demonstrate this fact, consider

the rigid-body rotation defined by the transformation matrix A. The matrix of

position vector gradient J as the result of this superimposed rigid-body rotation

can be again written as �J ¼ AJ where J is the matrix of position vector gradients

before the rigid body rotation. The matrix J is premultiplied by A because the

gradients in both configurations are defined by differentiation with respect to the

same parameters. It follows that

�sP 2 ¼ �J�J
�1

�s�J
�1T

¼ JJ�1ATAsATAJ�1T ¼ JJ�1sJ�1T ¼ sP 2 ð3:64Þ

In this equation, J ¼ Jj j, and �J ¼ �J
�� �� ¼ AJj j ¼ Jj j because A is an orthogonal matrix.

Recall that under the arbitrary rigid-body rotation defined by the matrix A, Green–

Lagrange strain tensor satisfies the identity �e ¼ e, as was shown in the preceding

chapter. It follows that �sP2
: d�e ¼ sP2

: de, which shows that the elastic forces and

strain energy remain the same under an arbitrary rigid-body rotation. As a

consequence, the second Piola–Kirchhoff stress tensor satisfies the objectivity
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requirement when it is used with the Green–Lagrange strain tensor. Furthermore,

one has _�sP2
¼ _sP2

and _�e ¼ _e, which are direct consequences of the results obtained

in this section and the preceding chapter, respectively.

Stress Rate Although Cauchy stress tensor satisfies the objectivity requirement,

when it is used with dJð ÞJ�1 to formulate the elastic forces, it is important to define

the rate of change of the Cauchy stress tensor as the result of an arbitrary rigid-body

rotation defined by the transformation matrix A. To this end, Equation 63 is differ-

entiated with respect to time. This leads to

_�s ¼ A _sAT þ _AsAT þAs _AT ð3:65Þ

This equation clearly shows that _�s 6¼ A _sAT unless the rotation matrix A does not

depend on time. That is, the rate of Cauchy stress tensor _s does not follow the same

rule of transformation as the Cauchy stress tensor s when the continuum is sub-

jected to a rigid-body motion. Therefore, such a stress rate does not satisfy the

objectivity requirement when used with the deformation measures used with

Cauchy stress tensor. It is, therefore, important to define stress rate and deformation

measures that satisfy the objectivity requirements. Among the stress rate mea-

sures used in the literature are the Truesdell stress rate, the Oldroyd stress rate,

convective stress rate, the Green–Naghdi stress rate, and the Jaumann stress rate

(Bonet and Wood, 1997). These stress rate measures are discussed in the following

paragraphs.

Truesdell Stress Rate so The Truesdell stress rate is defined by applying a

transformation, called Piola transformation, to the time derivative of the second

Piola-Kirchhoff stress tensor as follows:

so ¼ 1

J
J _sP 2JT ¼ 1

J
J

d

dt
JJ�1sJ�1T
� �� 


JT ð3:66Þ

In this equation, J ¼ Jj j. It was shown in the preceding chapter that

ðdJ=dtÞ ¼ Jtr Dð Þ, where D is the rate of deformation tensor. Because the tensor

of velocity gradients L ¼ _JJ�1 ¼ DþW, where W is the skew symmetric spin ten-

sor, that is Wj j ¼ 0; one has ðdJ=dtÞ ¼ Jtr Lð Þ. The Truesdell stress rate can then be

written as

so ¼ _s � Ls � sLT þ tr Lð Þs ð3:67Þ

Note that because JJ–1 ¼ I, one has _JJ
�1 ¼ �J _J

�1
, an identity, which is utilized in

deriving the Truesdell stress rate measure presented in Equation 67.

In order to define the rule of transformation of Truesdell stress rate measure,

a general rigid-body rotation defined by the transformation matrix A is considered.
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As the result of this rotation, one has the following relationships between the tensors

before and after the rigid-body rotation:

�s ¼ ArAT

_�s ¼ A _sAT þ _AsAT þAs _A
T

�L ¼ _AAT þALAT

9=
; ð3:68Þ

The Truesdell stress rate measure can be written in the current configuration after

the rigid-body rotation as

�so ¼ _�s � �L�s � �s�L
T þ tr �L

� �
�s ð3:69Þ

Substituting Equation 68 into this equation, one can show that

�so ¼ A _s � Ls � sLT þ tr Lð Þs
� �

AT ¼ AsoAT ð3:70Þ

which shows that Truesdell stress rate measure follows the rule of tensor transformation.

It is important to note that the Truesdell rate of the Kirchhoff stress so
K ¼ Jso is

the push-forward of the rate of the second Piola–Kirchhoff stress tensor _sP 2. This

observation is important when the constitutive equations of some hyperelastic–

plastic models are formulated.

Oldroyd and Convective Sress Rates s� and s	 The time derivative of the

Cauchy stress tensor can be used to define the Oldroyd stress rate s� as follows:

s� ¼ J
d

dt
J�1sJ�1T
� �� 


JT ¼ _s � Ls � sLT ð3:71Þ

If before the differentiation a pull-back operation is used with JT, and after the

differentiation, a push-forward operation is used with J�1T

, one obtains the convec-

tive stress rate s	 defined as follows:

s	 ¼ J�1T d

dt
JTsJ
� �� 


J�1 ¼ _s þ LTs þ sL ð3:72Þ

In order to prove that the Oldroyd and the convective stress rates follow the rule of

transformation as the Cauchy stress tensor, the identities of Equation 68 can be used

again. This is left to the reader as an exercise.

Green–Naghdi Stress Rate sD The Green–Naghdi stress rate sD is defined using

the rotation tensor R instead of the tensor of the position vector gradients J.
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Therefore, the effect of the stretch tensor is not considered in the pull-back and

push-forward operations. The Green–Naghdi stress rate is defined as

sD ¼ R
d

dt
RTsR
� �� 


RT ¼ _s þ s _RR
T � _RR

T
s ð3:73Þ

In obtaining this expression for the Green–Naghdi stress rate, the fact that

R _RT ¼ � _RRT is utilized. Note that the Green–Naghdi stress rate has the same form

as Oldroyd stress rate by replacing J by R.

Jaumann Stress Rate s= As discussed in Chapter 2, when the motion is not

purely a rigid-body motion, _RRT is not the spin tensor W that accounts for the

deformation. If in the expression of Green–Naghdi stress tensor, _RRT is approxi-

mated by the spin tensor W ¼ L� LT
� �

=2, where L is the tensor of velocity gra-

dients, one obtains the Jaumann stress rate s= defined as

s= ¼ _s þ sW�Ws ð3:74Þ

The proof that the Green–Naghdi and Jaumann stress rates follow a rule of trans-

formation similar to the Cauchy stress tensor in the case of a rigid-body motion is

left to the reader as an exercise.

3.8 ENERGY BALANCE

The partial differential equations of equilibrium can be used to define the rate of

change of the energy of the continuum. In order to demonstrate that, Equation 17,

or alternatively Equation 18, is multiplied by the absolute velocity vector _r. This,

upon the use of the symmetry of the Cauchy stress tensor, yields

=sð ÞT � _rþ fb � _r ¼ q€r � _r ð3:75Þ

Note that

= s_rð Þ ¼ =sð Þ_rþ s : L ð3:76Þ

where L ¼ DþW is the velocity gradient tensor, and D and W are, respectively, the

symmetric rate of deformation and the skew symmetric spin tensors. Using the

preceding two equations, one has

= s_rð Þ � tr sLð Þ þ fb � _r ¼ q€r � _r ð3:77Þ
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Integrating over the current volume, using the identity tr sLð Þ ¼ tr sDð Þ, and using

the divergence theorem and the principle of conservation of mass, one obtains

ð
v

fb � _rdvþ
ð
s

snð Þ � _rds ¼ d

dt

1

2

ð
v

q_r � _rdv

0
@

1
Aþ ð

v

s : Dð Þdv ð3:78Þ

This is the energy balance equation, which shows that the rate of change of the

kinetic energy
�

1
2

Ð
v q_r � _rdv

�
plus the elastic force power

Ð
v s : Dð Þdv is equal to the

power of the body and surface forces. The power of the elastic forces may include

the effect of dissipative forces as in the case of viscoelastic materials. In this case,

Equation 78 governs the behavior of nonconservative systems.

One can also define the energy balance equation in the reference configuration.

This can be achieved by directly using Equation 17 or using Equation 78 and change

the variables used to the reference configuration. It is left to the reader as an

exercise to show that the energy balance equation can be defined in the reference

configuration as

ð
V

fbo � _rdV þ
ð
S

sP1
TN

� �
� _rdS ¼ d

dt

1

2

ð
V

qo _r � _rdV

0
@

1
Aþ ð

V

sP1 : _J
� �

dV ð3:79Þ

where all the variables that appear in this equation are the same as previously

defined in this chapter. Note the structural similarity between the principle of virtual

work for the continuum and the energy balance equations if dr is replaced by _r in the

virtual work principle.

As in the case of the virtual work, the energy and power equations developed in

this section show that the Cauchy stress tensor s is directly associated with the

tensor of velocity gradients or equivalently the rate of deformation tensor because

s : L ¼ s : D. Because the velocity gradient tensor is not an exact differential, the

Cauchy stress tensor s is not directly associated with a strain measure in the virtual

work or energy equations. One can show that other stress and strain measures can

also be used in the formulation of the energy equations. For example, as shown by

Equation 79, the stress power can be written, using an analogy similar to the virtual

work, in terms of the first Piola–Kirchhoff stress tensor sP1 and the rate of the

matrix of position gradients J using the double product sP1 : _J. Similarly, the stress

power can be written in terms of the second Piola–Kirchhoff stress tensor sP 2 and

the rate of the Green–Lagrange strain tensor _e using the double product sP 2 : _e.

Because J is not a deformation measure, the analysis presented in this chapter shows

that, among the stress measures considered, only the second Piola–Kirchhof stress

tensor is directly related to a deformation measure, which can be expressed in

a nondifferential form. Nonetheless, it is important to recognize that all the stress

measures are related, as shown in this chapter, and therefore, relationships between

different stress and strain measures can always be obtained.
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PROBLEMS

1. The Cauchy stress tensor at a point P is defined as

s ¼
2 0 3
0 3 1
3 1 4

2
4

3
5

Find the surface traction at P on planes whose normals are defined by the

vectors n ¼ 1=
ffiffiffi
5
p� �

1 0 2½ �T and n ¼ 1=
ffiffiffi
3
p� �

1 �1 1½ �T.

2. Verify the results of Equation 33 and Equation 34.

3. Use the partial differential equations of equilibrium to derive the Newton–

Euler equations that govern the planar motion of rigid bodies.

4. Derive the partial differential equations of equilibrium in the reference config-

uration in terms of the first Piola–Kirchhoff stress tensor.

5. Find the principal stresses and principal directions of the stress tensor given in

Problem 1. Define also the stress invariants.

6. Using the virtual strains de ¼ 1=2ð Þ JTdJþ dJT
� �

J
� �

and the identities of

the double product, show that the virtual work of the elastic forces can

be written as dWs ¼ �
Ð

V Js : J�1T

deJ�1 dV, where s is the Cauchy stress

tensor.

7. Show that the virtual work of the stresses can be written in terms of the first

Piola–Kirchhoff stress tensor as dWs ¼ �
Ð

V sT
P1 : dJdV.

8. Show that the principal values s1, s2, and s3 of the stress deviator tensor S can be

written in terms of the principal values s1, s2, and s3 of the Cauchy stress tensor

s as

s1 ¼
1

3
2s1 � s2 � s3ð Þ, s2 ¼

1

3
2s2 � s1 � s3ð Þ, s3 ¼

1

3
2s3 � s1 � s2ð Þ

9. Determine the deviator stress tensor S associated with the Cauchy stress tensor

given in Problem 1. Determine also the principal values of the deviator stress

tensor and the hydrostatic pressure.

10. Using Equation 49 and Equation 50, show that the invariants J02 and J03 of the

stress deviator S can be expressed in terms of the invariants J1, J2, and J3 of the

Cauchy stress tensor s.

11. Derive the expression for the hydrostatic pressure in terms of the first Piola–

Kirchhoff stress tensor.

12. Derive the expression for the deviatoric part associated with the first Piola–

Kirchhoff stress tensor.

13. Show that dJ=dt ¼ Jtr Lð Þ, where J is the matrix of position vector gradients,

J ¼ Jj j and L is the matrix of velocity gradients.

14. Obtain the rule of transformation of the Oldroyd and the convective stress rates

when the continuum is subjected to a rigid-body motion.
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15. Obtain the rule of transformation of the Green–Naghdi stress rate sD when the

continuum is subjected to a rigid-body motion.

16. Obtain the rule of transformation of the Jaumann stress rate s= when the

continuum is subjected to a rigid-body motion.

17. Derive the energy balance equation in the reference configuration.
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4 CONSTITUTIVE EQUATIONS

The kinematic and force equations developed in the preceding two chapters are

general and applicable to all types of materials. The mechanics of solids and fluids is

governed by the same equations, which do not distinguish between different mate-

rials. The definitions of the strain and stress tensors, however, are not sufficient for

describing the behavior of continuous bodies. The force–displacement relationship

or equivalently the stress–strain relationship is required in order to be able to

distinguish between different materials and solve the equilibrium equations. The

continuum displacements depend on the applied forces, and the force–displace-

ment relationship depends on the material of the continuum. To complete the

specification of the mechanical properties of a material, one needs additional set

of equations called the constitutive equations, which serve to distinguish one ma-

terial from another. The form of the constitutive equations of a material should not

be altered in the case of a pure rigid-body motion. These equations, therefore,

must be objective, and should not lead to change in the work and energy of the

stresses under an arbitrary rigid-body motion. Using the constitutive equations,

the partial differential equations of equilibrium obtained in the preceding chapter

can be expressed in terms of the strains. Using the strain–displacement relation-

ships, these equilibrium equations can be expressed in terms of displacements or

position coordinates and their time and spatial derivatives. If the continuum den-

sity is considered as an unknown variable, as it is the case in some fluid applica-

tions, the continuity equations can be added to the resulting system of partial

differential equations in order to have a number of equations equal to the number

of unknowns.

If the constitutive equations of a material depend only on the current state of

deformation, the behavior is said to be elastic. If the stresses can be derived from

a stored energy function, the material is termed hyperelastic or called Green elastic

material. A more general class of materials, for which the stresses can not be derived

from a stored energy function, is called Cauchy elastic material. For hyperelastic

materials, the work done by the stresses during a deformation process is path inde-

pendent. That is, the work done depends only on the initial and final states. For

such systems, the continuum returns to its original configuration after the load

4
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is released. For viscoelastic materials, on the other hand, the work done during

a deformation process is path dependent due to the dissipation of energy during

the deformation process. The constitutive equations of viscoelastic materials are for-

mulated in terms of rate of deformation measures in order to account for the energy

dissipation.

In this chapter, the general constitutive equations of the materials are presented

and systematically simplified in order to obtain the important special case of iso-

tropic materials. It is shown that for isotropic materials that satisfy certain homo-

geneity and symmetry properties, the constitutive equations depend only on two

constants, called Lame’s constants. Materials described by this model are called

Hookean materials. The Hookean material model can be used in the case of small

deformations. Other models, which are more appropriate for large deformations,

such as the Neo–Hookean and the incompressible Mooney–Rivlin material models

are discussed. These nonlinear material models can be more accurate and lead to

more efficient solutions in some applications, particularly when the assumption of

linearity can no longer be used. The constitutive equations for viscoelastic materials

and fluids are also discussed in this chapter. The behavior of elastic–plastic materials

is discussed in the following chapter.

4.1 GENERALIZED HOOKE’S LAW

The analysis presented in the preceding chapter shows that the second Piola–

Kirchhoff stress tensor is the only tensor considered so far in this book that is

directly associated in the virtual work and energy equations to a strain measure that

can be expressed in a nondifferential form. Therefore, in this chapter, for the most

part, the constitutive equations are assumed to relate the second Piola–Kirchhoff

stress tensor and the Green–Lagrange strain tensor. In many inelastic formulations,

however, constitutive equations in rate form are often expressed in terms of other

stress and strain measures.

In this section, the general linear relationship between the stress and strain

components is developed. As discussed in the preceding chapter, it is important

to use consistent stress and deformation measures in the definition of the elastic

forces. In this section, the Green–Lagrange strain tensor is used with the second

Piola–Kirchhoff stress tensor to define a linear constitutive model. Nonetheless, one

can always develop constitutive relationship between different stress and strain

measures because these measures are related as previously mentioned. In this

section, unless stated otherwise, s is used for simplicity to denote the stress mea-

sure, which is assumed to be the second Piola–Kirchhoff stress measure, whereas e

is used to denote the Green–Lagrange strain measure. The goal is to develop

the relationship s ¼ s eð Þ. In developing this relationship, it is important to distin-

guish between homogeneous and isotropic materials. A material is said to be homo-

geneous if it has the same properties at every point. That is, the elastic properties

are not function of the location of the material points. In the case of isotropic

materials, on the other hand, the elastic properties are assumed to be the same in
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all directions. That is, a coordinate transformation does not affect the definition of

the elastic constants.

It has been found experimentally that for most materials, the measured strains

are functions of the applied forces. For most solids, the strains are proportional to

the applied forces, provided that the load does not exceed a given value known as

the elastic limit. This experimental observation can be stated as follows: the stress

components at any point in the body are linear function of the strain components.

This statement is a generalization of Hooke’s law and does not apply to viscoelastic,

plastic, or visoplastic materials. The generalization of Hooke’s law may thus be

written, using vector and matrix notation instead of tensor notation, as

sv ¼ Emev ð4:1Þ

where Em is the matrix of elastic coefficients, and sv and ev are, respectively, the

stress and strain components written in a vector form and defined as

sv ¼ r1 r2 r3 r4 r5 r6½ �T¼ r11 r22 r33 r12 r13 r23½ �T

ev ¼ e1 e2 e3 e4 e5 e6½ �T¼ e11 e22 e33 e12 e13 e23½ �T

)
ð4:2Þ

One may also write Equation 1 using tensor notation as

s ¼ E : e ð4:3Þ

In this equation, s and e are, respectively, the second-order stress and strain tensors

and E is the fourth-order tensor of the matrix of the elastic coefficients. In this

chapter, the vector and matrix form of Equation 1 and Equation 2 are sometimes

used in order to simplify the derivations and take advantage of the symmetry of the

stress and strain tensors. It is important, however, to recognize that Equation 1 and

Equation 3 are equivalent.

It was shown in the preceding two chapters that the Green–Lagrange strain

tensor and the second Piola–Kirchhoff stress tensor do not change under an arbitrary

rigid-body motion and the product sP2 : e satisfies the objectivity requirement. It is

important, therefore, that the constitutive law used satisfies the objectivity require-

ment, which is automatically satisfied for linear isotropic elastic materials since the

tensor of elastic coefficients E is constant, as will be demonstrated in this chapter.

In the case of a general material, the matrix of elastic coefficients Em has

36 coefficients. This matrix can be written in its general form as follows:

Em ¼

e11 e12 e13 e14 e15 e16

e21 e22 e23 e24 e25 e26

e31 e32 e33 e34 e35 e36

e41 e42 e43 e44 e45 e46

e51 e52 e53 e54 e55 e56

e61 e62 e63 e64 e65 e66

2
6666664

3
7777775

ð4:4Þ
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The coefficients eij, i, j ¼ 1, 2, . . ., 6 define the material elastic properties when the

behavior is assumed to be linear. The number of independent coefficients can be

reduced if the material exhibits special characteristics, as discussed in the following

sections.

4.2 ANISOTROPIC LINEARLY ELASTIC MATERIALS

Let U be the strain energy, per unit volume, that represents the work done by the

internal stresses. Using the definition of the work presented in the preceding chap-

ter, one then has

dU ¼ s : de ð4:5Þ

which implies that

s ¼ @U

@e

� �T

ð4:6Þ

This equation can be written more explicitly in terms of the stress and strain com-

ponents as

rij ¼
@U

@eij
, i, j ¼ 1, 2, 3 ð4:7Þ

The preceding two equations when combined with the constitutive equations

(Equation 3) imply

s ¼ @U

@e

� �T

¼ E : e ð4:8Þ

Note that this relationship is valid only for linearly elastic materials in which the

elastic coefficients are assumed to be independent of the strains. This equation

shows that

@2U

@ei@ej
¼ eij ¼

@2U

@ej@ei
¼ eji ð4:9Þ

Here, for simplicity, a single subscript is used for the strain components according to

the definitions of Equation 2. Equation 9 implies that

eij ¼ eji, i, j ¼ 1, 2, 3 ð4:10Þ
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This equation shows that for linearly elastic materials, the matrix of elastic coeffi-

cients is symmetric and there are only 21 distinct elastic coefficients for a general

anisotropic linearly elastic material. This result is obtained based on energy consid-

erations using the basic definition of the work of the elastic forces obtained in the

preceding chapter and as defined by Equation 5.

EXAMPLE 4.1

For hyperelastic materials, the work of the stresses depends on the initial and

final configurations and is independent of the path. In order to prove this result,

we consider Green–Lagrange strain tensor and the second Piola–Kirchhoff

stress tensor. Let t be time, and let the initial and final configurations be defined

at t1 and t2. Then, the work of the stresses can be written as

Ws ¼
ðt2

t1

sP2 : de ¼
ðt2

t1

sP2 : _edt ¼
ðt2

t1

@U

@e
: _edt

One can show that this equation can be written as

Ws ¼
ðt2

t1

@U

@e
: _edt ¼

ðt2

t1

dU

dt
dt ¼ U t2ð Þ �U t1ð Þ

This equation shows that for hyperelastic materials, in which the stresses can be

obtained from a potential function, the work of the stresses does not depend on

the path and depends only on the initial and final configurations. In the case of

a closed cycle, the work is identically zero.

4.3 MATERIAL SYMMETRY

In some structural materials, special kinds of symmetry may exist. The elastic coef-

ficients, for example, may remain invariant under coordinate transformations. In

this section, a reflection transformation and a proper orthogonal transformation due

to rotations are considered. The obtained transformation results are used to reduce

the number of unknown elastic coefficients.

Reflection For instance, consider the reflection with respect to the X1X2 plane

given by the following transformation:

A ¼
1 0 0
0 1 0
0 0 �1

2
4

3
5 ð4:11Þ
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The transformed stress and strain tensors �s and �e are given, respectively, by

�s ¼ ATsA

�e ¼ ATeA



ð4:12Þ

Using this transformation for the stresses and strains, one obtains

�r11 ¼ r11, �r22 ¼ r22, �r33 ¼ r33

�r12 ¼ r12, �r13 ¼ �r13, �r23 ¼ �r23



ð4:13Þ

and

�e11 ¼ e11, �e22 ¼ e22, �e33 ¼ e33

�e12 ¼ e12, �e13 ¼ �e13, �e23 ¼ �e23



ð4:14Þ

If the elastic coefficients are assumed to be invariant under the reflection trans-

formation, that is, the elastic properties at two material points on the opposite sides

of the X1X2 plane are the same, one can write, for example, �r11 as

�r11 ¼ e11�e11 þ e12�e22 þ e13�e33 þ e14�e12 þ e15�e13 þ e16�e23 ð4:15Þ

Using the result of the reflection transformation, one can write

r11 ¼ �r11 ¼ e11e11 þ e12e22 þ e13e33 þ e14e12 � e15e13 � e16e23 ð4:16Þ

Comparing the preceding two equations, one obtains

e15 ¼ �e15, e16 ¼ �e16, or e15 ¼ e16 ¼ 0 ð4:17Þ

In a similar manner by considering other stress components, one can show that

e25 ¼ e26 ¼ e35 ¼ e36 ¼ e45 ¼ e46 ¼ 0 ð4:18Þ

Therefore, the number of independent elastic coefficients for a material that pos-

sesses a plane of elastic symmetry reduces to 13. If this plane of symmetry is the

X1X2 plane, that is, the elastic properties are invariant under a reflection with

respect to the X1X2 plane, the matrix Em of elastic coefficients can be written as

Em ¼

e11

e21 e22 symmetric
e31 e32 e33

e41 e42 e43 e44

0 0 0 0 e55

0 0 0 0 e65 e66

2
6666664

3
7777775

ð4:19Þ
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If the material has two mutually orthogonal planes of symmetry, one can show

that e41 ¼ e42 ¼ e43 ¼ e65 ¼ 0 and the matrix of elastic coefficients reduces to

Em ¼

e11

e21 e22 symmetric
e31 e32 e33

0 0 0 e44

0 0 0 0 e55

0 0 0 0 0 e66

2
6666664

3
7777775

ð4:20Þ

That is, the number of elastic coefficients is reduced to nine.

Rotations In some materials, the elastic coefficients eij remain invariant under

a rotation through an angle a about one of the axes, that is, the values of these

coefficients are independent of the set of the rectangular axes chosen. For example,

the transformation matrix A in the case of a rotation about the X3 axis is given by

A ¼
cos a � sin a 0
sin a cos a 0

0 0 1

2
4

3
5 ð4:21Þ

One may write expressions for the transformed stress and strain tensors for different

values of a and proceed as in the case of reflection to show that in the case of an

isotropic solid there are only two independent constants, denoted by k and l. One

can show that in this case

e12 ¼ e13 ¼ e21 ¼ e23 ¼ e31 ¼ e32 ¼ k
e44 ¼ e55 ¼ e66 ¼ 2l
e11 ¼ e22 ¼ e33 ¼ kþ 2l

9=
; ð4:22Þ

The two elastic constants, k and l are known as Lame’s constants. These two con-

stants do not have to take the same values at every point on the continuum unless

the material is assumed to be homogeneous. The case of homogeneous isotropic

materials is discussed in the following section.

4.4 HOMOGENEOUS ISOTROPIC MATERIAL

If the material is homogeneous, k and l are constants at all points. The matrix Em of

elastic coefficients can be written in the case of an isotropic homogeneous material

in terms of Lame’s constants as

Em ¼

kþ 2l
k kþ 2l symmetric
k k kþ 2l
0 0 0 2l
0 0 0 0 2l
0 0 0 0 0 2l

2
6666664

3
7777775

ð4:23Þ
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In this case, the relationship between the stresses and strains can be written explic-

itly as

rii ¼ ket þ 2leii, i ¼ 1, 2, 3

rij ¼ 2leij, i 6¼ j



ð4:24Þ

where

et ¼ e11 þ e22 þ e33 ð4:25Þ

is called the dilation. The strains can be written in terms of the stresses (inverse

relationship) as follows:

eii ¼
1

E
1þ cð Þrii � crtf g, i ¼ 1, 2, 3

eij ¼
1

2l
rij ¼

1þ c
E

� �
rij, i 6¼ j

9>>=
>>; ð4:26Þ

where

rt ¼ r11 þ r22 þ r33 ð4:27Þ

and

E ¼ 3kþ 2lð Þl
kþ l

, c ¼ k
2 kþ lð Þ ð4:28Þ

The constants l, E, and c are, respectively, called the modulus of rigidity or shear

modulus, Young’s modulus or modulus of elasticity, and Poisson’s ratio. In terms of

these elastic coefficients, Equation 24 can be written as

rii ¼
E

1þ cð Þ 1� 2cð Þ cet þ 1� 2cð Þeiif g, i ¼ 1, 2, 3

rij ¼
E

1þ cð Þ eij, i 6¼ j

9>>=
>>; ð4:29Þ

Poisson Effect and Locking Lame’s constants can also be written in terms of the

modulus of elasticity and Poisson ratio as

k ¼ cE

1þ cð Þ 1� 2cð Þ , l ¼ E

2 1þ cð Þ ð4:30Þ

Equation 26 and Equation 29 show that the effect of the Poisson ratio is to produce

stresses that couple the stretch deformations in different directions. That is, if the

Poisson ratio is equal to zero, the normal stresses are related to the normal strains by
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the equation rii ¼ Eeii, i ¼ 1, 2, 3, which shows that the normal stress in one di-

rection is independent of the normal strains in the other two directions. Further-

more, the value of the Poisson ratio cannot exceed 0.5. If the Poisson ratio becomes

close to 0.5, the elastic coefficient associated with the dilatation et becomes very

large, producing high stiffness that tends to resist any volume change. When the

continuum equations are solved numerically, this high stiffness can be a source of

problems and introduces what is referred to as locking. In fact, there are several

types of locking including volumetric, shear, and membrane locking associated with

different materials and structural elements. For instance, the volumetric locking can

be explained by using the first equation in Equation 26. Using this equation, one can

show that r11 þ r22 þ r33 ¼ 3kþ 2lð Þet. This equation shows that the hydrostatic

pressure p can be written as p ¼ 3kþ 2lð Þetf g=3, which upon the use of Equation 30

can be written as p ¼ Ket, where K is Bulk modulus defined as K ¼ E= 3 1� 2cð Þf g.
The equation p ¼ Ket defines the relationship between the hydrostatic pressure and

the dilatation. If the Poisson ratio approaches 0.5, bulk modulus becomes very large

leading to a very large stiffness coefficient associated with the volumetric change.

The locking problem will be revisited in Chapter 6 when large deformation finite

element formulations are discussed. It is important, however, to point out that many

of the existing finite element formulations for structural elements such as beams do

not take into consideration Poisson effects. This is mainly due to the fact that the

element cross-sections in these formulations are assumed rigid and are not allowed to

deform. The large deformation finite element formulation discussed in Chapter 6

allows taking into consideration the Poisson effect because the element cross section

is allowed to deform. Such a formulation allows for the use of general constitutive

models as the ones discussed in this chapter, and therefore, coupling between differ-

ent displacement modes such as the bending deformation and the stretch of the cross-

section can be taken into account in the case of beam, plate, and shell problems.

Stress and Strain Invariants Using Equation 24 and the definitions of the sym-

metric strain and stress tensor invariants presented in the preceding two chapters,

one can show that the stress invariants J1, J2, and J3 are related to the strain

invariants I1, I2, and I3 by the following equations (Boresi and Chong, 2000):

J1 ¼ 3kþ 2lð ÞI1

J2 ¼ k 3kþ 4lð ÞI2
1 þ 4l2I2

J3 ¼ k2 kþ 2lð ÞI3
1 þ 4kl2I1I2 þ 8l3I3

9>=
>; ð4:31Þ

Some material constitutive models are formulated in terms of the invariants of

deformation measures, as will be discussed later in this chapter.

Using Equation 24, the strain energy density function can be written in terms of

Lame’s constants and the strain components as

U ¼ 1

2
s : e ¼ 1

2
ke2

t þ l e2
11 þ e2

22 þ e2
33

� �
þ 2l e2

12 þ e2
13 þ e2

23

� �
ð4:32Þ
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Recall that the invariants of the symmetric strain tensor are defined in terms of the

strain components as

I1 ¼ et ¼ e11 þ e22 þ e33

I2 ¼ e11e22 þ e11e33 þ e22e33 � e2
12 � e2

13 � e2
23

I3 ¼ det eð Þ

9=
; ð4:33Þ

This equation shows that I1 is a function of the normal strains, whereas I2

depends on the normal and shear strain components. Using the preceding

two equations, one can show that the strain energy density function for linearly

elastic and isotropic materials can be written in terms of the invariants of the strain

tensor as

U ¼ 1

2
kþ 2lð ÞI2

1 � 4lI2

� �
¼ 1

2
kþ l

� �
I2

1 � 2lI2 ð4:34Þ

The coefficient of the square of the dilatation in this strain energy density expression

can be written as

1

2
kþ l

� �
¼ E 1� cð Þ

2 1þ cð Þ 1� 2cð Þ ð4:35Þ

This equation demonstrates once again the numerical problems that can be en-

countered when dealing with incompressible and nearly incompressible

materials.

Invariants of the deformation measures can have a clear physical meaning that

explains the stiffness coefficients that enter into the formulation of the material

constitutive equations. For example, I3 is a measure of the change of volume,

whereas the dilation I1 can be a measure of the stretch. For isotropic materials, it

is sometimes more convenient to use directly the invariants of the deformation

measure to develop the constitutive equations. For this reason, some identities re-

lated to these invariants will be discussed in detail in the next section, whereas the

use of these identities in developing constitutive models for other material types will

be discussed in Section 6 of this chapter.

Plane-Stress and Plane-Strain Problems If r13, r23, and r33 are equal to zero,

that is, r13 ¼ r23 ¼ r33 ¼ 0, one has the case of plane stress. In this case, Equation 26

yields

e11 ¼
1

E
r11 � cr22ð Þ, e22 ¼

1

E
r22 � cr11ð Þ

e33 ¼
�c
E

r11 þ r22ð Þ, e12 ¼
1þ c

E
r12

9>=
>; ð4:36Þ
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Using these equations, one can show that the constitutive equations for linearly

elastic isotropic materials can be written as

r11

r22

r12

2
4

3
5 ¼ E

1

1� c2

c
1� c2

0

c
1� c2

1

1� c2
0

0 0
E

1þ c

2
6666664

3
7777775

e11

e22

e12

2
4

3
5 ð4:37Þ

The assumptions of plane stress are made in several applications such as in the

analysis of thin plates. If the interest is focused on the deformation of the plate

mid-surface in response to applied forces, the normal and shear stresses in the di-

rection of the plate thickness can be neglected.

In the case of plane strain, one has e13 ¼ e23 ¼ e33 ¼ 0. Using Equation 24, one

has

r11 ¼ kþ 2lð Þe11 þ ke22

r22 ¼ kþ 2lð Þe22 þ ke11

r33 ¼ k e11 þ e22ð Þ
r12 ¼ 2le12

9>>>=
>>>;

ð4:38Þ

The constitutive equations can be written in this case as

r11

r22

r12

2
4

3
5 ¼ kþ 2lð Þ k 0

k kþ 2lð Þ 0
0 0 2l

2
4

3
5 e11

e22

e12

2
4

3
5 ð4:39Þ

Recall that the stress–strain relationships presented in this section are based on

the assumption of linear behavior of the materials. These relationships, therefore,

cannot be used directly in the case of materials that do not exhibit linear behavior

based on the assumptions described in this chapter. Other constitutive relationships

must be used for nonlinear materials, materials that have directional properties, or

plastic and viscoelastic materials.

EXAMPLE 4.2

Consider again the beam model used in several examples presented in the pre-

ceding chapters of this book. Assume that the beam displacement is described

by

r ¼ l þ dð Þn lg½ �T
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where n ¼ x1=l, g ¼ x2=l, l is the length of the beam and d is a constant that defines

the beam axial deformation. It was shown in Example 3 of Chapter 2 that this

displacement can be produced using the following vector of beam coordinates:

e ¼ 0 0 1þ d
l

� �
0 0 1 l þ d 0 1þ d

l

� �
0 0 1

	 
T

One can show that the matrix of position vector gradients is defined as

J ¼ 1þ d
l

0

0 1

" #

The determinant of the matrix of the position vector gradients is

J ¼ Jj j ¼ 1þ d
l

The Green–Lagrange strain tensor is defined in this case as

e ¼ 1

2
JTJ� I
� �

¼ e11 e12

e12 e22

	 

¼

d
l

1þ d
2l

� �
0

0 0

2
4

3
5 ¼ e11

1 0
0 0

	 


where e11 ¼
d
l

1þ d
2l

� �
.

If the case of plane strain is assumed, the relationship between the stresses

and strains are given as

r11

r22

r12

2
4

3
5 ¼ kþ 2lð Þ k 0

k kþ 2lð Þ 0
0 0 2l

2
4

3
5 e11

e22

e12

2
4

3
5

Assume that this constitutive equation governs the relationship between the

second Piola–Kirchhoff stress and Green–Lagrange strain tensors. The second

Piola–Kirchhoff stress tensor can then be written as

sP2 ¼
a1e11 0

0 a2e11

	 

¼ e11

a1 0
0 a2

	 


where a1 and a2 are defined as

a1 ¼ kþ 2l, a2 ¼ k

Lame’s constants k and l can be expressed in terms of the modulus of elasticity

and Poisson ratio as shown in Equation 30. In the case of incompressible or
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nearly incompressible materials, some of the coefficients that appear in the

stress–strain relationships of this simple example can take high values leading

to a stiff behavior of the continuum.

Finite Dimensional Model As in the case of the inertia and body forces, one can

systematically develop, using approximation methods, an expression of the stress

forces of the infinite dimension continuum in terms of a finite set of coordinates. To

this end, the strain energy expression or the virtual work of the elastic forces can be

used. The strains can be expressed in terms of the position vector gradients. The

position vector gradients can be written in terms of the time-dependent coordinates.

Using the constitutive equations, the virtual work or the strain energy can be

expressed in terms of the coordinates used in the assumed displacement field. This

systematic procedure is described by the following example.

EXAMPLE 4.3

It was shown in the preceding chapter that the virtual work of the elastic forces

can be written in terms of the Green–Lagrange strain tensor and the second

Piola–Kirchhoff stress tensor as

dWs ¼ �
ð
V

sP2 : dedV

In this equation, integration over the volume in the reference configuration is

used because the stress and strain tensors used are associated with the reference

configuration. The Green–Lagrange strain tensor and the virtual change in this

tensor can be written, respectively, as

e ¼ 1

2
JTJ� I
� �

, de ¼ 1

2
JTdJþ dJT

� �
J

� �

where J is the matrix of position vector gradients. Because the second Piola–

Kirchhoff stress tensor sP2 is symmetric, one has

dWs ¼ �
ð
V

sP2 : dedV ¼ �
ð
V

sP2 : JTdJdV

This equation, upon using the constitutive equations, can be expressed explicitly

in terms of the position vector gradients, which in turn can be expressed in

terms of the coordinate q, which are used in the assumed displacement field.

Recall that

r ¼ Sq, dr ¼ Sdq
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Using this assumed displacement field, one can write

rxi
¼ Sxi

q, drxi
¼ Sxi

dq, i ¼ 1, 2, 3

This equation shows that the virtual change of the position vector gradients can

be expressed in terms of the virtual change in the coordinates q.

Equivalently, one can write

dWs ¼ �
ð
V

sP2 : dedV

¼ �
ð
V

r11de11 þ r22de22 þ r33de33 þ 2r12de12 þ 2r13de13 þ 2r23de23ð ÞdV

In this equation rij are the components of the second Piola–Kirchhoff stress

tensor. The constitutive equations and the expression for the position vector

gradients can be directly substituted into this equation to obtain an expression

of the virtual work expressed in terms of the components of the coordinate

vector q and their virtual changes.

Homogeneous Displacement Some of the finite elements used in the literature

yield constant strains. That is, the strain components are the same at every material

point. These elements, which are defined using linear displacement field, are called

constant-strain elements. As discussed in the preceding chapter, in the case of

homogeneous displacements, the matrix of position vector gradients J is the same

everywhere throughout the continuum. A special example of this motion is the rigid-

body motion, in which J represents an orthogonal matrix. Because in the case of

homogeneous displacements, the strain components are the same at all material

points, the stress tensor is independent of the location at which this tensor is eval-

uated if the matrix of the elastic coefficients is independent of the location, as in the

case of isotropic materials. One, therefore, has =s ¼ 0.

4.5 PRINCIPAL STRAIN INVARIANTS

In the case of isotropic materials, the constitutive behavior must be the same in any

material direction. This means that the relationship between the potential function

U and the Green–Lagrange strain tensor e, or equivalently the right Cauchy–Green

deformation tensor Cr, is independent of the chosen material axes. As a conse-

quence, the potential function U must depend only on the invariants of e, as dem-

onstrated in the preceding section or equivalently on the invariants of the right

Cauchy–Green deformation tensor Cr. In this case, one can write the potential

function as

U ¼ U I1, I2, I3ð Þ ð4:40Þ
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where I1, I2, and I3 are considered here to be the invariants of Cr defined as

I1 ¼ tr Crð Þ, I2 ¼
1

2
tr Crð Þð Þ2�tr C2

r

� �n o
, I3 ¼ det Crð Þ ¼ Crj j ð4:41Þ

These invariants can be written in terms of the eigenvalues k1, k2, and k3 of Cr as

I1 ¼ k1 þ k2 þ k3

I2 ¼ k1k2 þ k1k3 þ k2k3

I3 ¼ k1k2k3

9=
; ð4:42Þ

In the analysis of the large deformation, the second Piola–Kirchhoff strain

tensor can be obtained from the potential function U. Recall that the right

Cauchy–Green deformation tensor can be written in terms of the Green–Lagrange

strain tensor as Cr ¼ 2eþ I. Because e and sP2 are symmetric, the second Piola–

Kirchhoff stress tensor can then be written as

sP2 ¼
@U

@e
¼ 2

@U

@Cr
¼ 2

@U

@I1

@I1

@Cr
þ 2

@U

@I2

@I2

@Cr
þ 2

@U

@I3

@I3

@Cr
ð4:43Þ

The derivatives of the principal invariants of a second-order tensor with respect to

the tensor itself are known in a closed form. For the right Cauchy–Green deforma-

tion tensor, one has

@I1

@Cr
¼ I,

@I2

@Cr
¼ I1I� CT

r ,
@I3

@Cr
¼ I3C�1T

r ð4:44Þ

Using these results and the fact that Cr is symmetric, the second Piola–Kirchhoff

stress tensor can be written as

sP2 ¼ 2
@U

@Cr
¼ 2

@U

@I1
þ I1

@U

@I2

� �
I� 2

@U

@I2
Cr þ 2I3

@U

@I3
C�1

r ð4:45Þ

The Kirchhoff stress tensor sK can also be written as

sK ¼ JsP2JT ¼ 2
@U

@I1
þ I1

@U

@I2

� �
Cl � 2

@U

@I2
C2

l þ 2I3
@U

@I3
I ð4:46Þ

where J is the matrix of position vector gradients, and Cl ¼ JJT is the left Cauchy–

Green deformation tensor. Recall that Cauchy stress tensor, which is of practical

significance, differs from Kirchhoff stress tensor sK by only a scalar multiplier that is

equal to the determinant of the matrix of the position vector gradients. Therefore, an

expression of the Cauchy stress tensor in terms of the invariants of the right Cauchy–

Green deformation tensor can be easily obtained using the preceding equation.
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4.6 SPECIAL MATERIAL MODELS FOR LARGE DEFORMATIONS

Hooke’s law describes linear elastic materials in which the stresses are proportional

to the strains. In the case of one-dimensional problem, the stress–strain relationship

can be described by a straight line. Some materials such as metal behave in this

manner up to a certain limit for the applied stress called the proportional limit. After

this point, the material remains elastic, but it exhibits nonlinear behavior, up to

a stress limit known as the elastic limit. The proportional and elastic limits can be

different for some materials such as steel. After the elastic limit, the stress reaches

a local maximum called the yield stress, after which the stress drops to a local

minimum and plastic deformation starts. In the plastic region, a small increase in

the stress can lead to significant increase in the strain.

Not all materials follow the deformation sequence described earlier. Some

materials exhibit nonlinear behavior from the start, and some other materials can

be brittle and do not exhibit any significant elastic deformation. In this section, other

material models that can be used in the analysis of large deformation problems are

discussed. The first is the Neo–Hookean material model, which is an extension of

Hooke’s law for isotropic linear material to large deformation. The second model

is the Modified Mooney–Rivlin material model which can be used in the large

deformation analysis of incompressible materials such as rubbers.

Compressible Neo–Hookean Material Models The Neo–Hookean material model

is developed for the large deformation analysis. The constitutive equations are obtained

using the following expression for the energy density function (Bonet and Wood, 1997):

U ¼ l
2

I1 � 3ð Þ � l ln J þ k
2

ln Jð Þ2 ð4:47Þ

In this equation, l and k are Lame’s constants used in the linear theory, I1 is the first

invariant of the right Cauchy–Green deformation tensor Cr, and J ¼ detðJÞ is the

determinant of the matrix of position vector gradients. It is clear from the preceding

equation that if there is no deformation, that is Cr ¼ I (rigid-body motion), I1 ¼ 3

and J ¼ 1; U is identically equal to zero and there is no energy stored as expected.

The second Piola–Kirchhoff stress tensor can now be obtained using the results

presented in the preceding section as

sP2 ¼ 2
@U

@I1
þ I1

@U

@I2

� �
I� 2

@U

@I2
Cr þ 2I3

@U

@I3
C�1

r

¼ l I� C�1
r

� �
þ k ln Jð ÞC�1

r ð4:48Þ

Similarly, the Kirchhoff stress tensor can be obtained for the Neo–Hookean material as

sK ¼ 2
@U

@I1
þ I1

@U

@I2

� �
Cl �

@U

@I2
C2

l þ I3
@U

@I3
I

� 


¼ l Cl � Ið Þ þ k ln Jð ÞI ð4:49Þ
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The fourth-order Lagrangian tensor of the elastic coefficients for the Neo–

Hookean material can be obtained by differentiating the expression for the second

Piola–Kirchhoff stress tensor with respect to the components of the Green–

Lagrange strain tensor. That is,

eijkl ¼
@ sP2ð Þij
@ekl

¼
@ l I� C�1

r

� �
þ k ln Jð ÞC�1

r

� �
ij

@ekl
ð4:50Þ

Note that @ sP2ð Þij=@ekl ¼ @ sP2ð Þij=@ckl

� �
@ckl=@eklð Þ, and @ckl=@eklð Þ ¼ 2, where ckl

here is the kl th element of the right Cauchy–Green deformation tensor Cr. The

preceding equation can be used to define the fourth-order tensor of elastic coeffi-

cients as

E ¼ khC�1
r � C�1

r � 2lh

@C�1
r

@Cr
ð4:51Þ

In this equation

kh ¼ k, lh ¼ l� k ln J ð4:52Þ

are the effective coefficients for the Neo–Hookean material.

Alternatively, one can obtain the elastic coefficients eij used in the vector and

matrix notation instead of the tensor notation using the following equation:

eij ¼
@2U

@ei@ej
¼
@2 l

2
I1 � 3ð Þ � l ln J þ k

2
ln Jð Þ2

� 

@ei@ej

ð4:53Þ

The special case of nearly incompressible material can be obtained from the general

Neo–Hookean model by choosing Lame constants such that k
 l. In this case, the

third term in the strain energy density function k ln Jð Þ2=2 can be considered as

a penalty term, which makes the deviation of J from 1 very small, and as a conse-

quence, enforces the incompressibility condition.

EXAMPLE 4.4

In order to prove Equation 51, one can write

eijkl ¼
@ sP2ð Þij
@ eð Þkl

¼ 2
@ sP2ð Þij
@ Crð Þkl

¼ 2
@ l I� C�1

r

� �
þ k ln Jð ÞC�1

r

� �
ij

@ Crð Þkl

¼ 2 �l
@ C�1

r

� �
ij

@ Crð Þkl

þ k ln Jð Þ
@ C�1

r

� �
ij

@ Crð Þkl

þ k
@ ln Jð Þ
@ Crð Þkl

C�1
r

� �
ij

( )
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Note that

J ¼ detðJÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det Crð Þ

p
¼

ffiffiffiffiffi
I3

p

Using this identity and Equation 44, one obtains

@ ln Jð Þ
@ Crð Þkl

¼
@ ln

ffiffiffiffiffi
I3

p� �
@I3

@I3

@ Crð Þkl

¼ 1

2
ffiffiffiffiffi
I3

p ffiffiffiffiffi
I3

p I3 C�1
r

� �
kl
¼ 1

2
C�1

r

� �
kl

Substituting this equation into the expression for eijkl, one obtains

eijkl ¼ k C�1
r

� �
ij

C�1
r

� �
kl
�2 l� k ln Jð Þð Þ

@ C�1
r

� �
ij

@ Crð Þkl

which can be written as

E ¼ khC�1
r � C�1

r � 2lh

@C�1
r

@Cr

where kh and lh are defined by Equation 52.

Incompressible Mooney–Rivlin Materials A general form of the strain energy

function for incompressible rubber materials is based on Mooney–Rivlin model. For

incompressible materials, J ¼ det(J) ¼ 1, and therefore, the third invariant of Cr is

equal to one because I3 ¼ det Crð Þ ¼ J2 ¼ 1. Therefore, the strain energy function

for such incompressible materials depends on I1 and I2 only and is given by (Bonet

and Wood, 1997)

U ¼ U I1, I2ð Þ ¼
X‘

r¼0

X‘

s¼0

lrs I1 � 3ð Þr I2 � 3ð Þs, l00 ¼ 0 ð4:54Þ

In this equation, the coefficients lrs are constants. A special case of the preceding

equation that was shown to match experimental results by Mooney and Rivlin is

when l01 and l10 only are different from zero. In this particular case, one has

U ¼ U I1, I2ð Þ ¼ l10 I1 � 3ð Þ þ l01 I2 � 3ð Þ ð4:55Þ

The incompressibility condition that J ¼ 1, or equivalently I3 ¼ 1, must be imposed.

In order to impose this constraint, one can use the technique of Lagrange multipliers

or the penalty method. The method of Lagrange multipliers introduces additional

algebraic equations and unknown constraint forces, which enter into the
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formulation of the dynamic equations (Roberson and Schwertassek, 1988; Shabana,

2005). If the dependent variables that result from introducing the algebraic equa-

tions are not systematically eliminated, one must solve a system of differential and

algebraic equations. The use of Lagrange multipliers requires a more sophisticated

numerical procedure in order to be able to accurately solve the resulting dynamic

equations.

On the other hand, if the penalty method is used, the preceding equation for the

strain energy density function can be modified to include the penalty terms. There

are several forms that can be used to introduce a penalty energy function Up. One

example is to use an energy function that produces a restoring force if the determi-

nant of the matrix of position vector gradients deviates from one. In this case, the

penalty function takes the form Up ¼ kðJ � 1Þ2=2, where k is a stiffness coefficient

that must be selected high enough to enforce the incompressibility condition. In this

case, the modified strain energy density function can be written as �U ¼ U þUp.

Another example is to use the following modified strain energy density function

(Belytschko et al., 2000).

�U ¼ U þ k1 ln I3 þ k2 ln I3ð Þ2

¼ l10 I1 � 3ð Þ þ l01 I2 � 3ð Þ þ k1 ln I3 þ k2 ln I3ð Þ2 ð4:56Þ

In this equation, Up ¼ k1 ln I3 þ k2 ln I3ð Þ2 is the penalty energy term, k1 and k2 are

constants. The constant k1 is selected such that the components of the second Piola–

Kirchhoff stress tensor are zero in the initial configuration. This condition is chosen

such that k1 ¼ � l10 þ 2l01ð Þ (Belytschko et al., 2000). The penalty constant k2 must

be chosen large enough such that the compressibility error is small. The value of

such constant must not be selected extremely large in order to avoid numerical

problems associated with high-stiffness coefficients. The value recommended by

Belytschko et al. (2000) is k2 ¼ 103 �max l01, l10ð Þ to k2 ¼ 107 �max l01, l10ð Þ.
The components of the second Piola–Kirchhoff stress tensor can be obtained from

the modified strain energy density function as

sP2 ¼ 2
@ �U

@Cr
¼ 2

@U

@Cr
þ 2 k1 þ k2 ln I3ð Þf gC�1

r ð4:57Þ

The penalty method has two main drawbacks. First, it requires making assumptions

for the penalty coefficients because there is no standard formula for determining

these coefficients. Second, if the penalty coefficients required to satisfy the incom-

pressibility condition are very high, the system becomes very stiff and numerical

problems can be encountered as previously discussed. On the other hand, although

the use of Lagrange multipliers leads to a more sound analytical approach, one must

develop a procedure for solving the resulting differential and algebraic equations, as

previously mentioned. The algebraic constraint equations reduce the number of the

system degrees of freedom and lead to a more robust, yet more complex, numerical

algorithm. The use of the penalty method, on the other hand, does not require

introducing algebraic constraint equations.

4.6 Special Material Models for Large Deformations 149



Objectivity In the literature, there are different constitutive models that are used

to characterize the behavior of different materials. These constitutive models, how-

ever, must satisfy the objectivity requirement or the principle of material frame

indifference. Any form of the constitutive equations leads to a functional relation-

ship that can be written in the form s ¼ F Jð Þ. Using this functional relationship, one

can, in a straightforward manner, obtain the conditions that must be met in order to

satisfy the objectivity requirement. For example, consider s to be the Cauchy stress

tensor. If the continuum is subjected from its current configuration to a rigid-body

rotation defined by the transformation matrix A, the new matrix of position vector

gradients is defined as �J ¼ AJ, whereas the new Cauchy stress tensor is defined as

�s ¼ AsAT. It follows that �s ¼ F AJð Þ ¼ AsAT ¼ AF Jð ÞAT. That is, the consti-

tutive equations must satisfy the condition F AJð Þ ¼ AF Jð ÞAT in order to meet the

objectivity requirement.

Recall that the second Piola–Kirchhoff stress tensor does not change under an

arbitrary rigid-body rotation. If this stress tensor is used, the constitutive model can in

general be written in the form sP2 ¼ FP2 Jð Þ. In the case of a rigid-body rotation defined

by the transformation matrix A, one has �J ¼ AJ and �sP2 ¼ sP2. It follows that

�sP2 ¼ FP2 AJð Þ ¼ sP2 ¼ FP2 Jð Þ, which leads to the condition FP2 AJð Þ ¼ FP2 Jð Þ.

4.7 LINEAR VISCOELASTICITY

In this section, viscoelastic materials that are dissipative in nature are considered.

Such materials, which are not hyperelastic, can have permanent deformation when

the loads are released. The constitutive equations for viscoelastic models are written

in terms of derivatives of strains or stresses. These constitutive equations, as will be

demonstrated, can be given in the form of differential or integral equations. For this

reason, unlike the case of purely elastic model, the full history of the strains and

stresses is required. First, the case of one-dimensional linear viscoelastic models is

discussed. Generalization of the one-dimensional theory to three-dimensional mod-

els is demonstrated next. In the case of linear visoelasticity, one does not need to

distinguish between different stress and strain measures because the linear theory is

applicable, for the most part, to small deformation problems.

One-Dimensional Model Several models are used in the analysis of viscoelastic

materials. First, the standard model shown in Figure 1 is considered. This

Ep

Esη

Figure 4.1. Standard model.
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model consists of two springs and a dashpot that are arranged as shown in the figure.

The spring constants are Ep and Es and the dashpot constant is g. The total strain can

be written as the sum of the elastic strain due to the deformation of the spring Es and

the inelastic strain due to the motion of the dashpot (assumption of series connec-

tion), that is,

e ¼ ese þ ev ð4:58Þ

where e is the total strain, ese is the elastic strain in the spring Es, and ev is the strain

due to the viscosity of the material. Equation 58 is an example of the strain additive

decomposition which can be assumed in the case of linear viscoelasticity. Differen-

tiating the preceding equation with respect to time, one obtains

_e ¼ _ese þ _ev ð4:59Þ

Using the arrangement of the standard model and small strain assumptions, the

stresses in the spring and the dashpot are assumed equal, that is

rs ¼ Esese ¼ Es e� evð Þ ¼ g _ev ð4:60Þ

The total stress can then be written as

r ¼ Epeþ rs ¼ Epeþ Es e� evð Þ ð4:61Þ

Equation 60 shows that

_ev þ
Es

g
ev ¼

Es

g
e tð Þ ð4:62Þ

or

_ev þ
1

sr
ev ¼

1

sr
e tð Þ ð4:63Þ

where sr ¼ g=Es is called the relaxation time.

Equation 63 can be considered as a first-order nonhomogeneous ordinary dif-

ferential equation in the strain _ev. The solution of this equation can be obtained, as

shown in Example 5, using the convolution or the Duhamel integral as (Weaver

et al., 1990; Shabana, 1996C)

evðtÞ ¼
1

sr

ðt
�‘

H t � sð Þ e sð Þds ð4:64Þ

where H t � sð Þ is the impulse response function defined as

H t � sð Þ ¼ e
�

t � sð Þ
sr ð4:65Þ
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Integrating Equation 64 by parts and using the condition that e tð Þ ! 0 as t!�‘, one

obtains

evðtÞ ¼ e tð Þ �
ðt
�‘

H t � sð Þ _e sð Þds ð4:66Þ

Substituting this equation into the expression for the stress of Equation 61 in order

to eliminate ev and writing e in terms of the integral of _e, one obtains

rðtÞ ¼
ðt
�‘

G t � sð Þ _e sð Þds ð4:67Þ

where the kernel G tð Þ is called the relaxation function associated with the standard

model and is defined as

G tð Þ ¼ Ep þ EsH tð Þ ð4:68Þ

Equation 67 is the constitutive equation in the case of one-dimensional linear vis-

coelastic material models. This equation is based on the assumptions of the standard

model of viscoelasticity.

EXAMPLE 4.5

In order to provide a proof of some of the equations presented in this section,

Equation 63 is used as the starting point. This equation can be written as

_ev þ
1

sr
ev ¼

1

sr
e tð Þ

The homogeneous form of this equation, which can be used to obtain the re-

sponse due to initial conditions can be written as

_ev þ
1

sr
ev ¼ 0

This equation can be written as

dev

dt
¼ � 1

sr
ev

That is,

dev

ev
¼ � 1

sr
dt

This equation, upon integration and using the assumption that

e tð Þ ! 0 as t! �‘, can be written as

ev ¼ Eve�t=sr

where Ev is a constant that depends on the initial conditions. Using this equa-

tion, the impulse response function can be defined as

H tð Þ ¼ e�t=sr
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Using the right-hand side of Equation 63, one can write

dev ¼
1

sr
e sð ÞH t � sð Þds

which leads to the convolution or the Duhamel integral

ev ¼
1

sr

ðt
�‘

H t � sð Þe sð Þds

Integrating this equation by parts and using the definition of H tð Þ and the

assumption that e tð Þ ! 0 as t! �‘, one obtains

ev tð Þ ¼ 1

sr

ðt
�‘

e
�

t � sð Þ
sr e sð Þds ¼ 1

sr
e sð Þsre

�
t � sð Þ
sr

2
64

3
75

s¼t

s¼�‘

�
ðt
�‘

sre
�

t � sð Þ
sr _e sð Þds

8><
>:

9>=
>;

¼ 1

sr
e tð Þsr �

ðt
�‘

sre
�

t � sð Þ
sr _e sð Þds

8><
>:

9>=
>; ¼ e tð Þ �

ðt
�‘

e
�

t � sð Þ
sr _e sð Þds

Substituting this result into Equation 61, one obtains

r tð Þ ¼ Epe tð Þ þ Es

ðt
�‘

e
�

t � sð Þ
sr _e sð Þds

One can also write

e tð Þ ¼
ðt
�‘

_e sð Þds

where the condition that e tð Þ ! 0 when t! �‘ is utilized again. Using the

preceding two equations, one obtains

r tð Þ ¼
ðt
�‘

Ep þ Ese
�

t � sð Þ
sr

0
B@

1
CA _e sð Þds

¼
ðt
�‘

Ep þ EsH t � sð Þ
� �

_e sð Þds ¼
ðt
�‘

G t � sð Þ _e sð Þds

where G tð Þ is defined by Equation 68.
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For the standard model, the stress response can be inverted to obtain an expression

for the strain history in terms of the stress history using the following convolution integral:

eðtÞ ¼
ðt
�‘

K t � sð Þ dr sð Þ
ds

ds ð4:69Þ

where K is the creep function, which is defined for the standard model by the

following equation:

K tð Þ ¼ 1

Ep
1� Es

Et
e
�

Ep

srEt
t

0
B@

1
CA ð4:70Þ

In this equation

Et ¼ Ep þ Es ð4:71Þ

It is important to point out that the use of the convolution integral as solution of

ordinary differential equations implies the use of the principle of superposition.

Therefore, the convolution integral can only be used to obtain the solution of linear

ordinary differential equations.

EXAMPLE 4.6

As in the case of the relaxation function, a proof of the definition of the creep

function of Equation 70 can be provided. To this end, Equation 61 can be used

to obtain the following expression for the strain:

e tð Þ ¼ r tð Þ þ Esev

Et

where Et is defined by Equation 71. Substituting the preceding equation into

Equation 60 one obtains

_ev tð Þ þ 1

sr
1� Es

Et

� �
ev tð Þ ¼ 1

srEt
r tð Þ

This is a first-order nonhomogeneous ordinary differential equation, which can

be solved again using the convolution integral. Alternatively, one can try to find

a function a tð Þ such that

a tð Þ _ev tð Þ þ a tð Þ 1

sr
1� Es

Et

� �
ev tð Þ ¼ a tð Þ 1

srEt
r tð Þ

One may also write

d

dt
a tð Þev tð Þf g ¼ a tð Þ 1

srEt
r tð Þ

This equation yields

a tð Þ _ev tð Þ þ _a tð Þev tð Þ ¼ a tð Þ 1

srEt
r tð Þ
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Comparing the preceding three equations, one obtains

_a tð Þ ¼ a tð Þ 1

sr
1� Es

Et

� �
¼ a tð Þ 1

sr

Ep

Et

This equation shows that

a tð Þ ¼ e

Ep

Et

� �
t

sr

Substituting this equation into the equation d a tð Þev tð Þf g=dt ¼ a tð Þr tð Þ=srEt, pre-

viously obtained in this example and integrating, one obtains

ðt
�‘

d

ds
a sð Þev sð Þf gds ¼ 1

srEt

ðt
�‘

a sð Þr sð Þds

Using the preceding two equations, one obtains

a tð Þev tð Þ ¼ 1

srEt

ðt
�‘

a sð Þr sð Þds

which can be written as

ev tð Þ ¼ 1

srEt

ðt
�‘

e
�

Ep

Et

� �
t � sð Þ
sr r sð Þds

Integrating this equation by parts, one obtains

ev tð Þ ¼ 1

srEt

ðt
�‘

e
�

Ep

Et

� �
t � sð Þ
sr r sð Þds

¼ 1

srEt

srEt

Ep
r sð Þe

�
Ep

Et

� �
t � sð Þ
sr

2
64

3
75

s¼t

s¼�‘

� srEt

Ep

ðt
�‘

e
�

Ep

Et

� �
t � sð Þ
sr _r sð Þds

8>><
>>:

9>>=
>>;

¼ 1

srEt

srEt

Ep
r tð Þ � srEt

Ep

ðt
�‘

e
�

Ep

Et

� �
t � sð Þ
sr _r sð Þds

8><
>:

9>=
>;

¼ 1

Ep
r tð Þ �

ðt
�‘

e
�

Ep

Et

� �
t � sð Þ
sr _r sð Þds

8><
>:

9>=
>;

4.7 Linear Viscoelasticity 155



Substituting this equation into the expression e tð Þ ¼ r tð Þ þ Esev tð Þð Þ=Et, one

obtains

e tð Þ ¼

r tð Þ þ Es

Ep
r tð Þ �

ðt
�‘

e
�

Ep

Et

� �
t � sð Þ
sr _r sð Þds

8><
>:

9>=
>;

Et

¼ 1

Ep
r tð Þ �

Es

Ep

ðt
�‘

e
�

Ep

Et

� �
t � sð Þ
sr _r sð Þds

Et

One can also write

r tð Þ ¼
ðt
�‘

_r sð Þds

where the condition that r tð Þ ! 0 when t! �‘ is utilized. Using the preceding

two equations, one obtains

e tð Þ ¼ 1

Ep

ðt
�‘

_r sð Þds� Es

EtEp

ðt
�‘

e
�

Ep

Et

� �
t � sð Þ
sr _r sð Þds

¼
ðt
�‘

1

Ep
1� Es

Et
e
�

Ep

Et

� �
t � sð Þ
sr

0
B@

1
CA _r sð Þds ¼

ðt
�‘

K t � sð Þ _r sð Þds

where K tð Þ is defined by Equation 70.

Other Viscoelastic Models Although in this section, only the standard model is

considered, it is important to mention that two other models are often used in the

analysis of the viscoelastic behavior of materials. These are the Maxwell model and

the Kelvin (Voigt) model (Fung, 1977). In the Maxwell model, only series connec-

tion is used, whereas the Voigt model has elements that are connected in parallel.

Both models (Maxwell and Voigt) can be obtained as special cases of the standard

model previously discussed in this section. The Maxwell model is a special case in

which Ep ¼ 0. It is important to note, however, that for the Maxwell model it is

impossible to write the strain in terms of the stress because the creep function is not

defined as it is clear from Equation 70. On the other hand, the Voigt model can be

obtained from the standard model in case Es ¼ 0. In this case, one has

r ¼ Ep eþ sr _eð Þ ¼ Epeþ g _e, sr ¼
g

Ep
ð4:72Þ
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For the Voigt model, one can obtain a convolution integral in which the history of

the strain is written in terms of the history of the stress. The inverse representation in

which the history of the stress is written in terms of the history of the strain cannot be

defined for the Voigt model.

Generalization The standard model can be generalized to include an arbitrary

number of series spring–dashpot elements connected in parallel in addition to the

spring Ep as shown in Figure 2. In this case, Equation 61 can be generalized and

written as (Simo and Hughes, 1998)

r ¼ Epeþ
XN

i¼1

rsi ¼ Epeþ
XN

i¼1

Esi e� evið Þ ð4:73Þ

In this equation, N is the total number of spring–dashpot elements connected in

parallel. One can define

Et ¼ Ep þ
XN

i¼1

Esi ð4:74Þ

and use this equation to write Equation 73 as

r ¼ Ete�
XN

i¼1

Esievi ð4:75Þ

For each series connection, an equation similar to Equation 60 can be obtained.

Therefore, the viscous strains evi are governed by the following equations:

_evi þ
1

sri
evi ¼

1

sri
e, i ¼ 1, 2, . . . , N ð4:76Þ

Ep

Es2

Es3

Es1η1

η2

η3

Figure 4.2. Generalization.
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where sri ¼ gi=Esi. In this case, one can use a procedure similar to the one described

previously in this section to obtain the following convolution integral for the stress:

rðtÞ ¼
ðt
�‘

G t � sð Þ _e sð Þds ð4:77Þ

with the relaxation function G tð Þ defined as

G tð Þ ¼ Ep þ
XN

i¼1

Esie
�

t

sri ð4:78Þ

Note that Equation 77 is in the same form as Equation 67 with a different definition

of the relaxation function.

Elastic Energy and Dissipation The stored strain energy density function in the

springs of the generalized standard model can be written as

U e, evið Þ ¼ 1

2
Epe

2 þ 1

2

XN

i¼1

Esi e� evið Þ2 ð4:79Þ

Differentiation of this equation with respect to the strain yields

@U e, evið Þ
@e

¼ Epeþ
XN

i¼1

Esi e� evið Þ ð4:80Þ

This equation shows that

r ¼ Epeþ
XN

i¼1

Esi e� evið Þ ¼ @U e, evið Þ
@e

ð4:81Þ

Recall that

rsi ¼ Esi e� evið Þ ¼ gi _evi, i ¼ 1, 2, . . . , N ð4:82Þ

The energy dissipated, assuming a linear force-strain rate relationship, can be writ-

ten as

D e, evi, _evið Þ ¼ 1

2

XN

i¼1

rsi _evi ¼
1

2

XN

i¼1

E2
si

gi

e� evið Þ2 ¼ 1

2

XN

i¼1

gi _evið Þ2 ð4:83Þ
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This dissipated energy is greater than zero for positive viscous damping coefficients.

It is clear that the viscous stress can be obtained from the energy dissipation function as

rsi ¼
@D

@ _evi
¼ gi _evi ¼ Esi e� evið Þ ð4:84Þ

This equation bears a similarity to the equations used to define the elastic stresses in

the case of hyperelastic materials. Here the dissipation function replaces the strain

energy function.

Another Form of the Viscoelastic Equations The elementary model discussed in

this section can be presented in a different form which can be extended in a straight-

forward manner to include nonlinear elastic response (Simo and Hughes, 1998). To

this end, one can introduce a new set of stress-like variables, called partial stresses:

qi ¼ Esievi, i ¼ 1, 2, . . . , N ð4:85Þ

It follows that

r ¼ Ete�
XN

i¼1

qi ð4:86Þ

and

_qi þ
1

sri
qi ¼

Esi

sri
e, i ¼ 1, 2, . . . , N ð4:87Þ

Let

cp ¼
Ep

Et

ci ¼
Esi

Et
, i ¼ 1, 2, . . . , N

9>=
>; ð4:88Þ

Using the definition of Et of Equation 74, one can show that the coefficient in the

preceding equation must satisfy the following relationship:

cp þ
XN

i¼1

ci ¼ 1 ð4:89Þ

Therefore, the first order differential equations for the partial stresses can be

written as

_qi þ
1

sri
qi ¼

ciEt

sri
e, i ¼ 1, 2, . . . , N ð4:90Þ

The solution of this equation must satisfy lim
t!�‘

qi tð Þ ¼ 0.
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It is clear from Equation 86 that one can introduce an auxiliary strain energy

density function Uv such that Uv ¼ Ete2=2. Using this definition and Equation 86, the

stress r can be defined as r ¼ @Uv=@eð Þ �
PN

i¼1 qi. This form of the stress can be

generalized and used in the case of the three-dimensional analysis.

Three-Dimensional Linear Viscoelasticity The one-dimensional model discussed

in this section can be further generalized to the case of three-dimensional analysis.

If Uv is the strain energy density function, one can write the following model pre-

viously presented in this section (Simo and Hughes, 1998)

s ¼ @Uv

@e
�
XN

i¼1

qi ð4:91Þ

Viscoelastic constitutive models are often used for modeling the response of poly-

mer materials. For these materials, the bulk response is elastic and appears to be

much stiffer than the deviatoric response. For this reason, the assumption of

incompressibility is often used. Using this assumption, the strain tensor can be

written as

e ¼ ed þ et ð4:92Þ

where ed is the deviatoric strain tensor, and et is the volumetric strain tensor,

defined as

ed ¼ e� et, et ¼
1

3
tr eð ÞI ð4:93Þ

The stored strain energy density function can also be written as

Uv ¼ Ud edð Þ þUt etð Þ ð4:94Þ

In this equation, Ud and Ut are, respectively, the strain energy density functions due

to the deviatoric and volumetric strains. It can be shown that @Uv=@e in the defini-

tion of s in Equation 91 can be written using chain rule of differentiation as

@Uv

@e
¼ dev

@Ud

@ed

� �
þ @Ut

@e
ð4:95Þ

The evolution equations for the partial stresses can be written as

_qi þ
1

sri
qi ¼

ci

sri
dev

@Ud

@ed

� �
, i ¼ 1, 2, . . . , N ð4:96Þ
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As in the one-dimensional theory, the material parameters must satisfy the follow-

ing condition:

cp þ
XN

i¼1

ci ¼ 1, ð4:97Þ

and the solutions for the partial stresses must satisfy lim
t!�‘

qi tð Þ ¼ 0. Using the con-

volution integrals, the solution for the partial stresses can be obtained as

qi ¼
ci

sri

ðt
�‘

e
�

t � sð Þ
sri dev

@Ud

@ed

� �
ds, i ¼ 1, 2, . . . , N ð4:98Þ

Substituting this equation into the expression for s, one obtains the constitutive

equations in the convolution integral form as

s ¼ @Ut

@e
þ
ðt
�‘

G t � sð Þ d

ds
dev

@Ud

@ed

� �� 

ds ð4:99Þ

In this equation,

G tð Þ ¼ cp þ
XN

i¼1

cie
�

t

sri

� �
ð4:100Þ

The function G(t) is called the normalized relaxation function. Other forms of the

relaxation function G(t) can also be considered. One can also consider the bulk

response to be viscoelastic by simply making the following substitution in the con-

volution form of the constitutive equation:

@Ut

@e
¼
ðt
�‘

Gb t � sð Þ d

ds
dev

@Ut

@e

� �� 

ds ð4:101Þ

where Gb(t) is a suitable relaxation function associated with the bulk response (Simo

and Hughes, 1998). Note that if Ut is a linear function of et, the term dev @Ut=@eð Þ is

the null tensor.

A Kelvin–Voigt model that distinguishes between the bulk and deviatoric

responses can also be developed. For this model, one can write the following con-

stitutive equations (Garcia-Vallejo et al., 2005):

S ¼ Ed : ed þDd : _ed

p ¼ Etet þDt _et



ð4:102Þ

In this equation, S and ed are, respectively, the deviatoric stress and strain

tensors; Ed and Dd are, respectively, the tensors of elastic and damping coefficients,

p is the hydrostatic pressure, et is the dilatational strain, and Et and Dt are elastic and

damping coefficients. In the case of linear elastic materials, Ed ¼ 2lI and Et ¼ 3K,
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where l is the shear modulus or modulus of rigidity, K ¼ E=3 1� 2cð Þ is bulk mod-

ulus, E is the modulus of elasticity, and c is the Poisson’s ratio. In the literature

(Garcia-Vallejo et al., 2005), the damping coefficients are assumed to be Dd ¼ 2ljd,

Dd ¼ 3Knt where jd and nt are the dissipation coefficients associated with the devia-

toric and volumetric strains. Using the preceding equation and the fact that

s ¼ pIþ S and e ¼ etIþ ed, the constitutive equations based on the Kelvin–Voigt

model can be written as

s ¼ E : eþDv : _e ð4:103Þ

In this equation, Dv is an appropriate damping matrix.

EXAMPLE 4.7

Equation 95 can be written in the following form:

@Uv

@e
¼ @Ud

@ed
:
@ed

@e
þ @Ut

@e

In order to prove Equation 95, one needs to show that

@Ud

@e
¼ @Ud

@ed
:
@ed

@e
¼ dev

@Ud

@ed

� �

Using Equation 93, the deviatoric strain tensor can be written as follows

edð Þij¼ eð Þij� dijet

where dij is the Kronecker delta, and et ¼ e11 þ e22 þ e33ð Þ=3. Note that

@ed

@e

� �
ijkl

¼
@ edð Þij
@ eð Þkl

¼
@ eð Þij
@ eð Þkl

� dij
@et

@ eð Þkl

¼ dikdjl �
1

3
dijdkl

It follows that

@Ud

@e

� �
kl

¼ @Ud

@ eð Þkl

¼ @Ud

@ edð Þij

@ edð Þij
@ eð Þkl

¼ @Ud

@ edð Þij
dikdjl �

1

3
dijdkl

� �

Note that

@Ud

@ edð Þij
dikdjl ¼

@Ud

@edð Þkl

and

@Ud

@edð Þij
1

3
dijdkl

� �
¼ 1

3

@Ud

@ed

� �
11

þ @Ud

@ed

� �
22

þ @Ud

@ed

� �
33

� �
dkl
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The preceding three equations lead to

@Ud

@e

� �
kl

¼ @Ud

@ eð Þkl

¼ @Ud

@ edð Þkl

� 1

3

@Ud

@ed

� �
11

þ @Ud

@ed

� �
22

þ @Ud

@ed

� �
33

� �
dkl

¼ @Ud

@ edð Þkl

� 1

3
tr

@Ud

@ed

� �
dkl

or in a matrix form

@Ud

@e
¼ dev

@Ud

@ed

� �

EXAMPLE 4.8

In order to prove Equation 99, one can integrate Equation 98 by parts. This

leads to

qi ¼
ci

sri

ðt
�‘

e
� t � sð Þ

sri dev
@Ud

@ed

� �
ds

¼ ci

sri
srie
� t � sð Þ

sri dev
@Ud

@ed

� �2
64

3
75

s¼t

s¼�‘

�
ðt
�‘

srie
� t � sð Þ

sri
d

ds
dev

@Ud

@ed

� �� �
ds

8><
>:

9>=
>;

This equation can be written as

qi ¼
ci

sri

ðt
�‘

e
� t � sð Þ

sri dev
@Ud

@ed

� �
ds

¼ ci dev
@Ud

@ed

� �
�
ðt
�‘

e
� t � sð Þ

sri
d

ds
dev

@Ud

@ed

� �� �
ds

8><
>:

9>=
>;

Substituting this into Equation 91, one obtains

s ¼ @Uv

@e
�
XN

i¼1

qi ¼ dev
@Ud

@ed

� �
þ @Ut

@e
�
XN

i¼1

qi

¼ dev
@Ud

@ed

� �
þ @Ut

@e
� dev

@Ud

@ed

� �XN

i¼1

ci þ
XN

i¼1

ci

ðt
�‘

e
� t � sð Þ

sri
d

ds
dev

@Ud

@ed

� �� �
ds

¼ @Ut

@e
þ 1�

XN

i¼1

ci

 !
dev

@Ud

@ed

� �
þ
XN

i¼1

ci

ðt
�‘

e
� t � sð Þ

sri
d

ds
dev

@Ud

@ed

� �� �
ds
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which can be written as

s ¼ @Uv

@e
�
XN

i¼1

qi

¼ @Ut

@e
þ cpdev

@Ud

@ed

� �
þ
XN

i¼1

ci

ðt
�‘

e
� t � sð Þ

sri
d

ds
dev

@Ud

@ed

� �� �
ds

One can write

dev
@Ud

@ed

� �
¼
ðt
�‘

d

ds
dev

@Ud

@ed

� �� �
ds

where the fact that dev @Ud=@edð Þ ! 0 as t! �‘ has been used. Combining the

last two equations one can write

s ¼ @Ut

@e
þ
ðt
�‘

cp þ
XN

i¼1

cie
� t � sð Þ

sri

0
B@

1
CA d

ds
dev

@Ud

@ed

� �� �
ds

or

s ¼ @Ut

@e
þ
ðt
�‘

G t � sð Þ d

ds
dev

@Ud

@ed

� �� �
ds

where G tð Þ is defined by Equation 100.

4.8 NONLINEAR VISCOELASTICITY

In the case of the nonlinear analysis, the principle of superposition employed in the

preceding section for the linear analysis does not apply. Furthermore, the infinites-

imal strain tensor can no longer be used, appropriate strain and stress measures must

be used, and the constitutive equations must be framed indifferent in order to satisfy

the objectivity requirement.

A straightforward generalization of the formulation presented in the preceding

section to the case of finite strains is to use a multiplicative decomposition of the

matrix of position vector gradients. To this end, one can define the following matrix:

�J ¼ J�
1
3J ð4:104Þ
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Using this definition, one has the following simple multiplicative decomposition

of J:

J ¼ J
1
3�J ð4:105Þ

Because on the right-hand side of Equation 104, every row of J is multiplied by J�
1
3,

it follows that the determinant of �J is always equal to one, that is

det �J
� �
¼ 1 ð4:106Þ

One can then define the following right Cauchy–Green deformation tensors:

Cr ¼ JTJ, �Cr ¼ �J
T�J ð4:107Þ

As was previously shown

@J

@Cr
¼ 1

2
JC�1

r ð4:108Þ

The stored elastic energy can be written as the sum of two parts as follows:

U ¼ U1 Jð Þ þU2
�Cr

� �
ð4:109Þ

In this equation, U1 is the strain energy due to the volumetric change, whereas U2 is

the strain energy due to volume-preserving deformations.

Motivated by the development presented in the preceding section, the second

Piola–Kirchhoff stress tensor can be defined for the visoelastic model using the

energy density function and the partial stresses as

sP2 ¼
@U

@e
� J�

2
3

XN

i¼1

qi

 !
¼ 2

@U

@Cr
� J�

2
3

XN

i¼1

qi

 !
ð4:110Þ

In this equation, qi, i ¼ 1, 2, . . . , N, are the partial stresses. Because sP2 does not

change under an arbitrary rigid-body motion, as shown in the preceding chapter, the

partial stresses qi must remain unchanged under the arbitrary rigid-body motion in

order to satisfy the objectivity requirement for the stress. The evolution equations

for the partial stresses can be written as

_qi þ
1

sri
qi ¼

ci

sri
dev 2

@U2

@ �Cr

� �
, i ¼ 1, 2, . . . , N ð4:111Þ
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In this equation, the trace of dev 2@U2=@ �Cr

� �
is not in general equal to zero as in the

case of the second Piola–Kirchhoff stress tensor. The material parameters must

satisfy the following condition:

cp þ
XN

i¼1

ci ¼ 1 ð4:112Þ

The solutions for the partial stresses must satisfy lim
t!�‘

qi tð Þ ¼ 0. Equation 111 rep-

resents a set of N linear first-order differential equations which can be solved for the

partial stresses. Using the convolution integrals, the solution for the partial stresses

can be obtained as

qi ¼
ci

sri

ðt
�‘

e
�

t � sð Þ
sri dev 2

@U2

@ �Cr

� �
ds, i ¼ 1, 2, . . . , N ð4:113Þ

Substituting this equation into the expression for sP2, one obtains the constitutive

equations in the convolution integral form as (Simo and Hughes, 1998)

sP2 ¼ J
@U1

@J
C�1

r þ J�
2
3

ðt
�‘

G t � sð Þ d

ds
dev 2

@U2

@ �Cr

� �� 

ds ð4:114Þ

In this equation,

G tð Þ ¼ cp þ
XN

i¼1

cie
�

t

sri

� �
ð4:115Þ

The function G(t) is the normalized relaxation function. As mentioned in the pre-

ceding section, other forms of the relaxation function G(t) can also be considered.

EXAMPLE 4.9

In order to provide a proof of Equation 114, one can use Equation 107 to define

the elements of the second order tensor �Cr as

�Cr

� �
ij
¼ J�

2
3 Crð Þij

Therefore, one can write

@ �Cr

� �
kl

@ Crð Þij
¼ J�

2
3
@ Crð Þkl

@ Crð Þij
� 2

3
J�

5
3 Crð Þkl

@J

@ Crð Þij
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Using Equation 108, this equation can be written as

@ �Cr

� �
kl

@ Crð Þij
¼ J�

2
3
@ Crð Þkl

@ Crð Þij
� 1

3
J�

2
3 Crð Þkl C�1

r

� �
ij

¼ J�
2
3 dkidlj �

1

3
Crð Þkl C�1

r

� �
ij

� �

Because @U=@e ¼ 2 @U=@Crð Þ, the use of Equations 109 and 110 leads to

sP2 ¼ 2
@U

@Cr
� J�

2
3

XN

i¼1

qi ¼ 2
@U1

@J

@J

@Cr
þ 2

@U2

@ �Cr

:
@ �Cr

@Cr
� J�

2
3

XN

i¼1

qi

which upon the use of Equation 108, can be written in indicial form as

sP2ð Þij

¼ J
@U1

@J
C�1

r

� �
ij
þ2

X3

k,l¼1

@U2

@ �Cr

� �
kl

J�
2
3 dkidlj �

1

3
Crð Þkl C�1

r

� �
ij

� �( )
� J�

2
3

XN

i¼1

qi

 !
ij

¼ J
@U1

@J
C�1

r

� �
ij
þJ�

2
3

X3

k,l¼1

2
@U2

@ �Cr

� �
ij

� 2

3

@U2

@ �Cr

� �
kl

Crð Þkl C�1
r

� �
ij

 !
� J�

2
3

XN

i¼1

qi

 !
ij

Note that 2
@U2

@ �Cr

� �
ij

� 2

3

@U2

@ �Cr

� �
kl

Crð Þkl C�1
r

� �
ij

 !
gives the notion of ‘‘deviatoric’’

stress tensor in the reference configuration, as SP2 defines the deviatoric part of the

second Piola–Kirchhoff stress tensor sP2. This can be demonstrated by writing

2
@U2

@ �Cr

� 1

3
2
@U2

@ �Cr

: Cr

� �
C�1

r

� �
: Cr

¼ 2
@U2

@ �Cr

: Cr �
1

3
2
@U2

@ �Cr

: Cr

� �
C�1

r : Cr

¼ 2
@U2

@ �Cr

: Cr �
1

3
2
@U2

@ �Cr

: Cr

� �
3ð Þ ¼ 0

where the fact that Cr and its inverse are symmetric is utilized. Therefore, one

can assume that the equation for sP2 can be written as

sP2 ¼ J
@U1

@J
C�1

r þ J�
2
3dev 2

@U2

@ �Cr

� �
� J�

2
3

XN

i¼1

qi
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Integrating Equation 113 by parts one obtains

qi ¼ ci dev 2
@U2

@ �Cr

� �
�
ðt
�‘

e
�

t � sð Þ
sri

d

ds
dev 2

@U2

@ �Cr

� �� �
ds

0
B@

1
CA

Substituting this into the equation for sP2 one obtains

sP2 ¼ J
@U1

@J
C�1

r þ J�
2
3 1�

XN

i¼1

ci

 !
dev 2

@U2

@ �Cr

� �

þ J�
2
3

XN

i¼1

ðt
�‘

cie
�

t � sð Þ
sri

d

ds
dev 2

@U2

@ �Cr

� �� �
ds

¼ J
@U1

@J
C�1

r þ J�
2
3 cpdev 2

@U2

@ �Cr

� �
þ
XN

i¼1

ðt
�‘

cie
�

t � sð Þ
sri

d

ds
dev 2

@U2

@ �Cr

� �� �
ds

0
B@

1
CA

One can also write

dev 2
@U2

@ �Cr

� �
¼
ðt
�‘

d

ds
dev 2

@U2

@ �Cr

� �� �
ds

Using the preceding two equations, one obtains

sP2 ¼ J
@U1

@J
C�1

r þ J�
2
3

XN

i¼1

ðt
�‘

cp þ cie
�

t � sð Þ
sri

0
B@

1
CA d

ds
dev 2

@U2

@ �Cr

� �� �
ds

which can be written as

sP2 ¼ J
@U1

@J
C�1

r þ J�
2
3

ðt
�‘

G t � sð Þ d

ds
dev 2

@U2

@ �Cr

� �� �
ds

where G t � sð Þ is defined by Equation 115.

Another Model Another formulation that is based on the Maxwell model and

presented in Belytschko et al. (2000) is discussed in the remainder of this section.
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In this model, it is assumed that the second Piola–Kirchhoff stresses, in the case of

the nonlinear viscoelastic model, is related to the Green–Lagrange strains using the

following constitutive model:

sP2ðtÞ ¼
ðt
�‘

R t, s, eð Þ: de sð Þ
ds

ds ð4:116Þ

where R is the tensor of relaxation functions. One form of the tensor R motivated by

the model presented in the preceding section and is considered as a specialization to

the generalized Maxwell model that consists of nv Maxwell elements connected in

parallel is in terms of Prony series given as

R t, s, eð Þ ¼
Xnv

k¼1

Gk e sð Þð Þ e� t�sð Þ=srk ð4:117Þ

The hyperelastic model can be obtained using the constitutive model presented in

this section by setting srk equal to infinity. Note also that by differentiating the

constitutive equation presented in this section, one obtains

_sP2ð Þkþ
sP2ð Þk
srk

¼ Gk : _e ð4:118Þ

where sP2 ¼
Pnv

k sP2ð Þk and sP2ð Þk are called the partial stresses. The preceding

equation shows that the model presented in this section for nonlinear viscoelasticity

can be considered as a series of parallel connections of Maxwell elements.

EXAMPLE 4.10

In order to prove the constitutive relation of Equation 118, the following basic

calculus identity will be used (Kaplan, 1991):

d

dt

ðt
a

f t, sð Þds ¼ 1

t � að Þ

ðt
a

t � að Þ @
@t

f t, sð Þ þ s� að Þ @
@s

f t, sð Þ þ f t, sð Þ
	 


ds

where f t, sð Þ is an arbitrary function, and a is a constant. Using Equation 116 and

Equation 117, one can write, for each series of the Maxwell elements, which are

connected in parallel, the following stress equation:

sP2ð Þk¼
ðt
�‘

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

ds
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Therefore,

_sP2ð Þk¼
d

dt

ðt
�‘

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

ds

Using the calculus identity presented at the beginning of the example, _sP2ð Þk can

be written as

_sP2ð Þk ¼
1

t � að Þ

ðt
a

t � að Þ @
@t

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

þ 1

t � að Þ

ðt
a

s� að Þ @
@s

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

þ 1

t � að Þ

ðt
a

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

where a! �‘. This equation can be written as

_sP2ð Þk¼�
1

srk

ðt
a

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

þ 1

t � að Þ

ðt
a

s� að Þ @
@s

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

þ 1

t � að Þ

ðt
a

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

or equivalently

_sP2ð Þk¼�
sP2ð Þk
srk

þ 1

t � að Þ

ðt
a

s� að Þ @
@s

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

þ 1

t � að Þ

ðt
a

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds
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Because a! �‘, the last term in the previous equation is equal to zero. There-

fore, one can write

_sP2ð Þk¼ �
sP2ð Þk
srk

þ 1

t � að Þ

ðt
a

s� að Þ @
@s

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

The limit of last term in this equation when a! �‘ is

1

t � að Þ

ðt
a

s� að Þ @
@s

e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

¼
ðt
a

@

@s
e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

0
B@

1
CAds

¼ e
�

t � sð Þ
srk Gk e sð Þð Þ :

de sð Þ
ds

2
64

3
75

s¼t

s¼�‘

¼ Gk e tð Þð Þ :
de tð Þ

dt
¼ Gk e tð Þð Þ : _e tð Þ

Combining the last two equations one can write

_sP2ð Þkþ
sP2ð Þk
srk

¼ Gk : _e

which is the constitutive equation in the rate form given by Equation 118.

4.9 A SIMPLE VISCOELASTIC MODEL FOR ISOTROPIC MATERIALS

In this section, a simple viscoelastic model for isotropic materials is presented. In

this model, for simplicity, the viscoelastic response is restricted to the deviatoric

stress and strains whereas the volume change is assumed to obey linearly elastic

relationship. Recall the following form of the Cauchy stress tensor developed in the

preceding chapter:

s ¼ Sþ pI ð4:119Þ

where S is the stress deviator tensor, and p is the hydrostatic pressure defined as

p ¼ 1

3
r11 þ r22 þ r33ð Þ ¼ 1

3

X3

i¼1

rii ð4:120Þ
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Note that tr(S) ¼ 0, and because Cauchy stress tensor is used, the hydrostatic

pressure p has a physical interpretation. As discussed in the preceding chapter,

the decomposition of the Cauchy stress tensor to deviatoric and hydrostatic pressure

parts can be used to obtain the following decomposition for the second Piola–

Kirchhoff stress tensor:

sP2 ¼ JJ�1sJ�1T ¼ JJ�1 Sþ pIð ÞJ�1T ¼ SP2 þ pJJ�1J�1T ð4:121Þ

where

SP2 ¼ JJ�1SJ�1T ð4:122Þ

The tensor SP2 is the deviatoric components of the second Piola–Kirchhoff stress

tensor. Recall that the trace of SP2 is not necessarily equal to zero despite the fact

that the trace of S is equal to zero.

In a similar manner, the Green–Lagrange strain tensor can be written as follows:

e ¼ ed þ
1

3
etI ð4:123Þ

where ed is the strain deviator tensor and et is the dilatation. In the model presented

in this section, the pressure–volume relationship is assumed to be linear and is

defined as

p ¼ Ket ð4:124Þ

where K is the bulk modulus. A more general model than the one presented in this

section can be obtained by using, in the relationships developed in the remainder of

this section, the components of the Green–Lagrange strain and the second Piola–

Kirchhoff stress tensors instead of the deviatoric parts.

Constitutive equations that relate the stress and strain deviators and are based

on the differential form and a generalized Maxwell model that consists of nv ele-

ments connected in series can be written as (Zienkiewicz and Taylor, 2000)

SP2 ¼ 2G l0ed þ
Xnv

k¼1

lkqk

 !
ð4:125Þ

In this equation, G is a relaxation modulus, qk, k ¼ 1, 2, . . . , nv, are dimensionless

deviatoric partial strains, and lk are dimensionless parameters that satisfy the fol-

lowing condition:

Xnv

k¼1

lk ¼ 1 ð4:126Þ
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The deviatoric partial strains are obtained by solving the following system of ordi-

nary first-order differential equations:

_qk þ
1

srk
qk ¼ _ed ð4:127Þ

in which srk, k ¼ 1, 2, . . . , nv, are the relaxation times. If the state of strains is known

at a given time, a simple single-step method can be used to solve the preceding

equation for the partial deviatoric strains qk. The partial strains can then be

substituted into the constitutive equations to determine the deviatoric stress tensor

SP2. Because the hydrostatic pressure can be determined using the linear elastic

model of Equation 124, one can obtain the elements of the second Piola–Kirchhoff

stress tensor using Equation 121.

If the coefficients that appear in the equations presented in this section are

nonlinear and depend on the state of stress and strain, an iterative Newton–Raphson

algorithm can be used to solve for the stresses. In this case, the tangent moduli for

the viscoelatic model must be determined. The tangent moduli for the viscoelastic

isotropic material model discussed in this section can be found in the literature

(Zienkiewicz and Taylor, 2000).

4.10 FLUID CONSTITUTIVE EQUATIONS

Unlike solids, fluids cannot resist shear stresses because any shear force applied to

a fluid produces motion. In the case of fluids, the stress components are expressed as

functions of the rate of strains. If the shear stresses are proportional to the rate of

strains, one has the case of Newtonian viscous fluid. The constant of proportionality

is the viscosity coefficient. If the effect of viscosity is neglected, one has the case of

inviscid flow in which the effect of shear is neglected. In reality, no fluid has viscosity

coefficient that is equal to zero. The viscosity coefficient can be a function of the

spatial coordinates, pressure and/or temperature. A flow is called incompressible if

the density and volume are assumed to remain constant.

Linear constitutive equations of the fluid can be assumed in the following form

(Spencer, 1980):

s ¼ �p q, Tð ÞIþ E : D ð4:128Þ

In this equation, q is the mass density, T is the temperature, D is the rate of de-

formation tensor, p is the hydrostatic pressure, and E is the fourth-order tensor of

viscosity coefficients. The preceding equation, states that in the case of fluid motion,

all the stresses are linear functions of the components of the rate of deformation

tensor. The normal stresses in particular are equal to the hydrostatic pressure plus

terms that depend linearly on the components of the rate of deformation tensor.

If the fluid is assumed to be isotropic, one can use an argument similar to the one

made in the case of solids to derive the fluid constitutive equations. In this case, one

can write the following fluid constitutive equations (Spencer, 1980):

s ¼ �p q, Tð Þ þ k q, Tð Þtr Dð Þf gIþ 2l q, Tð ÞD ð4:129Þ
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where k and l are viscosity coefficients that depend on the fluid density and tem-

perature. These viscosity coefficients are different from Lame’s constant previously

introduced in this chapter. It is clear from the preceding equation that if the velocity

gradients are equal to zero, the shear stresses are equal to zero, and the normal

stress components reduce to the hydrostatic pressure p. In the preceding equation, l
is the coefficient of shear viscosity, and kþ ð2l=3Þð Þ is called the coefficient of bulk

viscosity. If kþ ð2l=3Þ ¼ 0, one has the Stokes’ relation.

The relationship between the stress components and the rate of strains must be

invariant under coordinate transformations. Recall that the rate of deformation

tensor satisfies the objectivity requirement when it is used with a proper stress

measure, which in this case is the Cauchy stress tensor s because s : L ¼ s : D,

as shown in the preceding chapter. Using this fact, one can show that the fluid

constitutive equations presented in this section are invariant under an arbitrary

rigid-body motion. It can be shown that isotropy follows from Equation 128 and

the requirement that the stresses must be selected to satisfy the objectivity require-

ment. Therefore, one does not need to introduce the isotropy as a separate assump-

tion (Spencer, 1980).

For incompressible fluids, tr Dð Þ ¼ 0. In this special case, the mass density q is

constant, and Equation 129 reduces to

s ¼ �p Tð ÞIþ 2l Tð ÞD ð4:130Þ

In principle, as previously discussed, the incompressibility condition must be

introduced using algebraic constraint equations imposed on the deformation in

order to ensure that the volume remains unchanged throughout the fluid motion.

The algebraic equations must be solved simultaneously with the dynamic equations

of motion of the fluid. Introducing an incompressibility algebraic constraint equa-

tion, as previously mentioned, leads to a constraint force (stress reaction) that can be

used to determine the hydrostatic pressure, which enters into the formulation of the

constitutive equations. This constraint force can be expressed in terms of a Lagrange

multiplier. Note that in the preceding equation the hydrostatic pressure and the

viscosity coefficient depend only on the temperature T. A fluid that is incompress-

ible and inviscid is called an ideal fluid. In this special case, there are no constitutive

equations required and the stresses can be determined by simply using the equations

s ¼ �pI.

4.11 NAVIER–STOKES EQUATIONS

In order to obtain the fluid equations of motion, the fluid constitutive equations can

be used to define the stresses, which in turn can be substituted into the partial

differential equations of equilibrium obtained in the preceding chapter. This leads

to the well known Navier–Stokes equations (White, 2003). In the case of incompress-

ible fluid, the incompressibility algebraic equations must be added to the Navier–

Stokes equations in order to ensure that the fluid volume remains unchanged. In the
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preceding chapter, it was shown that the dynamic equations of equilibrium in the

case of a symmetric stress tensor are given by

=sð ÞT þ fb � qa ¼ 0 ð4:131Þ

where s is the stress tensor, fb is the vector of the body forces, q is the mass density,

and a is the vector of absolute acceleration of the material points. The variables in

the preceding equation are defined in the current configuration. Using the definition

of the stress given for isotropic materials by Equation 129, one can write

=s ¼ �= pIð Þ þ = ktr Dð ÞIð Þ þ = 2lDð Þ ð4:132Þ

Substituting this equation into Equation 131, one obtains

qa ¼ fb þ �= pIð Þ þ = ktr Dð ÞIð Þ þ = 2lDð Þf gT ð4:133Þ

If the fluid is assumed to be Newtonian, the preceding equation leads to

qa ¼ fb þ �= pIð Þ þ k= tr Dð ÞIð Þ þ 2l=Df gT ð4:134Þ

This equation is known as the Navier–Stokes equations.

For an incompressible fluid, tr Dð Þ ¼ 0, and the preceding equation reduces to

qa ¼ fb þ �= pIð Þ þ = 2lDð Þf gT ð4:135Þ

The ratio a1 ¼ l=q is known as the kinematic viscosity. If the Stokes’ relation is

assumed, one has a1 þ a2 ¼ a1=3, where a2 ¼ k=q.

In order to solve the Navier–Stokes equations, the boundary conditions must be

defined. In general, the viscous fluid is assumed to stick to the boundaries such that

the fluid has the boundary velocities in the regions of contact. If the boundary is

stationary, the viscous fluid is assumed to have zero velocity at the boundary. In the

case of inviscid fluid, the fluid can have a tangential velocity at the boundary whereas

the normal component of the velocity is assumed to be zero.

PROBLEMS

1. Write explicitly all the conditions of the material symmetry that lead to

Equation 22.

2. In the case of plane stress, r33 ¼ r13 ¼ r23 ¼ 0. Derive the constitutive equation

in this case.

3. In the case of plane strains, e33 ¼ e13 ¼ e23 ¼ 0. Derive the constitutive equation

in this case of plane strains.

4. Let I1, I2, and I3 be the invariants of the right Cauchy–Green strain tensor

Cr. Show that @I1=@Cr ¼ I, @I2=@Cr ¼ I1I� CT
r , @I3=@Cr ¼ I3C�1T

r .

5. For the Neo–Hookean material model presented in this chapter, show that the

second Piola–Kirchhoff stress tensor is given as sP2 ¼ l I� C�1
r

� �
þ k ln Jð ÞC�1

r ,
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where k and l are Lame’s constants, and Cr is the right Cauchy–Green defor-

mation tensor.

6. For the Neo–Hookean material model presented in this chapter, show that the

Kirchhoff stress tensor is given as sK ¼ l Cl � Ið Þ þ k ln Jð ÞI, where k and l are

Lame’s constants, and Cl is the left Cauchy–Green deformation tensor.

7. Show that the fourth-order tensor of the elastic coefficients for the Neo–

Hookean material model presented in this chapter is given as

E ¼ khC�1
r � C�1

r � 2lh @C�1
r =@Cr

� �
, where Cr is the right Cauchy–Green de-

formation tensor and kh and lh are the coefficients defined in this chapter.

8. Show that the creep function for the one-dimensional standard viscoelastic

model is given by K ¼ 1=Ep

� �
1� Es=Etð Þe�ðEp=srEtÞt
� �

where the coefficients

that appear in this equation are defined in Section 7.

9. Obtain the constitutive equations for the simple one-dimensional viscoelastic

Maxwell model.

10. Derive a more general viscoelastic model for isotropic materials than the one

presented in Section 9 by using in the relationships developed in this section, the

components of the Green–Lagrange strain, and the second Piola–Kirchhoff

stress tensors instead of their deviatoric parts.
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5 PLASTICITY FORMULATIONS

The analysis of plastic deformation is important in many engineering applications

including crashworthiness, impact analysis, manufacturing problems, among many

others. When materials undergo plastic deformations, permanent strains are devel-

oped when the load is removed. Many materials exhibit elastic–plastic behaviors,

that is, the material exhibits elastic behavior up to a certain stress limit called the

yield strength after which plastic deformation occurs. If the stress of elastic-plastic

materials depends on the strain rate, one has a rate-dependent material, otherwise

the material is called rate independent. In the classical plasticity analysis of solids,

a nonunique stress–strain relationship that is independent of the rate of loading but

does depend on the loading sequence is used (Zienkiewicz and Taylor, 2000). In

rate-dependent plasticity, on the other hand, the stress–strain relationship depends

on the rate of the loading.

The yield strength of elastic–plastic materials can increase after the initial yield.

This phenomenon is known as strain hardening. In the theory of plasticity, there are

two types of strain hardening, isotropic and kinematic hardening. In the case of

isotropic hardening, the yield strength changes as the result of the plastic deforma-

tion. In the case of kinematic hardening, on the other hand, the center of the yield

surface experiences a motion in the direction of the plastic flow. The kinematic

hardening behavior is closely related to a phenomenon known as the Bauschinger

effect, which is the result of a reduction in the compressive yield strength following

an initial tensile yield. The kinematic hardening effect is important in the case of

cyclic loading.

The assumptions on which the theory of plasticity is based can be summarized as

follows (Belytschko et al., 2000):

1. The assumption of the strain additive decomposition by which the strain in-

crement can be decomposed as a reversible elastic part dep and irreversible

plastic part dep is used. The assumption of the additive decomposition is used

in the case of small deformation. In the case of large deformation, the multipli-

cative decomposition of the matrix of the position vector gradients is used in-

stead of the additive decomposition.

5
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2. A yield function f that depends on some internal variables defined later in this

chapter is used to determine whether the behavior is elastic or plastic. This yield

function can be expressed in terms of the stresses or strains. If the plasticity

equations are formulated in terms of the stresses, one has a stress space formu-

lation. If, on the other hand, the equations are formulated in terms of the strains,

one has a strain space formulation. There are different yield functions that are

used in the plasticity formulations; the most common one is the von Mises yield

function. The yield criterion based on the von Mises function assumes that

plastic yield occurs when the second invariant of the deviatoric stress tensor

reaches a critical value. Another yield criterion is based on the Tresca yield

function. When this criterion is used, it is assumed that plastic yield occurs when

the maximum shear stress reaches a certain critical value.

3. A flow rule that defines the plastic flow is used to determine the strain incre-

ment. This flow rule, which defines the plastic strain rate, introduces additional

differential equations required to determine the unknown variables in the plasticity

formulation. Depending on the form of the flow rule, different plasticity models can

be developed.

4. A set of evolution equations are introduced for the internal variables and strain-

hardening relation. The internal variables and hardening parameters enter into

the definition of the yield function. As in the case of the flow rule, additional

first-order differential equations are introduced in order to be able to determine

the internal variables.

It is important to note that part of the work done during the plastic deformation is

converted to other forms of energy such as heat. Therefore, elastic–plastic behavior

is path dependent, and such a behavior leads to energy dissipation.

In this chapter, following the sequence of presentation adopted by Simo and

Hughes (1998), the one-dimensional small-strain plasticity problem is first consid-

ered in order to explain the concepts and solution procedure of the plasticity equa-

tions without delving into the details of the three-dimensional theory. The basic

plasticity equations are first presented followed by the loading and unloading con-

ditions, which are introduced in Section 2. In Section 3, the solution procedure for

the plasticity equations is summarized including the return mapping algorithm. In

Section 4, the general three-dimensional theory that includes both isotropic and

kinematic hardening is summarized. This theory can be applied only in the case

of small strains because the additive decomposition of the strain is used. In this case

of small strains, there is no need to distinguish between different stress and strain

measures. The concepts and solution procedures introduced for the small-strain plas-

ticity can be generalized and used in more general plasticity formulations. In Section

5, the special case of the J2 flow theory, which is applicable to metal plasticity, is

discussed. Both isotropic and kinematic hardenings are considered in developing

this theory. In Section 6, a plasticity finite displacement formulation for hyperelastic

materials based on the multiplicative decomposition of the matrix of position vector

gradients is presented. This formulation is specialized in Section 7 to obtain the J2

flow theory that can be used in the large displacement analysis of metals.
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5.1 ONE-DIMENSIONAL PROBLEM

In order to develop the small deformation plasticity model, the following assump-

tion of the strain additive decomposition is used:

e ¼ ee þ ep ð5:1Þ

In this equation, e is the total strain, ee is the elastic strain, and ep is the plastic strain.

The stress r can be written in terms of the total strain as

r ¼ Eee ¼ E e� epð Þ ð5:2Þ

In this equation, E is the modulus of elasticity.

In the theory of plasticity, it is assumed that the plastic deformation occurs

when the stress (alternatively strain in the strain space formulation) exceeds

a certain limit defined by the yield criterion or the yield condition. In the case of

isotropic or kinematic hardening, the yield condition for the one-dimensional prob-

lem can be written as

f ðr, q, aÞ ¼ r� qj j � ry þHia
� �

< 0 ð5:3Þ

In this equation, q is a parameter, called the back stress, that accounts for the

kinematic hardening, ry is the yield stress or flow stress, Hi is the isotropic plastic

modulus that accounts for the isotropic hardening, and a is a nonnegative function

of the amount of plastic flow (slip) called internal isotropic hardening variable. If

Hi < 0, one has the case of strain-softening. The change in the yield strength as the

result of the plastic deformation can be a function, for example, in the rate of plastic

work or in the accumulated plastic strain ep. In the case of istropic hardening only

(no kinematic hardening), q¼ 0. If there is no hardening, then q¼ 0 and Hi ¼ 0, and

one has the case of perfect plasticity. Note also that in the preceding equation, if Hi is

constant, one has a linear isotropic hardening law because ry is replaced in the yield

condition by ry þHia.

In order to be able to determine the new plasticity variables ep, q, and a, addi-

tional relationship must be introduced. The evolution of the back stress can be

defined by Ziegler’s rule as

_q ¼ Hk _ep ð5:4Þ

In this equation Hk is called the kinematic hardening modulus. The internal hard-

ening variable a is assumed to be a function of the plastic flow. One can write the

evolutionary equation for a in the following form:

_a ¼ c ð5:5Þ
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where c is called the slip rate or the consistency parameter. If _ep can be written as

_ep ¼ c
@f

@r
, ð5:6Þ

one has the case of associative plasticity or associative flow rule. In this case, the back

stress q can be written as

_q ¼ Hk _ep ¼ cHksignðr� qÞ ð5:7Þ

Note that in the case of associative plasticity, the plastic flow is in a direction normal

to the yield surface (see Equation 6).

The distinction between associative and non-associative plasticity is important,

particularly when three-dimensional models are considered. In the case of nonasso-

ciative plasticity, the restriction of defining the flow rule in terms of the yield func-

tion is relaxed by introducing a plastic flow rule potential Q such that

Q ¼ Q r, q, að Þ ð5:8Þ

In this more general case of non-associative plasticity, _ep can be written as

_ep ¼ c
@Q

@r
ð5:9Þ

Therefore, the plastic-strain-rate components in the case of nonassociative plasticity

are not required to be normal to the yield surface. The definitions of associative and

nonassociative plasticity are not limited to the one-dimensional theory, but can also

be generalized to include three-dimensional plasticity problems.

The analysis presented in this section shows that, in addition to the constitutive

equation (Equation 2), several other relationships must be introduced in order to be able

to determine the new variables that enter into the formulation of the plasticity equations.

In Section 3 of this chapter, the procedure for determining the stress r, the back stress

q, the plastic strain ep, and the isotropic hardening internal variable a will be discussed.

5.2 LOADING AND UNLOADING CONDITIONS

In this section, the conditions that can be used to define the state of deformation or

the change between the elastic and plastic states are discussed. In the plasticity

theory, it is assumed that c is greater than or equal to zero, and f r, q, að Þ is less than

or equal to zero. That is, c > 0, and f r, q, að Þ < 0. These conditions imply that a plas-

tic deformation occurs only when f r, q, að Þ ¼ 0. If f r, q, að Þ < 0, the deformation is

elastic. It follows that one has the following Kuhn–Tucker complementarity condition:

cf r, q, að Þ ¼ 0 ð5:10Þ
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This equation shows that if c > 0 (plastic deformation), f(r, q, a) ¼ 0 and
_f r, q, að Þ < 0 in order to avoid having f (r, q, a) > 0. Therefore, one must also have

the following consistency or persistency condition (Simo and Hughes, 1998):

c _f r, q, að Þ ¼ 0 ð5:11Þ

This consistency condition can be used to determine the consistency parameter c, as

will be demonstrated in the following section.

In the case of plasticity, there are different loading and unloading mechanisms

that depend on the state of deformation, whether it is elastic or plastic. One can then

summarize the possible loading and unloading scenarios as follows:

1. Elastic Deformation: In this case, one has an elastic state. That is, f (r, q, a) < 0,

c ¼ 0.

2. Elastic Loading: This is the case in which the plastic state is changing to an

elastic state. In this case, one has f (r, q, a) ¼ 0, c ¼ 0, and _f r, q, að Þ < 0.

3. Plastic Loading: In this case, one has a plastic state. That is, f (r, q, a) ¼ 0, c > 0,

and _f r, q, að Þ ¼ 0.

4. Neutral Loading: In this case, f (r, q, a) ¼ 0, c ¼ 0, and _f r, q, að Þ ¼ 0.

These loading and unloading scenarios must be considered in the computational

algorithms used to solve the plasticity equations. One must check the state of de-

formation, whether it is elastic or plastic, in order to be able to use the appropriate

constitutive model. Depending on the loading conditions, the behavior of the ma-

terial at a given point can change from elastic to plastic or vice versa. Examples of

the computational algorithms and solution procedures used to solve the plasticity

problems are presented in later sections of this chapter. It is important also to point

out that the loading and unloading scenarios discussed in this section can also be

applied to the more general case of three-dimensional plasticity problems.

5.3 SOLUTION OF THE PLASTICITY EQUATIONS

For a given material, it is assumed that ry, Hi, and Hk are known. It is also assumed that

at a given time-step, the total strain can be determined form the solution of the dynamic

equilibrium equations, that is, e is known. The unknowns in the plasticity formulation

are r, ep, q, and a. One, however, has a number of equations that can be used to solve

for these unknowns if the material exhibits plastic deformation at a given point. These

equations are Equation 2, and Equation 4 to Equation 6. The consistency parameter c
can be determined from the consistency condition of Equation 11 as will be demon-

strated in this section. Note that if c can be determined, _ep, _q, and _a can be determined

and integrated to determine ep, q, and a. In this case, one can evaluate the yield function

f r, q, að Þ and determine the state of deformation and the loading scenario.

The consistency parameter c, as previously mentioned, can be determined

from the consistency condition of Equation 11. This procedure can be demonstrated

using the simple one-dimensional case of associative plasticity. Note that in the

case of associative plasticity, if the yield function of Equation 3 is used, one has
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@f=@rð Þ ¼ sign r� qð Þ and @f=@qð Þ ¼ �sign r� qð Þ. Based on the discussion pre-

sented in the preceding section, in the case of plastic deformation, c > 0 and
_f r, q, að Þ ¼ 0. These conditions lead to

_f ¼ @f

@r
_rþ @f

@q
_qþ @f

@a
_a

¼ signðr� qÞ E _e� _epð Þ � _qf g �Hi _a

¼ signðr� qÞE _e� c Eþ Hk þHið Þð Þ ¼ 0 ð5:12Þ

This equation can be used to define c as

c ¼ signðr� qÞE _e
Eþ ðHk þHiÞ

ð5:13Þ

Because in the case of associative flow rule, _ep ¼ csignðr� qÞ, the stress in this

special case can be written using Equation 2 as follows:

_r ¼ Eð _e� _epÞ ¼ E _e� E2 _e
Eþ ðHk þHiÞ

¼ E 1� E

Eþ ðHk þHiÞ

� �
_e

¼ EðHk þHiÞ
Eþ ðHk þHiÞ

_e ¼ Eep _e ð5:14Þ

in which

Eep ¼ EðHk þHiÞ
Eþ ðHk þHiÞ

ð5:15Þ

is called the elasto-plastic tangent modulus. This modulus defines the plasticity con-

stitutive equation in its rate form. Note that the simple constant elastoplastic tangent

modulus could be obtained in a closed form because of the use of the assumption of

the associative flow rule. Because e and _e are assumed to be known, the preceding

equations can be used to determine _r, and _ep, which can be used to determine _q and

_a using Equations 4 and 5, respectively.

Numerical Solution For the simple one-dimensional case of associative plasticity

with constant hardening coefficients, one can obtain, as demonstrated in this section,

a closed-form solution for the stress rate. In a more general case of nonlinear

coefficients, one must resort to numerical techniques. The main idea underlying

many of the solution procedures developed for the plasticity analysis is to use

a simple numerical integration method to transform the differential equations

to a set of nonlinear algebraic equations that can be solved using iterative methods
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such as the Newton–Raphson method. In this section, the use of the numerical procedure

is demonstrated using the simple one-dimensional model introduced in this chapter.

Recall that _a ¼ c, and if the strain e and its rate _e are known, then one has the

following plasticity equations:

_rþ E _ep ¼ E _e
_q�Hk _ep ¼ 0
_ep � _af r ¼ 0
_f ¼ f r _rþ f q _qþ f a _a ¼ 0

9>>=
>>; ð5:16aÞ

In this equation, a subscript a is used to indicate partial differentiation with respect

to a. Given _e, Equation 16a can be considered as a system of four first-order differ-

ential equations in the four unknown r, ep, q, and a. This system can be written in the

following matrix form:

1 E 0 0
0 �Hk 1 0
0 1 0 f r
f r 0 f q f a

2
664

3
775

_r
_ep

_q
_a

2
664

3
775 ¼

E _e
0
0
0

2
664

3
775 ð5:16bÞ

This system of differential equations can be solved using standard explicit or implicit

numerical integration methods. In practical applications, it was found that explicit

integration methods do not always lead to an accurate solution. For this reason,

implicit integration methods are often used to solve the resulting plasticity first-

order differential equations. When implicit methods are used, one converts the

first-order differential equations to a system of nonlinear algebraic equations, which

can be solved using an iterative Newton–Raphson algorithm. Several integration

methods such as the trapezoidal rule or the implicit Euler methods can be used to

obtain the nonlinear algebraic equations.

In order to demonstrate the procedure of converting the first-order differential

equations to a set of nonlinear algebraic equations, the backward implicit Euler

method can be used as an example. In the backward implicit Euler integration method,

an unknown variable x is approximated using the following recurrence formula:

xnþ1 ¼ xn þ Dt gðxnþ1Þ ¼ xn þ Dx, _x ¼ gðxÞ ð5:17Þ

In this equation, xn is the known value of x at the beginning of the integration

step, xnþ1 is the unknown value of x at the end of the time step, g ¼ _x ¼ dx=dt, t

is time, and Dt is the time step. The preceding formula is called implicit because xnþ1

appears in the right-hand side of the equation. If the function g is determined using

xn instead of xnþ1, one obtains an explicit formula that leads to a linear system of

algebraic equations. It can be shown that if the implicit formula of Equation 17 is

used to approximate the unknowns in Equation 16, one obtains a nonlinear system

of algebraic equations that can be solved iteratively using a Newton–Raphson
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algorithm. This can be seen by evaluating _x using xnþ1 and the governing plasticity

equation. One can then substitute _x into Equation 17, leading to a nonlinear equa-

tion in xnþ1. This equation can be iteratively solved to determine xnþ1 and advance

the integration. For example, Equation 16b can be written as Cc _p ¼ eR, where Cc is

the coefficient matrix, p ¼ r ep q a½ �T and eR ¼ E _e 0 0 0½ �T. Using Equation

17, one can then write pnþ1 ¼ pn þ _p pnþ1

� �
Dt or pnþ1 ¼ pn þ C�1

c eR

� �
Dt. This proce-

dure transforms the first-order differential equations to a set of nonlinear algebraic

equations. If the yield function f and/or the hardening coefficients are nonlinear

functions of the unknown variables, the equation pnþ1 ¼ pn þ C�1
c eR

� �
Dt must be

solved iteratively using a Newton–Raphson algorithm in order to determine pnþ1.

The integration procedure described in this section is general and can be applied

to three-dimensional plasticity problems. In the case of one-dimensional plasticity

problems or in the case of some special three-dimensional plasticity formulations,

there are special features that can be exploited in order to obtain an efficient solu-

tion of the plasticity equations. In the remainder of this section, it is demonstrated,

using the one-dimensional problem, how one can take advantage of the special

structure of some of the plasticity formulations.

Plasticity Equations There are special features of the plasticity equations that can

be exploited in the process of the numerical integration. In order to discuss these

special features, which can be used to avoid the iterative procedure and obtain an

efficient solution, we use the backward implicit Euler method as an example. Using

the implicit formula of Equation 17, the first-order differential equations associated

with r, ep, a, and q can be written as follows:

rnþ1 ¼ rn þ ED e� epð Þ
ep

nþ1 ¼ ep
n þ Daf r

anþ1 ¼ an þ Da
qnþ1 ¼ qn þ DaHkf r

9>>=
>>; ð5:18Þ

In this equation, it is assumed that Da ¼ _anDt ¼ cnDt, and Dep ¼ Daf r. As previously

mentioned, the preceding algebraic equations in their most general form can be

solved numerically using an iterative Newton–Raphson algorithm. The solution of

these equations defines rnþ1, ep
nþ1, anþ1, and qnþ1. Alternatively, by using the return

mapping algorithm, one can obtain a more efficient algorithm as compared to the

algorithm based on the direct application of the iterative Newton–Raphson method.

In order to demonstrate the use of the return mapping algorithm, the stress at

time tn+1 can also be written in a different form as

rnþ1 ¼ E enþ1 � ep
nþ1

� �
¼ E enþ1 � ep

n

� �
� E ep

nþ1 � ep
n

� �
¼ E enþ1 � ep

n þ en � en

� �
� E ep

nþ1 � ep
n

� �
¼ E en � ep

n

� �
þ E enþ1 � en � ep

nþ1 þ ep
n

� �
¼ rn þ EDe� EDaf r ð5:19Þ
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For the return mapping algorithm that will be discussed in this section, the preceding

equation can be written in the following form:

rnþ1 ¼ rtrial
nþ1 � EDaf r ð5:20Þ

In this equation,

rtrial
nþ1 ¼ rn þ EDe ð5:21Þ

It is clear that rtrial
nþ1 is an elastic update of the stress, which does not take into account the

change in the strain due to the plastic deformation. Because enþ1 is assumed to be known,

rtrial
nþ1 can be evaluated. The elastic update rtrial

nþ1 represents a departure away from the

yield surface and is known as the elastic predictor. The term�EDaf r, known as the plastic

corrector, returns the stress to the yield surface in the stress space formulations. The use of

the implicit backward Euler method, as previously mentioned, leads to a system of

algebraic equations that can be solved for rnþ1, qnþ1, ep
nþ1, and cnþ1. For the one-di-

mensional simple system discussed in this chapter, the use of this method can lead to

a closed form set of algebraic equations that can be solved for the unknown parameters.

To this end, two steps are used: in the first step, a trial solution is assumed, whereas in the

second step, the return mapping algorithm is used. These two steps are discussed in the

following paragraphs in more detail.

Trial Step The interest is to advance the integration from time tn to tn+1 to de-

termine the unknown plasticity variables rnþ1, qnþ1, ep
nþ1, and cnþ1. It is assumed

that all the parameters and variables are known at time tn, and enþ1 is also known

at time tn+1. An iterative procedure for solving the resulting nonlinear algebraic

equations that define the unknown plasticity variables at time tnþ1 requires making

an initial guess of the solution. In the return mapping algorithm, one can make an

initial guess that leads to a closed-form solution without the need for using an

iterative procedure as demonstrated by the analysis presented in this section. In

some other cases, the use of such an initial guess significantly simplifies the numer-

ical plasticity problem in many formulations.

In the return mapping algorithm, one can assume the following trial solution for

the algebraic system of Equation 18:

rtrial
nþ1 ¼ E enþ1 � ep

n

� �
¼ rn þ EDe

ep trial
nþ1 ¼ ep

n

atrial
nþ1 ¼ an

qtrial
nþ1 ¼ qn

9>>>>=
>>>>;

ð5:22Þ

Associated with this trial solution, the yield function is defined as

f trial
nþ1 ¼ rtrial

nþ1 � qn

�� ��� ry þHian

� �
ð5:23Þ
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The trial variables on the left-hand side of Equations 22 and 23 can be computed

because they are expressed in terms of known variables. In order to determine the state

of deformation whether it is elastic or plastic, the following condition can be used:

f trial
nþ1

< 0 elastic step, c ¼ 0
> 0 plastic step, c > 0

�
ð5:24Þ

If the step is plastic, one can apply the return mapping algorithm summarized below.

The Return Mapping Algorithm As previously pointed out, the algebraic equa-

tions used in the return mapping algorithm can be obtained from the continuum

model by applying the implicit backward Euler difference scheme. Using Equations

18 and 20, the yield function of Equation 3, and the assumption of associative

plasticity of Equation 6, one obtains the following system of algebraic equations

(Simo and Hughes, 1998):

rnþ1 ¼ rtrial
nþ1 � DaE signðrnþ1 � qnþ1Þ

ep
nþ1 ¼ ep

n þ Da signðrnþ1 � qnþ1Þ
anþ1 ¼ an þ Da

qnþ1 ¼ qn þ DaHk signðrnþ1 � qnþ1Þ
f nþ1 ¼ rnþ1 � qnþ1

�� ��� ry þHianþ1

� �
¼ 0

9>>>>>>>=
>>>>>>>;

ð5:25Þ

It is important to note, in this simple one-dimensional problem, that all the unknowns in

the preceding equation can be determined if Da and signðrnþ1 � qnþ1Þ are determined.

The procedure for determining Da and signðrnþ1 � qnþ1Þ is described below.

Note that by subtracting the fourth equation from the first equation in Equation

25, one obtains

nnþ1 ¼ rnþ1 � qnþ1 ¼ rtrial
nþ1 � qn

� �
� DaðEþHkÞsignðnnþ1Þ ð5:26Þ

By using the definitions ntrial
nþ1 ¼ rtrial

nþ1 � qn, nnþ1 ¼ signðnnþ1Þ nnþ1j j, ntrial
nþ1 ¼

signðntrial
nþ1Þ ntrial

nþ1

�� ��, and rearranging the terms in the preceding equation, one obtains

nnþ1j j þ DaðEþHkÞf gsignðnnþ1Þ ¼ ntrial
nþ1

�� ��signðntrial
nþ1Þ ð5:27Þ

Because Da ¼ cDt > 0 and (Hk + E) > 0, one concludes from the preceding equation

that

signðnnþ1Þ ¼ signðntrial
nþ1Þ ð5:28Þ

nnþ1j j þ DaðEþHkÞ ¼ ntrial
nþ1

�� �� ð5:29Þ
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Using the preceding equation and the third and fifth equations in Equation 25, the

incremental variable Da > 0 can be determined from the fifth equation of Equation

25 as follows:

f nþ1 ¼ ntrial
nþ1

�� ��� ðEþHkÞDa� ry þHianþ1

� �
¼ ntrial

nþ1

�� ��� ðEþHkÞDa� ry þHian

� �
�Hi anþ1 � anð Þ

¼ f trial
nþ1 � Da Eþ ðHi þHkÞf g ¼ 0 ð5:30Þ

In this equation, f trial
nþ1 ¼ ntrial

nþ1

�� ��� ry þHian

� �
, which can be evaluated based on the

information known from the previous step. The preceding equation then yields

Da ¼
f trial

nþ1

Eþ ðHi þHkÞ
> 0 ð5:31Þ

Using Equations 29 and 31, all the unknowns in Equation 25, rnþ1, ep
nþ1, anþ1, and

qnþ1, can be determined. That is, the use of the return mapping algorithm in this

simple case allows determining all the unknowns in a closed form.

For von Mises plasticity, the yield surface is circular, and as a result, the normal

to the yield surface is radial. In this special case, the general return mapping algo-

rithm reduces to the popular radial return mapping algorithm.

EXAMPLE 5.1

In the case of isotropic hardening (no kinematic hardening), q ¼ 0. It follows

that qnþ1 ¼ qn ¼ 0, and Hk ¼ 0. In this special case of isotropic hardening only,

the yield function can be written as

f ¼ rj j � ry þHia
� �

It is assumed that the material properties E, ry, and Hi are known, and the

values of the variables en, _en, rn, ep
n, and an are known at time tn. Furthermore,

the total strain enþ1 is assumed to be known at time tnþ1. One can then choose

a time-step Dt ¼ tnþ1 � tn and write

De ¼ enþ1 � en

The value of rtrial
nþ1 can be calculated as follows:

rtrial
nþ1 ¼ E en � ep

n

� �
þ EDe

Furthermore, because qn ¼ 0, one has

ntrial
nþ1 ¼ rtrial

nþ1 � qn ¼ rtrial
nþ1
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It follows that f trial
nþ1 is obtained from the equation

f trial
nþ1 ¼ ntrial

nþ1

�� ��� ry þHi an

� �
¼ rtrial

nþ1

�� ��� ry þHi an

� �
Substituting into Equation 31, one obtains

Da ¼ f trial
nþ1

EþHi

Because f trial
nþ1 can be evaluated from the information available at time tn,

the preceding equation can be used to determine Da. One can also show that

signð nnþ1Þ ¼ signð ntrial
nþ1Þ ¼ signð rtrial

nþ1Þ

The preceding equations and Equation 25 can be used to determine the solution

at time tnþ1, where tnþ1 ¼ tn þ Dt, as follows:

rnþ1 ¼ rtrial
nþ1 � DaEsignðntrial

nþ1Þ
ep

nþ1 ¼ ep
n þ Dasignðntrial

nþ1Þ
anþ1 ¼ an þ Da

Because signðntrial
nþ1Þ is known since it can be evaluated based on the continuum

state at time tn, the preceding three equations can be used to determine

rnþ1, ep
nþ1, and anþ1.

EXAMPLE 5.2

In the case of perfect plasticity, there is no hardening. In this case, one can use

the same procedure as the one used in Example 1 and set the value of Hi to be

zero. In this case, the yield function can be written as

f ¼ rj j � ry

In the case of perfect associative plasticity, one then has the following four

equations:

_r ¼ E _e� _epð Þ
_ep ¼ cf r

_a ¼ c

f ¼ rj j � ry
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Using the constitutive equation, one can write

_r ¼ E _e� _epð Þ ¼ E _e� cf rð Þ ¼ E _e� csign rð Þð Þ

In this case, one has

rtrial
nþ1 ¼ rn þ EDe

Using the preceding two equations, one has

rnþ1 ¼ rtrial
nþ1 � DaEsign rnþ1ð Þ

In this equation, Da ¼ cDt. The preceding equation can be written as

rnþ1j j þ DaEð Þsign rnþ1ð Þ ¼ rtrial
nþ1

�� ��sign rtrial
nþ1

� �
which leads to the following two identities

sign rnþ1ð Þ ¼ sign rtrial
nþ1

� �
rnþ1j j þ DaE ¼ rtrial

nþ1

�� ��
Using a procedure similar to the one used to obtain Equation 31, one can

show that

Da ¼
f trial

nþ1

E

where in this case

f trial
nþ1 ¼ rtrial

nþ1

�� ��� ry ¼ rn þ EDej j � ry

The new state at time tnþ1 can be obtained by using Equation 25 as

follows:

rnþ1 ¼ rtrial
nþ1 � DaEsignðnnþ1Þ

ep
nþ1 ¼ ep

n þ Dasignðnnþ1Þ
anþ1 ¼ an þ Da

5.3 Solution of the Plasticity Equations 189



5.4 GENERALIZATION OF THE PLASTICITY THEORY: SMALL STRAINS

The one-dimensional plasticity theory presented in the preceding sections can be

generalized and used in the three-dimensional analysis (Simo and Hughes, 1998). To

this end, the same notation previously used will be used in this section, except bold

letters are used to denote vectors, matrices, and tensors that replace the scalar

variables used in the one-dimensional theory. Because in this section, the additive

decomposition of the strain rate is used, strains are assumed small and there is no

distinction made between different stress measures. For this reason, Cauchy stress

tensor is used in this section with the Green–Lagrange strain tensor. Furthermore,

the objectivity requirement is not an issue in the small-strain formulation. The

formulation presented in this section can be used with hypoelastic material models

and does not require that the stress–strain relationships are obtained from a poten-

tial function as in the case of hyperelastic material models.

The stress–strain relationship can be written as

s ¼ E : ee ¼ E : e� epð Þ ð5:32Þ

In this equation, E is the fourth-order tensor of elastic coefficients, s is the second-

order stress tensor, e is the second-order total strain tensor, ee is the second-

order tensor of elastic strains, and ep is the second-order tensor of plastic strains.

The elastic domain is defined by

f s, qð Þ < 0 ð5:33Þ

where q is the vector of the internal variables that depend on the plastic strains and

a set of hardening parameters a. These internal variables account in this case for

both the kinematic and isotropic hardening. The general non-associative model flow

rule and hardening law are defined as

_ep ¼ cgðs, qÞ
_q ¼ �chðs, qÞ



ð5:34Þ

where g and h are prescribed second-order tensor functions of s and q, and c is the

consistency parameter.

Based on the analysis used in the case of the one-dimensional model, the Kuhn–

Tucker loading and un-loading complementarity condition for the more general

three-dimensional case can be written as

c > 0, f ðs, qÞ < 0, cf ðs, qÞ ¼ 0 ð5:35Þ

The consistency condition is

c _f ðs, qÞ ¼ 0 ð5:36Þ
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This consistency condition, _f ¼ 0, can be used to determine the consistency param-

eter. This condition defines c, as shown in the following example, as

c ¼ f r : E : _e

f s : E : gþ f q: h
ð5:37Þ

In this equation, f s and f q are second-order tensors that result from the differenti-

ation of the yield function f with respect to s and q, respectively. It is assumed that

the denominator in the preceding equation is always greater than zero, an assump-

tion that always holds for associative plasticity.

Because of the assumption of small deformation, the stress rate can be

written as

_s ¼ E : _e� _epð Þ ¼ E : _e� cgð Þ ð5:38Þ

Substituting Equation 37 into this equation, one obtains

_s ¼ Eep : _e ð5:39Þ

where Eep is the tensor of tangent elastoplastic moduli given by

Eep ¼
E

E� E : gð Þ � f r : Eð Þ
f r : E : gþ f q : h

8<
:

c ¼ 0

c > 0 ð5:40Þ

Note the incremental nature of the plasticity formulation because of the rate form of

Equation 39. Note also that in the general case of nonassociative plasticity, the

tangent elastoplastic moduli tensor is not necessarily symmetric. In the actual imple-

mentation, if there is no need to evaluate the tensor of Equation 40, one can simply

determine the stress rate by substituting the scalar c of Equation 37 into Equation

38. In this case, the use of the tensor multiplication given in Equation 40 can be avoided.

EXAMPLE 5.3

In order to prove Equation 37 and Equation 40, one can differentiate the yield

function with respect to time to obtain

_f ¼ f s : _s þ f q : _q ¼ 0

The constitutive equation is given by

s ¼ E : e� epð Þ
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This equation can be written in the rate form as

_s ¼ E : _e� E : _ep ¼ E : _e� cE : g

The differential equation for the hardening variables is given by

_q ¼ �c h

By substituting for _s and _q in _f , one obtains

f s : E : _e� cf s : E : g� cf q : h ¼ 0

or

f s : E : _e ¼ c f s : E : gþ f q : h
� �

This equation defines the consistency parameter of Equation 37 as

c ¼ f s : E : _e

f s : E : gþ f q : h

Substituting the expression for c into the constitutive equation in its rate form

_s ¼ E : _e� cE : g, one obtains _s ¼ E : _e ¼ Eep : _e if c ¼ 0. That is, Eep ¼ E. If

c > 0, one has

_s ¼ E : _e� f s : E : _e

f s : E : gþ f q : h

 !
E : g

The components of this tensor can be written as

_rij ¼
X3

k,l¼1

eijkl _ekl �
X3

k,l,w,
x,u,v¼1

f sð Þwxewxkl _ekl

f s : E : gþ f q : h
eijuvguv

This equation can be written as

_rij ¼
X3

k,l¼1

eijkl �

P3
u,v¼1

eijuvguv

 ! P3
w,x¼1

f sð Þwxewxkl

 !

f s : E : gþ f q : h

0
BBBB@

1
CCCCA _ekl
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which defines _s as

_s ¼ E� E : gð Þ � f s : Eð Þ
f s : E : gþ f q : h

 !
_e ¼ Eep : _e

where

Eep ¼ E� E : gð Þ � f s : Eð Þ
f s : E : gþ f q : h

 !

Associative Plasticity In the special case of associative plasticity, one has the

following assumptions:

_ep ¼ c
@f

@s
, _q ¼ �cDp

@f

@q
ð5:41Þ

where in this equation Dp is the matrix of generalized plastic moduli. The preceding

equation implies that g ¼ @f=@s and the plastic flow is in the direction of the normal

to the yield surface. Using the assumptions of associative plasticity, it can be shown

that the denominator in the right-hand side of Equation 37 that also appears in

Equation 40 is greater than zero, as previously mentioned. It is also clear from

Equation 40 that in the case of associative plasticity, the tangent elastoplastic moduli

tensor is symmetric.

EXAMPLE 5.4

One can show that in the case of associative plasticity, the tensor of the tangent

elasto-plastic moduli is symmetric. To this end, the following result obtained in

the preceding example is used:

Eep ¼ E� E : gð Þ � f s : Eð Þ
f s : E : gþ f q : h

 !

In order to prove the symmetry of Eep in the case of associative plasticity, recall

that in this special case, g ¼ f s and h ¼ Dpf q. It follows upon substituting into

Eep that

Eep ¼ E� E : f sð Þ � f s : Eð Þ
f s : E : f s þ f q : ðDp f qÞ

 !
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The components of this fourth-order tensor can be written as

e
ep
ijkl ¼ eijkl �

P3
u,v¼1

eijuv f sð Þuv

 ! P3
w,x¼1

f sð Þwxewxkl

 !

f s : E : f s þ f q : ðDp f qÞ

0
BBBB@

1
CCCCA

Because E is symmetric, one has eijkl ¼ ejikl ¼ eijlk, and as a consequence,

one has

e
ep
jikl ¼ ejikl �

P3
u,v¼1

ejiuv f sð Þuv

 ! P3
w,x¼1

f sð Þwxewxkl

 !

f s : E : f s þ f q : ðDp f qÞ

0
BBBB@

1
CCCCA

¼ eijkl �

P3
u,v¼1

eijuv f sð Þuv

 ! P3
w,x¼1

f sð Þwxewxkl

 !

f s : E : f s þ f q : ðDp f qÞ

0
BBBB@

1
CCCCA ¼ e

ep
ijkl

A similar relationship can be obtained by interchanging k and l. From the

symmetry properties one also has e
ep
ijkl ¼ e

ep
klij because

e
ep
klij ¼ eklij �

P3
u,v¼1

ekluv f sð Þuv

 ! P3
w,x¼1

f sð Þwxewxijl

 !

f s : E : f s þ f q : ðDp f qÞ

0
BBBB@

1
CCCCA

¼ eijkl �

P3
u,v¼1

euvkl f sð Þuv

 ! P3
w,x¼1

f sð Þwxeijwx

 !

f s : E : f s þ f q : ðDp f qÞ

0
BBBB@

1
CCCCA ¼ e

ep
ijkl

Numerical Solution of the Plasticity Equations In the remainder of this section,

the procedure used to solve the nonassociative plasticity equations presented in this

section is described. The numerical procedure for integrating the plasticity equa-

tions is called the constitutive integration algorithm or the stress update algorithm. A

class of solution algorithms that are widely used in the solution of the plasticity

equations is the return mapping algorithms that are discussed in this section. It is,

however, important to point out that in the case of the large deformation plasticity
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formulations discussed in later sections of this chapter, the objectivity requirements

need to be satisfied by the rate constitutive equations.

For non-associative plasticity, the equations for small strain elasto-plasticity can

be summarized as follows:

_s¼ E : _ee ¼ E : _e� _epð Þ
_ep¼ cgðs, qÞ
_q ¼ �chðs, qÞ
_f ¼ f s : _s þ f q: _q ¼ 0

c > 0, f ðs, qÞ< 0, cf ðs, qÞ ¼ 0

9>>>>>=
>>>>>;

ð5:42Þ

Assume that at time tn, sn, en, ep
n, and qn are known, where subscript n refers to the

time step. The goal is to use the preceding equations to determine the states of

stresses and strains at time tn+1 that satisfy the loading and unloading conditions.

From the solution of the dynamic equations, enþ1 and De ¼ enþ1 � en are known.

Explicit Solution Let the plasticity parameter c ¼ _a, with Da ¼ cDt. It was shown

previously that the use of the consistency condition leads to (Equation 37)

c ¼ _a ¼ f s : E : _e

f s : E : gþ f q : h
ð5:43Þ

One may consider, as it was the case in some of the early work on computational

plasticity, to use this value of the plasticity parameter to update the plastic strains,

internal variables, and stresses using a simple explicit one-step Euler method as

follows:

e
p
nþ1¼ ep

n þ Dagn

qnþ1 ¼ qn � Dahn

snþ1¼ E : enþ1 � e
p
nþ1

� �
¼ sn þ Eep : De

9=
; ð5:44Þ

There is no guarantee, however, that this explicit updating scheme, sometimes re-

ferred to as tangent modulus update scheme, will satisfy the yield condition. There-

fore, the use of the explicit scheme as defined by Equation 44 is not recommended.

Instead, one can use the implicit method described in the following paragraph to

obtain a more accurate solution.

Implicit Solution Using an implicit integration method, the first four equations in

Equation 42 can be converted to a set of nonlinear algebraic equations. These

algebraic equations, in principle, can be solved iteratively using a Newton–Raphson

algorithm, as in the one-dimensional case, to determine s, ep, q, and c. Nonetheless,

one can try to take advantage of the structure of the plasticity equations in order

to develop an effective and more efficient algorithm for the three-dimensional
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plasticity problems. In order to ensure that the yield condition is satisfied, the return

mapping algorithms are used. In the return mapping algorithms, as in the case of the

one-dimensional model, an initial elastic predictor step that may give a solution away

from the yield surface is first used. A plastic corrector step is then used to bring the

solution to the updated yield surface. In the return mapping algorithms, as pre-

viously mentioned, a simple numerical integration method such as the trapezoidal

rule, Runge–Kutta method or the mid-point method is first used to transform the

plasticity differential equations into a set of nonlinear algebraic equations that can

be solved using a Newton-Raphson algorithm to determine the stresses, strains, and

internal variables at time tn+1. For example, if the fully implicit backward Euler

method is used as the numerical integrator, the equations are written in terms of

variables defined at the end of the time step. This leads to

e
p
nþ1 ¼ ep

n þ Dagnþ1

qnþ1 ¼ qn � Dahnþ1

snþ1 ¼ E : enþ1 � e
p
nþ1

� �
f nþ1 ¼ f snþ1, qnþ1

� �
9>>=
>>; ð5:45Þ

where again cDt ¼ Da. One may choose to work directly with these four sets of

equations, or eliminate some unknowns before starting the numerical procedure.

For example, the plastic strains can be eliminated by using the constitutive equa-

tions. In this case, one can write the plastic strain tensor e
p
nþ1 in terms of the stress

tensor snþ1 as

e
p
nþ1 ¼ � E�1 : snþ1 � enþ1

� �
ð5:46Þ

This equation can be used to eliminate e
p
nþ1 from Equation 45 and obtain the fol-

lowing reduced system of nonlinear algebraic equations

a1 ¼ Ei : snþ1 � enþ1 þ ep
n þ Dagnþ1 ¼ 0

a2 ¼ �qnþ1 þ qn � Dahnþ1 ¼ 0
f nþ1 ¼ f snþ1, qnþ1

� �
¼ 0

9=
; ð5:47Þ

where Ei is the fourth-order tensor used to write the strain components in terms of

the stress components (inverse relationship). This system of nonlinear algebraic

equations can be solved using the iterative Newton–Raphson method in order to

determine snþ1, qnþ1 and Da. This requires constructing and iteratively solving the

following system:

Ei þ Da gnþ1

� �
s

Da gnþ1

� �
q

gnþ1

�Da hnþ1ð Þs �I� Da hnþ1ð Þq �hnþ1

f s f q 0

2
4

3
5 �Dsnþ1

�Dqnþ1
�D Dað Þ

2
4

3
5 ¼ �a1

�a2

�f nþ1

2
4

3
5 ð5:48Þ
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In this equation, �D is used to denote Newton differences. Note that the increment of

the plastic strains can be written as

Dep ¼ e
p
nþ1 � ep

n ¼ Dagnþ1 ð5:49Þ

which upon substituting into the stress equation yields

snþ1 ¼ E : enþ1 � e
p
nþ1

� �
¼ E : enþ1 � ep

n � Dep
� �

¼ E : en þ De� ep
n � Dep

� �
¼ E : en � ep

n

� �
þ E : De� E : Dep

¼ sn þ E : Deð Þ � E : Dep ð5:50Þ

The trial stress of the elastic predictor step is defined as

strial
nþ1 ¼ sn þ E : De ð5:51Þ

which upon substituting into Equation 50, one obtains

snþ1 ¼ strial
nþ1 � E : Dep ¼ strial

nþ1 � DaE : gnþ1 ð5:52Þ

In this equation

Dsnþ1ð Þp¼ �DaE : gnþ1 ¼ �E : Dep ð5:53Þ

is the plastic corrector that brings the trial stress to the yield surface along a direction

specified by the plastic flow direction. During the elastic predictor step, the plastic strains

and the internal variables remain fixed, whereas during the plastic corrector step, the

total strain is fixed (Belytschko et al., 2000). It follows from the preceding equation that

Dep ¼ �Ei : Dsð Þp ð5:54Þ

In the solution procedure described in this section, the total strain is assumed to be

fixed while the plasticity equations are solved for stresses, plastic strains, internal

hardening variables, and consistency parameter. Consequently, the values of the

elastic strains will depend on the values of the plastic strains obtained using the

plasticity equations. The elastic strains can be determined using the strain additive

decomposition as ee ¼ e� ep. In the large deformation theory, this additive decom-

position is not used. Before introducing the large deformation theory, a J2 flow

theory based on the small-strain assumptions is first discussed.

5.5 J2 FLOW THEORY WITH ISOTROPIC/KINEMATIC HARDENING

A special case of the small-strain three-dimensional formulation presented in the

preceding sections is the J2 flow theory. This theory which is based on the von Mises
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yield surface is useful, particularly in the plasticity analysis of metals. The main

assumption used in this theory is that the plastic flow is not affected by the hydostatic

pressure as was experimentally demonstrated (Bridgman 1949). Using this assump-

tion, the yield condition and the plastic flow are formulated in terms of the devia-

toric stresses. The yield function in this case becomes a function of only the second

invariant of the deviatoric stresses J2.

In the J2 flow theory with isotropic and kinematic hardening, the set of internal

variables a, �qð Þ is introduced (Simo and Hughes, 1998). Here, a is the equivalent

plastic strain that defines the isotropic hardening of the von Mises yield surface and �q

defines the kinematic hardening variables in the stress deviator space in the case of

the von Mises yield surface. Let

h ¼ S� �q, trð�qÞ ¼ 0 ð5:55Þ

In this equation, S is the stress deviator. Note that the trace of the tensor �q is

assumed to be equal to zero. The resulting J2 plasticity model is governed by the

following equations (Zienkiewicz and Taylor, 2000):

f ðS, �q, aÞ ¼ hk k �
ffiffiffi
2

3

r
HiðaÞ

_ep
d ¼ c

h

hk k
_�q ¼ 2

3
cHkðaÞ

h

hk k

_a ¼
ffiffiffi
2

3

r
c

9>>>>>>>>>>=
>>>>>>>>>>;

ð5:56Þ

where hk k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr hThð Þ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
tr h2ð Þ

p
. In this equation, c is the consistency parameter;

the functions Hi(a) and Hk(a) are, respectively, the isotropic and kinematic harden-

ing moduli; and e
p
d is the plastic strain tensor deviator. The yield function defined by

the first equation in Equation 56 is called the Huber–von Mises yield function. In

many applications, particularly in the case of metals, the isotropic hardening mod-

ulus Hi að Þ is assumed to be linear function of a. In this special case, Hi að Þ can be

written as Hi að Þ ¼ ry þ �Hia, where ry is the yield stress and �Hi is a constant. On the

other hand, if the kinematic hardening modulus Hk að Þ is assumed to be constant,

one has the Prager–Ziegler rule. The reader may also notice the similarity between

the third equation in Equations 56 and 7 in the simple case of the one-dimensional

theory. The factor
ffiffiffiffiffiffiffiffi
2=3

p
is introduced in Equation 56 in order to match the behavior

of the metals in the case of uniaxial testing (Zienkiewicz and Taylor, 2000).

It is clear from the second equation in Equation 56 that _ep
d

�� �� ¼ c. Using this fact,

the last equation in Equation 56 yields

aðtÞ ¼
ffiffiffi
2

3

r Z t

0

_ep
dðsÞ
�� ��ds ð5:57Þ
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This equation defines the relationship between a and the norm of the plastic-strain-

rate deviator (Simo and Hughes, 1998).

As discussed in the general small deformation plasticity theory, the differential

equations associated with _ep
d , _�q, and _a can be augmented with a constitutive equation

in a rate form. In the case of the J2 plasticity, the constitutive equations for the stress

deviator are used. The elastic deviatoric stress–strain relation can be written as

S ¼ 2lee
d ¼ 2l ed � e

p
d

� �
ð5:58Þ

where l is the shear modulus (Lame’s constant), ed is the strain deviator, ee
d is the

elastic strain deviator, and e
p
d is the plastic strain deviator. Note that the strain

additive decomposition is used in the preceding equation, and consequently, the

development presented in this section can be used for small-strain problems only.

Differentiating the preceding equation, and using Equation 56, one obtains

_S ¼ 2l _ed � _ep
d

� �
¼ 2l _ed � cnð Þ ð5:59Þ

and

n ¼ h

hk k ð5:60Þ

Because the tr(n) ¼ 0, one has n : _e ¼ n : _ed. In Equation 59, _ed is assumed to be

known because the strain and strain rate are assumed to be known. On the other

hand, the stress and plastic strain deviators are unknowns, and they are to be de-

termined by solving the plasticity equations.

Equation 59 with the last three equations of Equation 56 define four sets of first-

order differential equations that can be, in principle, solved for the unknowns

S, e
p
d, �q , and a. In the most general J2 plasticity formulations, an integration method

can be used to transform these differential equations into a set of nonlinear alge-

braic equations, which can be solved simultaneously for the unknowns as previously

discussed in this chapter. The first equation in Equation 56 can be used to determine

the consistency parameter c, as will be discussed later in this section.

It is important, however, before presenting the form of the consistency param-

eter to realize that the J2 plasticity theory can be formulated also in terms of the

stress tensor instead of the deviatoric stress tensor. Recall that s ¼ Sþ pI, where p

is the hydrostatic pressure. Therefore, if the deviatoric stress S and the hydrostatic

pressure p are known, the stress tensor s can be determined. The hydrostatic pres-

sure can be obtained using an elastic relationship between the volumetric strain,

which is assumed to be known, and Bulk modulus. Furthermore, if the rate of the

stress deviator is known, one can obtain the rate of the stress tensor using the

following equation:

_s ¼ _Sþ _pI ¼ 2l _ed � cnð Þ þ _pI ð5:61Þ
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The general form of the consistency parameter given by Equation 37 reduces in

the case of J2 plasticity, as demonstrated in the following example, to

c ¼ n : _ed

1þHk þ Hið Þa
3l

� � ð5:62Þ

Finally, for c > 0, one can show that the elastoplastic tangent moduli in the case of

plastic loading can be obtained from the use of the preceding equation or alterna-

tively by using Equation 40 as

Eep ¼ K I2 � I2ð Þ þ 2l I4 �
1

3
I2 � I2 �

n� n

1þHk þ Hið Þa
3l

� �
0
BB@

1
CCA ð5:63Þ

In this equation, K is Bulk modulus, and Ik is the kth-order identity tensor. Equation

63 is obtained assuming that the hydrostatic pressure p is related to the volumetric

strain et using the linear elastic relation p ¼ Ket, where K is Bulk modulus.

EXAMPLE 5.5

In the case of the J2 plasticity theory discussed in this section, show that the

consistency parameter c can be determined using the equation

c ¼ n : _ed

1þHk þ Hið Þa
3l

� �

Also show that the elastoplastic tangent moduli can be obtained as

Eep ¼ K I2 � I2ð Þ þ 2l I4 �
1

3
I2 � I2 �

n� n

1þHk þ Hið Þa
3l

� �
0
BB@

1
CCA

Solution: In the case of plastic deformation, one has

f ¼ hk k �
ffiffiffi
2

3

r
HiðaÞ ¼ 0

It follows that

f h : _hþ f a _a ¼ 0
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where

_h ¼ _S� _�q

Note that by using the identity hk k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
trðh2Þ

p
, the yield function f can be

written as

f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
trðh2Þ

q
�

ffiffiffi
2

3

r
HiðaÞ

One can show that

@ trðh2Þ
� �
@gij

¼
X3

k,l¼1

@ gklgklð Þ
@gij

¼
X3

k,l¼1

@ gklð Þ
@gij

gkl þ gkl

@ gklð Þ
@gij

 !
¼
X3

k,l¼1

2gkldkidlj ¼ 2gij

which shows that

@ trðh2Þ
� �
@h

¼ 2h

It follows that

@f

@h
¼ @

ffiffiffiffiffiffiffiffiffiffiffiffiffi
trðh2Þ

p
@h

¼ n

From Equation 59, one can write

_S ¼ 2l _ed � cnð Þ

From Equation 56, one has

_�q ¼ 2

3
cHkn

Using the preceding two equations, one can write

_h ¼ 2l _ed � cnð Þ � 2

3
cHkn ¼ 2l _ed � 2cn lþ 1

3
Hk

� �
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One also has from Equation 56

_a ¼
ffiffiffi
2

3

r
c

If Hið Þa¼ @Hi=@a, one has

f a ¼ �
ffiffiffi
2

3

r
Hið Þa

Using these definitions, one can write

f h : _hþ f a _a ¼ n : 2l _ed � 2cn lþ 1

3
Hk

� �� �
�

ffiffiffi
2

3

r
Hið Þa

ffiffiffi
2

3

r
c

 !
¼ 0

Because n : n ¼ 1, the preceding equation yields

2l n : _ed � 2c lþ 1

3
Hk

� �
� 2

3
c Hið Þa¼ 0

This equation can be used to determine the consistency parameter c as

c ¼ l n : _ed

lþ 1

3
Hk þ

1

3
Hið Þa

¼ n : _ed

1þHk þ Hið Þa
3l

In order to obtain the elastoplastic tangent moduli, one can differentiate

s ¼ Sþ pI with respect to time. This leads to

_s ¼ _Sþ _pI

Because _S ¼ 2l _ed � cnð Þ, the use of the expression of the consistency parameter

c leads to

_S ¼ 2l _ed � cnð Þ ¼ 2l _ed �
n : _ed

1þHk þ Hið Þa
3l

n

0
BB@

1
CCA
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Recall that in the case of linear elasticity the stress components and the hydro-

static pressure are, respectively, given by

rij ¼ 2lee
ij þ kee

t

p ¼ 1

3

X3

k¼1

rkk ¼
1

3
2lþ 3kð Þee

t ¼ Kee
t

where

K ¼ kþ 2

3
l, ee

t ¼
X3

k¼1

ee
kk

In this equation, k and l are Lame’s constants. It follows that

_p ¼ K _ee
t

In the J2 flow theory, it is assumed that ep
t ¼ 0, and as a consequence,

et ¼ ee
t þ ep

t ¼ ee
t . It follows that

_p ¼ K _et

and

_s ¼ 2l _ed �
n : _ed

1þHk þ Hið Þa
3l

n

0
BB@

1
CCAþK _etI ¼ Eep : _e

where e
ep
ijkl are the elements of the fourth-order tensor Eep. The components of

the second-order tensor _s can then be written as

_rij ¼ 2l _edij �

P3
k,l¼1

nkl _edkl

1þHk þ ðHiÞa
3l

nij

0
BBB@

1
CCCAþK _etdij ¼

X3

k,l¼1

e
ep
ijkl _ekl

From the definition of the deviatoric strain, one has

_edij ¼ _eij �
1

3
dij _et
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One can also write

_eij ¼
X3

k,l¼1

dkidlj _ekl, dij _et ¼
X3

k,l¼1

dijdkl _ekl

Therefore,

_edij ¼
X3

k,l¼1

dkidlj _ekl �
1

3
dijdkl _ekl

� �

and

X3

k,l¼1

nkl _edkl ¼
X3

k,l¼1

nkl _ekl �
1

3
dkl _et

� �
¼
X3

k,l¼1

nkl _ekl �
1

3

X3

k¼1

nkk _et

Because
X3

k¼1
nkk ¼

X3

k¼1

gkk

hk k ¼ 0, one has

X3

k,l¼1

nkl _edkl ¼
X3

k,l¼1

nkl _ekl

By substituting into the stress-rate equation, one obtains

_rij ¼ 2l
X3

k,l¼1

dkidlj _ekl �
1

3
dijdkl _ekl �

nkl _ekl

1þHk þ ðHiÞa
3l

nij

0
BB@

1
CCAþX3

k,l¼1

Kdijdkl _ekl

¼
X3

k,l¼1

2l dkidlj �
1

3
dijdkl �

nijnkl

1þHk þ ðHiÞa
3l

0
BB@

1
CCAþKdijdkl

0
BB@

1
CCA _ekl ¼

X3

k,l¼1

e
ep
ijkl _ekl

where

e
ep
ijkl ¼ 2l dkidlj �

1

3
dijdkl �

nijnkl

1þHk þ ðHiÞa
3l

0
BB@

1
CCAþKdijdkl
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which defines the fourth-order elastoplastic tangent moduli tensor as

Eep ¼ 2l I4 �
1

3
I2 � I2 �

n� n

1þHk þ ðHiÞa
3l

0
BB@

1
CCAþKI2 � I2

EXAMPLE 5.6

The J2 plane stress plasticity theory can be considered as a special case of the

development presented in this section. In the case of plane stress,

r13 ¼ r31 ¼ r23 ¼ r32 ¼ r33 ¼ 0

which leads to

g13 ¼ g31 ¼ g23 ¼ g32 ¼ 0, g33 ¼ �g11 � g22

One can evaluate hk k in the case of plane stress as follows:

hk k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g11g11 þ g12g12 þ g21g21 þ g22g22 þ g33g33

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðg2

11 þ g2
12 þ g2

22 þ g11g22Þ
q

The stress–strain relation in general case is defined by

_rij ¼
X3

k,l¼1

2l dkidlj �
1

3
dijdkl �

nijnkl

1þHk þ ðHiÞa
3l

0
BB@

1
CCAþKdijdkl

0
BB@

1
CCA _ekl

Because K ¼ kþ 2=3ð Þl, one has

_rij ¼
X3

k,l¼1

2l dkidlj �
1

3
dijdkl �

nijnkl

1þHk þ ðHiÞa
3l

0
BB@

1
CCAþ ðkþ 2

3
lÞdijdkl

0
BB@

1
CCA _ekl

¼
X3

k,l¼1

2l dkidlj �
nijnkl

1þHk þ ðHiÞa
3l

0
BB@

1
CCAþ kdijdkl

0
BB@

1
CCA _ekl

¼ 2l _eij �
nij

P3
k,l¼1

nkl _ekl

1þHk þ ðHiÞa
3l

0
BBB@

1
CCCAþ

X3

k¼1

kdij _ekk
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Because in the case of plane stress, g13 ¼ g31 ¼ g23 ¼ g32 ¼ 0, one has

n13 ¼ n31 ¼ n23 ¼ n32 ¼ 0. It follows that

_r13 ¼ 2l _e13, _r23 ¼ 2l _e23

which leads to

_e13 ¼ _e23 ¼ 0

Therefore, one can write the plane stress constitutive relationships as

follows:

_r11

_r22

_r12

2
6664

3
7775 ¼

kþ 2l� 2l
n11n11

H
k� 2l

n11n22

H
k� 2l

n11n33

H
�2l

n11n12

H

k� 2l
n22n11

H
kþ 2l� 2l

n22n22

H
k� 2l

n22n33

H
�2l

n22n12

H

�2l
n12n11

H
�2l

n12n22

H
�2l

n12n33

H
2l� 2l

n12n12

H

2
6666664

3
7777775

_e11

_e22

_e33

_e12

2
6666664

3
7777775

¼ E1

_e11

_e22

_e33

_e12

2
6666664

3
7777775

where

H ¼ 1þHk þ ðHiÞa
3l

and

E1 ¼

kþ 2l� 2l
n11n11

H
k� 2l

n11n22

H
k� 2l

n11n33

H
�2l

n11n12

H

k� 2l
n22n11

H
kþ 2l� 2l

n22n22

H
k� 2l

n22n33

H
�2l

n22n12

H

�2l
n12n11

H
�2l

n12n22

H
�2l

n12n33

H
2l� 2l

n12n12

H

2
666664

3
777775

Because _r33 ¼ 0, one has

2l _e33 þ kð _e11 þ _e22 þ _e33Þ � 2l
n33

H
ðn11 _e11 þ n22 _e22 þ n33 _e33 þ n12 _e12Þ ¼ 0
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Using this equation, one can write

_e11

_e22

_e33

_e12

2
6664

3
7775 ¼

1 0 0

0 1 0
2ln33n11 � kH

2lH þ kH � 2ln33n33

2ln33n22 � kH

2lH þ kH � 2ln33n33

2ln33n12

2lH þ kH � 2ln33n33

0 0 1

2
666664

3
777775

_e11

_e22

_e12

2
64

3
75

¼ E2

_e11

_e22

_e12

2
64

3
75

This equation can be substituted into the rate constitutive equations in the plane

stress case to obtain

_r11

_r22

_r12

2
4

3
5 ¼ Eep

_e11

_e22

_e12

2
4

3
5

where Eep ¼ E1E2, and

E2 ¼

1 0 0
0 1 0

2ln33n11 � kH

2lH þ kH � 2ln33n33

2ln33n22 � kH

2lH þ kH � 2ln33n33

2ln33n12

2lH þ kH � 2ln33n33

0 0 1

2
6664

3
7775

Nonlinear Isotropic/Kinematic Hardening The procedure used to solve the J2

plasticity equations in the general case of isotropic and kinematic hardening is first

outlined. The special case of linear isotropic and kinematic hardening is also dis-

cussed before concluding this section.

Using the J2 flow theory presented in this section, one can use the implicit

backward Euler method to transform the first-order differential equations to a set

of algebraic equations that are similar to Equation 47 and Equation 48. It can be,

however, shown that one only needs to solve one scalar nonlinear equation in order

to determine the state of stress and strains at time tn+1. To this end, the implicit

backward Euler method can be used with Equation 55 and Equation 56 to obtain

Snþ1 ¼ Sn þ 2lDed � 2lDcnnþ1

e
p
d

� �
nþ1
¼ e

p
d

� �
n
þDcnnþ1

anþ1 ¼ an þ Da ¼ an þ
ffiffiffi
2

3

r
Dc

�qnþ1 ¼ �qn þ
2

3
DcHk anþ1ð Þnnþ1

9>>>>>>=
>>>>>>;

ð5:64Þ
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where Da ¼ 2=3ð Þ
1
2 Dtð Þc ¼ 2=3ð Þ

1
2Dc. In Equation 64, Ded ¼ edð Þnþ1� edð Þn is assumed

to be known because the total strain at time tnþ1 is assumed to be known. Note also

that the unknowns on the left-hand side of Equation 64 can be determined if nnþ1

and Dc are determined. To this end, the trial stress state can be defined by the

following equations:

Strial
nþ1 ¼ Sn þ 2lDed

htrial
nþ1¼ Strial

nþ1 � �qn

)
ð5:65Þ

These trial solutions are function of known variables defined at time tn.

In the following, it is shown that, if nnþ1 can be determined, the solution of

Equation 64 reduces to the solution of a nonlinear scalar equation for the consistency

parameter Dc. Because Snþ1 ¼ Strial
nþ1 � 2l Dc nnþ1ð Þ, where 2l Dc nnþ1ð Þ is the plastic

corrector, hnþ1 can be expressed in terms of htrial
nþ1 using the following equation:

hnþ1 ¼ Snþ1 � �qnþ1

¼ htrial
nþ1 � 2lDcþ 2

3
DcHk anþ1ð Þ

� 

nnþ1 ð5:66Þ

Substituting hnþ1 ¼ hnþ1

�� ��nnþ1 in the preceding equation shows that htrial
nþ1 and nn+1

are in the same direction, and therefore, nn+1 can be written in terms of the trial

elastic stress htrial
nþ1 as

nnþ1 ¼
htrial

nþ1

htrial
nþ1

�� �� ð5:67Þ

This equation shows that nnþ1 can be evaluated using information available at time

tn. Therefore, the only remaining unknown on the left-hand side of Equation 64 is

Dc. If Dc is determined, the state of stresses and strains at time tnþ1 can be

determined using Equation 64. To this end, one can take the double contraction

of Equation 66 with nnþ1 and recall in the plastic state that hnþ1

�� ���ffiffiffiffiffiffiffiffi
2=3

p� �
Hiðanþ1Þ ¼ 0, which is the result of the yield condition (see the first equa-

tion in Equation 56). One can then obtain the following scalar equation in Dc :

gðDcÞ ¼ �
ffiffiffi
2

3

r
Hiðanþ1Þ þ htrial

nþ1

�� ��
� 2lDcþ 2

3
DcHk anþ1ð Þ

� 

¼ 0 ð5:68Þ

The first term on the right-hand side of this equation is the result of the fact that

nnþ1 and hnþ1 are in the same direction and the following identity:

nnþ1 : hnþ1 ¼ hnþ1

�� �� ¼ ffiffiffiffiffiffiffiffi
2=3

p� �
Hiðanþ1Þ. The nonlinear equation of Equation 68
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can be solved using a local Newton–Raphson iterative procedure. The convergence

is guaranteed because the function is convex as the result of using the associa-

tive plasticity model (Simo and Hughes, 1998). Knowing Dc and using Equation

67, all the unknowns in Equation 64 as well as the stress at time tnþ1 can be

determined.

EXAMPLE 5.7

Show that htrial
nþ1 and nn+1 that appear in Equation 66 are in the same direction.

Use this result to derive Equation 68.

Solution: From Equation 66, one has

hnþ1 ¼ htrial
nþ1 � 2lDcþ 2

3
Dc Hkð Þnþ1

� 

nnþ1

The definition of n is

nnþ1 ¼
hnþ1

hnþ1

�� ��
which yields hnþ1 ¼ hnþ1

�� ��nnþ1. It follows that

hnþ1

�� ��nnþ1 ¼ htrial
nþ1 � 2lDcþ 2

3
Dc Hkð Þnþ1

� 

nnþ1

This equation can be rewritten as

htrial
nþ1 ¼ 2lDcþ 2

3
Dc Hkð Þnþ1þ hnþ1

�� ��� 

nnþ1

This equation indicates that htrial
nþ1 and nnþ1 are in the same direction. By taking

the square on both sides of the preceding equation and taking the trace of the

resulting tensors, one obtains

tr htrial
nþ1

� �2
� �

¼ 2lDcþ 2

3
Dc Hkð Þnþ1þ hnþ1

�� ��� 
2

tr nnþ1ð Þ2
� �

Recall that

tr htrial
nþ1

� �2
� �

¼ htrial
nþ1 : htrial

nþ1 ¼ htrial
nþ1

�� ��� �2
,

tr nnþ1ð Þ2
� �

¼ nnþ1 : nnþ1 ¼ 1
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Therefore,

2lDcþ 2

3
Dc Hkð Þnþ1þ hnþ1

�� ��� 

¼ htrial

nþ1

�� ��

In the plastic state at time tn+1, the yield function is

f ¼ hnþ1

�� ���
ffiffiffi
2

3

r
Hiðanþ1Þ ¼ 0

Therefore,

htrial
nþ1

�� ��� 2lDcþ 2

3
Dc Hkð Þnþ1

� 

�

ffiffiffi
2

3

r
Hiðanþ1Þ ¼ 0

which is the same as Equation 68.

The relationship between the stresses and strains in the plasticity formulation

discussed in this section can be written as follows:

snþ1 ¼ K trðenþ1Þð ÞI2 þ 2l edð Þnþ1�Dcnnþ1

� �
ð5:69Þ

The incremental form of this equation can be written as

dsnþ1 ¼ E : denþ1 � 2l dDcnnþ1 þ Dcdnnþ1ð Þ

¼ E� 2lnnþ1 �
@Dc
@enþ1

� 2lDc
@nnþ1

@enþ1

� 

: denþ1 ð5:70Þ

where E ¼ K I2 � I2ð Þ þ 2l I4 � 1=3ð ÞI2 � I2f g is the elasticity tensor. Note that

@n

@h
¼ 1

hk k I4 � n� nð Þ ð5:71Þ

In the general case, the term @ Dcð Þ=@enþ1 in Equation 70 can be obtained from the

differentiation of Equation 68. The incremental form of Equation 70 can be used to

determine the consistent tangent moduli that define the relationship between the

stresses and the total strains.

Return Mapping Algorithm for Nonlinear Isotropic/Kinematic Hardening Based

on the discussion presented in this section, the following algorithm can be
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summarized in the case of the J2 plasticity theory that accounts for nonlinear iso-

tropic and kinematic hardening (Simo and Hughes, 1998):

1. Using the fact that the strain is known at time tnþ1 and using the information at

time tn, compute the deviatoric strain tensor and the trial elastic stresses using

the following equations:

edð Þnþ1¼ enþ1 �
1

3
trðenþ1Þð ÞI2

Strial
nþ1 ¼ 2l edð Þnþ1� e

p
d

� �
n

� �
htrial

nþ1 ¼ Strial
nþ1 � �qn

9>>=
>>; ð5:72Þ

2. Check the yield condition by evaluating the following Huber–von Mises function:

f trial
nþ1 ¼ htrial

nþ1

�� ���
ffiffiffi
2

3

r
HiðanÞ ð5:73Þ

If f trial
nþ1 < 0, an elastic state is assumed. In this case, set the plasticity variables at

tnþ1 equal to the plasticity variables at tn, determine the stresses using the elastic

relationships, and exit.

3. If f trial
nþ1 > 0, solve the plasticity equations. Compute nn+1 and find Dc from the

solution of Equation 68. In this case, one has

nnþ1 ¼
htrial

nþ1

htrial
nþ1

�� �� ð5:74Þ

anþ1 ¼ an þ
ffiffiffi
2

3

r
Dc ð5:75Þ

4. Update the back stress, plastic strain, and stress tensors using the following equa-

tions:

�qnþ1 ¼ �qn þ
2

3
DcHkðanþ1Þnnþ1

e
p
d

� �
nþ1
¼ e

p
d

� �
n
þDcnnþ1

snþ1 ¼ Ktrðenþ1ÞI2 þ Strial
nþ1 � 2lDcnnþ1

9>>=
>>; ð5:76Þ

5. The consistent elasto-plastic tangent moduli can be computed using the formula

(Simo and Hughes, 1998)

Enþ1 ¼ K I2 � I2ð Þ þ 2lhnþ1 I4 �
1

3
I2 � I2

	 

� 2l�hnþ1 nnþ1 � nnþ1ð Þ ð5:77Þ
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where

hnþ1 ¼ 1� 2lDc

htrial
nþ1

�� �� , �hnþ1 ¼
1

1þ
Hið ÞaþHk

� �
nþ1

3l

 !� 1� hnþ1ð Þ ð5:78Þ

This algorithm requires the solution of one nonlinear algebraic equation (Equation

68). In the finite element implementation, this equation needs to be solved at the

integration points.

There are important considerations that must be taken into account when

implementing the algorithm presented in this section. The following important

remarks can be made regarding the proposed algorithm (Simo and Hughes, 1998):

1. In the analysis presented in this section, the backward Euler method was used as

an example to obtain the nonlinear plasticity algebraic equations. Nonetheless,

other implicit integration methods can be used to transform the first-order

differential equations into a set of nonlinear algebraic equations. In particular,

the backward Euler method can be replaced by the generalized mid-point rule

in the derivation of the discrete equations as proposed by Ortiz and Popov

(1985) or Simo and Taylor (1986). For the J2 flow theory, this results in the

return map proposed by Rice and Tracey (1973).

2. Note that the values of the variables at step n+1 are calculated based solely on

the converged values at step n. Use of an iterative scheme based on an intermediate

nonconverged values is questionable for a problem that is physically path dependent.

3. In the computer implementation, the expression for the consistent tangent mod-

uli should be compared with the ‘‘continuum’’ elasto-plastic tangent moduli in

order to estimate the errors. For large time steps, the consistent tangent moduli

may differ significantly from the ‘‘continuum’’ elasto-plastic tangent moduli.

Linear Kinematic/Isotropic Hardening In metal plasticity applications, it is often

assumed that the isotropic hardening is linear of the form HiðaÞ ¼ ry þ �Hia where
�Hi is a constant. Alternatively, one can use the following form of combined kine-

matic/isotropic hardening laws (Hughes, 1984):

HkðaÞ ¼ ð1� bÞ �Hk, HiðaÞ ¼ ry þ b �Hia
� �

, b 2 0,1½ � ð5:79Þ

where �Hk is a constant. As previously mentioned, the assumption of a constant

kinematic hardening modulus is known as Prager–Ziegler rule. More general iso-

tropic hardening models can also be used (Hughes, 1997).

In the special case of linear kinematic/isotropic hardening, one has

f trial
nþ1 ¼ htrial

nþ1

�� ���
ffiffiffi
2

3

r
ry þ b �Hian

� �
ð5:80Þ
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where b 2 0, 1½ � and �Hi > 0 is a given material hardening parameter. In this special

case, a closed-form solution for Dc can be obtained by substituting the preceding

equation into Equation 68 and assuming that �Hk ¼ �Hi. This leads to

2lDc ¼ f trial
nþ1

1þ
�Hi

3l

� � ð5:81Þ

Using this result, the update procedure is completed by substituting Equation 81

into Equation 64.

EXAMPLE 5.8

In order to prove Equation 81, one can use Equation 68 to write

htrial
nþ1

�� ��� 2lDcþ 2

3
Dc Hkð Þnþ1

� 

�

ffiffiffi
2

3

r
Hiðanþ1Þ ¼ 0

Recall that

f trial
nþ1 ¼ htrial

nþ1

�� ���
ffiffiffi
2

3

r
HiðanÞ

Therefore,

f trial
nþ1 þ

ffiffiffi
2

3

r
HiðanÞ � 2lDcþ 2

3
Dc Hkð Þnþ1

� 

�

ffiffiffi
2

3

r
Hiðanþ1Þ ¼ 0

In the case of linear kinematic/isotropic hardening, one has from Equation 79

Hk ¼ ð1� bÞ �Hk, Hiðanþ1Þ ¼ ry þ b �Hianþ1

In this equation, �Hk and �Hi are constants. Using Equation 64, one can write

anþ1 ¼ an þ
ffiffiffi
2

3

r
Dc

It follows that

HiðanÞ �Hiðanþ1Þ ¼ ry þ b �Hian � ry � b �Hianþ1 ¼ �b �Hi

ffiffiffi
2

3

r
Dc
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Therefore,

f trial
nþ1 � Dc 2lþ 2

3
b �Hi þ

2

3
ð1� bÞ �Hk

� 

¼ 0

In the special case in which �Hi ¼ �Hk, the preceding equation leads to

2lDc ¼ f trial
nþ1

1þ
�Hi

3l

� �

5.6 NONLINEAR FORMULATION FOR HYPERELASTIC–PLASTIC

MATERIALS

The elastic response of hyperelastic materials is derived from a potential function,

and therefore, the work done in a deformation process is path independent. This is

not the case when hypoelastic models are used. For hypoelastic materials, the elastic

response is not derived from a potential function and the work done in a deformation

process is path dependent. For all inelastic materials, the constitutive equations

depend on the path followed in a deformation process. It is, therefore, important

to follow this path in order to be able to accurately determine the current state of

stresses. This is also clear from the mathematical fact that the solution of algebraic

equations does not require knowledge of the history, whereas the solution of dif-

ferential equations requires knowledge of variable history. Similarly, the evaluation

of an integral requires one to define the limits of integration. The numerical eval-

uation of an integral, for example, requires information at several past points, and

not only information at the current point.

When hypoelastic–plastic models are used, the yield function is required to be

an isotropic function of the stress, and the objectivity requirements restrict the

elastic moduli to be isotropic if these moduli are assumed to be constant (Belytschko

et al., 2000). Furthermore, the numerical solution of the plasticity equations based

on the hypoelastic–plastic formulations requires the use of incrementally objective

integration schemes. There are in the literature formulations of hypoelastic materi-

als for large strains based on the additive decomposition of the rate of deformation

tensor (Belytschko et al., 2000). It is assumed in these formulations, however, that

the elastic strains are small compared to the plastic strains. Furthermore, energy is

not conserved in a closed deformation cycle. Such an energy violation, however, can

be insignificant if the assumption of small elastic strains is observed. The use of

a hyperelastic–plastic formulation, on the other hand, relaxes these requirements. In

this section, the formulation of the constitutive equations for hyperelastic–plastic

materials in the case of large strains is presented.

214 Plasticity Formulations



Multiplicative Decomposition The multiplicative decomposition of the matrix of

the position vector gradients, instead of the additive form assumed for small strains,

is the basis for the theory developed in this section for hyperelastic–plastic materials

(Bonet and Wood, 1997). Recall that a line element dx in the reference configura-

tion corresponds to a line element dr in the current configuration. If the material is

elastic and the load is removed, dx and dr differ only by a rigid-body rotation. If the

material, on the other hand, experiences a plastic deformation, a certain amount of

permanent deformation remains upon the removal of the load, and dr will corre-

spond to the vector dr p in a stress-free intermediate configuration called in this book

the intermediate plastic configuration as shown in Figure 1. The relationship between

dx and dr is given by the matrix of the position vector gradients J, whereas the

relationship between dx and dr p is given by the matrix of the position vector gra-

dients Jp. The relationship between dr p and dr is given by the matrix of the position

vector gradients Je. These kinematic relationships are defined for an arbitrary ele-

ment dx as

dr ¼ Jdx, dr ¼ Jedrp, drp ¼ Jpdx ð5:82Þ

From these equations, it is clear that

J ¼ JeJp ð5:83Þ

X1

X2

X3

O

Current
configuration

Intermediate plastic 
configuration

Reference
configuration

x

rp

r

J=JeJp

Jp

Je

Figure 5.1. Intermediate plastic configuration.
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This equation is the multiplicative decomposition of the matrix of position vector

gradients into an elastic part Je and a plastic part Jp.

Using the multiplicative decomposition, strain measures that are independent

of the rigid-body displacements can be defined. For example, the following right

Cauchy–Green strain tensors for the total, elastic, and plastic deformations can be

defined as:

Cr ¼ JTJ, Ce
r ¼ JeT

Je, Cp
r ¼ JpT

Jp ð5:84Þ

These tensors are often used in the formulation of the constitutive equations of

plastic materials. Because Cr measures the total strains and Cp
r measures the plastic

strains, both tensors are required in order to completely describe the current state of

the material. Using the preceding equation, an elastic Green–Lagrange strain tensor

that measures the elastic deformation from the stress-free intermediate plastic con-

figuration to the current configuration can be defined as

ee ¼ 1

2
Ce

r � I
� �

ð5:85Þ

Under a superimposed rigid-body rotation from the current configuration, the final

matrix of the position vector gradients from the stress-free intermediate plastic

configuration is �J
e ¼ AJe, where A is the rotation matrix. It follows that ee is in-

variant under and is not affected by the rigid-body rotation, a property similar to

that of the second Piola–Kirchhoff stress tensor as discussed in Chapter 3.

For isotropic materials, it is sometimes simpler to develop the constitutive

equations in the current configuration using the elastic left Cauchy–Green tensor

given as

Ce
l ¼ JeJeT ¼ J Jpð Þ�1 Jpð Þ�1T

JT ¼ J Cp
r

� ��1
JT ð5:86Þ

It can be shown that the potential function used in a hyperelastic model can be

written in terms of the invariants of Ce
l .

Hyperelastic Potential In the case of large deformations, it is important to dis-

tinguish between different stress and strain measures. Associated with the elastic

strain tensor ee, one can define the second Piola–Kirchhoff stress tensor se
P2 as the

pull-back of the Kirchhoff stress tensor sK as

se
P2 ¼ Je�1

sKJe�1T

ð5:87Þ
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Kirchhoff stress is used here instead of Cauchy stress because Truesdell rate of

Kirchhoff stress is the push-forward of the rate of the second Piola–Kirchhoff stress

as demonstrated in Chapter 3. Recall that Kirchhoff stress tensor differs from

Cauchy stress tensor by a scalar multiplier, which is the determinant of the matrix

of the position vector gradients.

For the hyperelastic material plasticity model discussed in this section, it is

assumed that the stress–strain relationships can be obtained from a strain-energy

function formulated relative to the intermediate plastic configuration. Using this

assumption, the second Piola–Kirchhoff stress tensor can be derived from an energy

potential function Ue as

se
P2 ¼

@Ue eeð Þ
@ee

¼ 2
@Ue Ce

r

� �
@Ce

r

ð5:88Þ

Taking the derivatives of this equation with respect to time, one obtains

_se
P2 ¼

@2Ue eeð Þ
@ee@ee

: _ee ¼ Ee: _ee ð5:89Þ

where Ee is the matrix of elastic coefficients that relates the rate of the second Piola–

Kirchhoff stress tensor se
P2 to the rate of the elastic Green–Lagrange strain tensor ee.

Note that both se
P2 and ee are invariant under a superimposed rigid-body motion.

Therefore, using these two tensors ensures that the elastic response is objective. The

preceding equation also shows that Ee does not change under a rigid-body rotation,

and therefore, the elastic moduli can be anisotropic, unlike the case of hypoelastic

models.

Rate of Deformation Tensors In the hyperelastic–plastic formulation discussed in

this section, the plasticity equations are expressed in terms of the rate of deforma-

tion tensors defined in the intermediate plastic configuration (Simo and Hughes,

1998; Belytschko et al., 2000). In order to determine expressions for these tensors,

the matrix of velocity gradients is written as

L ¼ _JJ
�1 ¼ d

dt
JeJpð Þ

� 

JeJpð Þ�1¼ _J

e
Je�1 þ Je _J

p
Jp�1

Je�1 ð5:90Þ

This equation can be written as the sum of elastic and plastic parts as

L ¼ Le þ Lp ð5:91Þ

where

Le ¼ _J
e
Je�1

, Lp ¼ Je _J
p
Jp�1

Je�1 ð5:92Þ
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This equation shows that the elastic part Le has the usual form of the matrix of the

velocity gradients expressed in terms of Je instead of J, whereas the plastic part Lp is

pushed forward by Je. One can define the symmetric and the skew symmetric parts

of Le and Lp as follows:

De ¼ 1

2
Le þ LeT
� �

, We ¼ 1

2
Le � LeT
� �

Dp ¼ 1

2
Lp þ LpT
� �

, Wp ¼ 1

2
Lp � LpT
� �

9>>=
>>; ð5:93Þ

The velocity gradient L can be pulled back by Je to the intermediate plastic

configuration defining the velocity gradient �L as follows:

�L ¼ Je�1

LJe ¼ Je�1 _J
e þ _J

p
Jp�1 ¼ �L

e þ �L
p ð5:94Þ

In this equation,

�L
e ¼ Je�1 _J

e
, �L

p ¼ _J
p
Jp�1 ð5:95Þ

are the elastic and plastic parts of �L. One can also obtains �L
p

using the elementary

definition of Equation 82 as �L
p ¼ @vp=@rp ¼ @vp=@xð Þ @x=@rpð Þ ¼ _J

p
Jp�1

where

vp ¼ drp=dt.

Similarly, the following symmetric rate of deformation tensors can be defined as

the pull-back of D, De, and Dp by Je to the intermediate plastic configuration

(Belytschko et al., 2000):

�D ¼ JeT

DJe ¼ 1
2

Ce
r
�Lþ �L

T
Ce

r

� �
�D

e ¼ JeT

DeJe ¼ 1
2

Ce
r
�L

e þ �L
eT

Ce
r

� �
�D

p ¼ JeT

DpJe ¼ 1
2

Ce
r
�L

p þ �L
pT

Ce
r

� �
9>>>=
>>>;

ð5:96Þ

Note that by using these definitions, one has �D ¼ �D
e þ �D

p
. Because ee ¼

1=2ð Þ Ce
r � I

� �
, one has

_ee ¼ 1

2
_C

e

r ¼
1

2
_J

eT

Je þ JeT _J
e

� �
ð5:97Þ

This equation, upon using the previously given definitions of �D
e

(Equation 96), Ce
r

(Equation 84), and �L
e

(Equation 95), leads to

_ee ¼ 1

2
_C

e

r ¼ �D
e ð5:98Þ
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Therefore, the stress rate _se
P2 can be written using the relationship _se

P ¼ Ee : _ee

presented previously in this section for hyperelastic materials (Equation 89) as

_se
P2 ¼ Ee : �D

e ¼ Ee: �D� �D
p� �

ð5:99Þ

This equation, which takes a simple form as the result of using the definitions of

Equation 96, will be used to define the elastic–plastic tangent moduli. It is important,

however, to point out that the use of the additive decomposition of rates of de-

formation measures does not impose a restriction on the applicability of the formu-

lation presented in this section to large deformation problems. This argument is

similar to the one used when dealing with rotations. Although finite rotations can

not be added, the angular velocities can be added. Recall that the angular velocities

are not in general the time derivatives of orientation parameters. Similarly, some of

the rates of the deformation measures are also not in general exact differentials.

Flow Rule and Hardening Law In the case of the large deformations, the elastic

domain can be defined in terms of the stresses and the internal plasticity variables as

f se
P2, q

� �
< 0 ð5:100Þ

In this equation, q is a set of internal variables. Because _se
P2 is invariant under

a superimposed rigid-body rotation, objectivity imposes no restrictions on the yield

function allowing for the use of anisotropic plastic model.

The general non-associative model flow rule and hardening law are defined as

�L
p ¼ cgðse

P2, qÞ
_q ¼ �chðse

P2, qÞ



ð5:101Þ

where g and h are prescribed functions. Note that, because of the definition of �L
p
, g

is a tensor defined in the intermediate plastic configuration. In the flow rule, �L
p

is

used instead of the plastic part of the rate of deformation tensor Dp as it is the case in

some hypoelastic–plastic models.

The Kuhn–Tucker loading and unloading complementarity condition can be

written as

c > 0, f ðse
P2, qÞ< 0, cf ðse

P2, qÞ ¼ 0 ð5:102Þ

The consistency condition is

c _f ðse
P2, qÞ ¼ 0 ð5:103Þ
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The consistency condition _f ¼ 0 can be used to determine the consistency parameter

as follows:

c ¼
f se

P2
: Ee : �D

f se
P2

: Ee : gs þ f q : h
ð5:104Þ

In this equation,

gs ¼
1

2
Ce

rgþ gTCe
r

� �
ð5:105Þ

is obtained from the definition of �L
p

in the flow rule. Note also that

�D
p ¼ cgs ð5:106Þ

Substituting these results into the constitutive equations (Equation 99), one obtains

_se
P2 ¼ Ee : �D� �D

p� �
¼ Ee : �D� cgs

� �
ð5:107Þ

This equation can be written as

_se
P2 ¼ Eep : �D ð5:108Þ

where Eep is the tensor of tangent elastoplastic moduli given by

Eep ¼
Ee

Ee �
ðEe : gsÞ � Ee : f se

P2

� �
f se

P2
: Ee : gs þ f q: h

c ¼ 0

c > 0

8><
>: ð5:109Þ

In the general case of non-associative plasticity, the tangent elastic plastic moduli

tensor is not necessarily symmetric. It is symmetric in the case of associative plas-

ticity. It is important to reiterate that the objectivity requirements are automatically

satisfied for hyperelastic–plastic formulations because the elastic strains and stresses

used in this formulation are invariant under a superimposed rigid-body motion. In

order to demonstrate this fact, one follows a procedure similar to the procedure used

in the preceding chapter by assuming A to be a time-dependent rigid-body rotation

from the current configuration. Note that the reference and intermediate plastic

configurations are not affected by this rotation. It follows that the new matrix of

position vector gradients is given by AJ, whereas the elastic part will be AJe and the

plastic part will remain Jp. Consequently, the elastic Lagrangian strain ee will remain

the same. Consequently, the stresses are not affected by the rotation because they

can be directly evaluated using Equation 88 and no integration of stress rate is

required.
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EXAMPLE 5.9

Show that the consistency parameter of Equation 14 can be written as

c ¼
f se

P2
: Ee : �D

f se
P2

: Ee : gs þ f q : h

Solution: In the case of plastic deformation

f ðse
P2, qÞ ¼ 0

Differentiating this equation with respect to time, one obtains

f se
P2

: _se
P2 þ f q : _q ¼ 0

From Equation 17, one has

_se
P2 ¼ Ee : �D� cEe : gs

where gs is defined by Equation 105. Using Equation 101, one can write

_q ¼ �c h

By substituting the values of _se
P2 and _q into the differentiated form of the yield

function one obtains

f se
P2

: Ee : �D� cf se
P2

: Ee : gs � cf q : h ¼ 0

This equation defines the consistency parameter as

c ¼
f se

P2
: Ee : �D

f se
P2

: Ee : gs þ f q : h

EXAMPLE 5.10

Show that the tensor of tangent elastoplastic moduli in the case of the plasticity

formulation discussed in this section can be written as

Eep ¼
Ee

Ee �
Ee : gsð Þ � Ee : f se

P2

� �
f se

P2
: Ee : gs þ f q: h

8><
>:

c ¼ 0

c > 0
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Solution: From Equation 107, one has

_se
P2 ¼ Ee : �D� cEe : gs

If c ¼ 0, one has the elastic stress–strain relationship, which can be written

in the rate form as

_se
P2 ¼ Ee : �D

On the other hand, if c > 0, one can use the value of c calculated from

Equation 104, which leads to the following equation:

_se
P2 ¼ Ee : �D�

f se
P2

: Ee : �D

f se
P2

: Ee : gs þ f q : h

 !
Ee : gs

This defines the components of the second-order tensor _se
P2 as

_se
P2

� �
ij
¼
X3

k,l¼1

ee
ijkl

�Dkl �
X3

k,l,w,x,u,v¼1

f se
P2

� �
wx

ee
wxkl

�Dkl

f se
P2

: Ee : gs þ f q : h

0
@

1
A ee

ijuv gsð Þuv

� �

This equation can be written as

_se
P2

� �
ij
¼
X3

k,l¼1

ee
ijkl �

P3
u,v¼1

ee
ijuv gsð Þuv

 ! P3
w,x¼1

f se
P2

� �
wx

ee
wxkl

 !

f se
P2

: Ee : gs þ f q : h

0
BBBB@

1
CCCCA �Dkl

which defines the second-order tensor _se
P2 as

_se
P2 ¼ Ee �

Ee : gsð Þ � f se
P2

: Ee
� �

f se
P2

: Ee : gs þ f q : h

0
@

1
A : �D ¼ Eep : �D

From this equation, one can define

Eep ¼ Ee �
Ee : gsð Þ � f se

P2
: Ee

� �
f se

P2
: Ee : gs þ f q : h

0
@

1
A
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Numerical Solution It is assumed that the matrix of position vector gradients J

and the Green–Lagrange strain tensor e are known. It follows then that the matrix Je

can be expressed in terms of the matrix Jp as Je ¼ JJp�1

. Therefore, it can be shown

that �L
p
, �D, and �D

p
in Equation 99 and Equation 101 can be expressed in terms of Jp.

As a result, Equation 99 to Equation 101 represent a set of four systems of equations

that can be solved for the unknowns se
P2, Jp, q, and c. To this end, the implicit back-

ward Euler method can be used to convert the system of differential equations to

a set of nonlinear algebraic equations that can be solved using the iterative Newton–

Raphson method as described previously in this chapter. It is important to point

out, however, that Jp is not necessarily symmetric, and �L
p
, �D, and �D

p
in the general

theory presented in this section are not simple functions of Jp. For this reason, the

numerical solution of the general equations of the hyperelastic–plastic model can be

less efficient compared with cases in which a closed-form solution can be obtained.

EXAMPLE 5.11

Show that �L
p
, �D, and �D

p
in Equation 99 and Equation 101 can be expressed in

terms of Jp

Solution: From Equation 95, one can write �L
p

in terms of Jp as follows:

�L
p ¼ _J

p
Jp�1

This equation shows that �L
p

can be written in terms of Jp.

From Equation 96, one can write �D as follows:

�D ¼ JeT

DJe

Note that one can write Je in terms of Jp as follows:

Je ¼ JJp�1

It follows that

JeT ¼ ðJp�1ÞTJT

The rate of deformation tensor is given by the equation

D ¼ 1

2
ðLþ LTÞ

From Equation 90, one has L ¼ _JJ�1. It follows that

LT ¼ ðJ�1ÞT _J
T
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One can then write �D in terms of Jp as follows:

�D ¼ Je
T

DJe ¼ 1

2
JeTðLþ LTÞJe ¼ 1

2
Jp�1
� �T

JTð _JJ�1 þ J�1
� �T _J

TÞJJp�1

This equation can be simplified and written as follows:

�D ¼ 1

2
Jp�1
� �T

JT _JJ
p�1

þ Jp�1
� �T

_J
T

JJp�1

� �
¼ 1

2
Jp�1
� �T

JT _Jþ _J
T

J
� �

Jp�1

This equation shows that �D can be expressed in terms of Jp.

From Equation 96, one has

�D
p ¼ 1

2
Ce

r
�L

p þ �L
pT

Ce
r

� �

Using the definition of Ce
r , one can write

Ce
r ¼ JeT

Je ¼ Jp�1
� �T

JTJJp�1

From Equation 95, one also has

�L
pT

¼ _J
p
Jp�1

� �T

¼ Jp�1
� �T

_J
pT

Using the preceding three equations, one can then write �D
p

in terms of Jp as

follows:

�D
p ¼ 1

2
Jp�1
� �T

JTJJp�1 _J
p
Jp�1 þ Jp�1

� �T
_J

pT

Jp�1
� �T

JTJJp�1

� �

Rate-Dependent Plasticity In the case of rate-dependent plasticity, c is defined as

c ¼
/ se

P2, q
� �

g
ð5:110Þ

In this equation, g is the viscosity, and / is an overstress function. The relationship

between the stress and rate of deformation tensor can be written as

_se
P2 ¼ Ee : �D� cgs

� �
¼ Ee : �D� /

g
gs

� �
ð5:111Þ
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More discussion on the rate-dependent plasticity formulations can be found in the

reference by Simo and Hughes (1998).

5.7 HYPERELASTIC–PLASTIC J2 FLOW THEORY

In this section, the hyperelastic–plastic formulation based on the J2 flow theory is

discussed. The use of this theory leads to a simple integration algorithm, which can

be considered as an extension of the radial return mapping algorithm used for the

infinitesimal J2 flow theory. The development of the formulation is illustrated using

a model based on the Neo-Hookean material that is suited for the analysis of large

deformation. The main assumptions used in the J2 flow theory as compared to the

general theory presented in the preceding section are the plastic spin is zero and the

yield condition is a function of the deviatoric part of the stress only and does not

depend on the hydrostatic pressure. Using these two assumptions, the formulation

presented in the preceding section can be systematically specialized to the case of

the J2 flow theory.

For the Neo-Hookean material, the energy potential function can be written in

the intermediate plastic configuration as

Ue ¼ l
2

Ie
1 � 3

� �
� l ln Je þ ke

2
ln Jeð Þ2 ð5:112Þ

where Ie
1 is the first principal invariant of the tensor Ce

r , Je ¼ Jej j ¼ det Jeð Þ, and ke

and l are Lame constants. The second Piola–Kirchhoff stress tensor is obtained as

described in Chapter 4 as

se
P2 ¼ l I� Ce�1

r

� �
þ ke ln Jeð ÞCe�1

r ð5:113Þ

This equation can be used to obtain the following rate form of hyperelasticity:

_se
P2 ¼ Ee : �D

e ¼ Ee: �D� �D
p� �

ð5:114Þ

The deviatoric stress tensor associated with the intermediate plastic configuration

can also be defined as described in Chapter 4 as

Se
P2 ¼ se

P2 �
1

3
se

P2 : Ce
r

� �
Ce�1

r ð5:115Þ

The elastic domain is defined by the von Mises yield surface

f Se
P2, q

� �
< 0 ð5:116Þ
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In the J2 flow theory presented in this section, it is assumed that the plastic spin �W
p

is

identically equal to zero. Therefore, the flow rule can be written in terms of the

symmetric part �D
p
, instead of �L

p
, using the assumptions of associative plasticity as

(Belytschko et al., 2000)

�D
p ¼ cgs ¼ c

3

2re
Ce

rSe
P2Ce

r

� �
ð5:117Þ

In this equation, gs is obtained using Equation 105 where g is defined in the in-

termediate plastic configuration, and re is the von Mises effective stress defined as

re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
Se

P2Ce
r

� �
: Se

P2Ce
r

� �T

r
ð5:118Þ

Using the equations presented in this section, the elastoplastic tangent moduli can

be obtained by substituting in the form presented in the preceding section.

EXAMPLE 5.12

Determine the tensor of the tangent elastoplastic moduli in the case of the J2

flow theory discussed in this section.

Solution: In the case of plastic deformation, one has

f Se
P2, q

� �
¼ 0

One can use Equation 115 to write Se
P2 in terms of se

P2 and Ce
r . In this case,

the yield function can be written as

f se
P2, Ce

r , q
� �

¼ 0

By differentiating this equation with respect to time, one obtains

f se
P2

: _se
P2 þ f Ce

r
: _C

e

r þ f q : _q ¼ 0

From Equations 114 and 106, one has

_se
P2 ¼ Ee : �D� Ee : �D

p ¼ Ee : �D� c Ee : gs

Using Equations 98 and 106, one has

_C
e

r ¼ 2 �D
e ¼ 2 �D� �D

p� �
¼ 2 �D� 2cgs
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From Equation 101, one has

_q ¼ �c h

Substituting the preceding three equations for _se
P2, _C

e

r , and _q into the

differentiated form of the yield function, one obtains

f se
P2

: Ee : �D� c f se
P2

: Ee : gs þ 2f Ce
r

: �D� 2c f Ce
r

: gs � cf q : h ¼ 0

One can then write

c ¼
f se

P2
: Ee þ 2f Ce

r

� �
: �D

f se
P2

: Ee þ 2f Ce
r

� �
: gs þ f q : h

If c ¼ 0, one has an elastic state and Equation 114 leads to

_se
p2 ¼ Ee : �D

On the other hand, if c > 0, one has a plastic state. In this case, the

stress–strain relationship can be written as follows:

_se
P2 ¼ Ee : �D�

f se
P2

: Ee þ 2f Ce
r

� �
: �D

f se
P2

: Ee þ 2f Ce
r

� �
: gs þ f q : h

8<
:

9=
; Ee : gsð Þ

The components of this tensor can be written as

_se
P2

� �
ij
¼
X3

k,l¼1

ee
ijkl

�Dkl �

P3
k,l¼1

f se
P2

: Ee þ 2f Ce
r

� �
kl

�Dkl

f se
P2

: Ee þ 2f Ce
r

� �
: gs þ f q : h

X3

w,x¼1

ee
ijwx gsð Þwx

By factoring out �Dkl, one obtains

_se
P2

� �
ij
¼
X3

k,l¼1

ee
ijkl �

P3
w,x¼1

ee
ijwx gsð Þwx

 !
f se

P2
: Ee þ 2f Ce

r

� �
kl

f se
P2

: Ee þ 2f Ce
r

� �
: gs þ f q : h

0
BBBB@

1
CCCCA �Dkl
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This equation leads to

_se
P2 ¼ Ee �

Ee : gsð Þ � f se
P2

: Ee þ 2f Ce
r

� �
f se

P2
: Ee þ 2f Ce

r

� �
: gs þ f q : h

0
@

1
A : �D ¼ Eep : �D

where

Eep ¼ Ee �
Ee : gsð Þ � f se

P2
: Ee þ 2f Ce

r

� �
f se

P2
: Ee þ 2f Ce

r

� �
: gs þ f q : h

0
@

1
A

EXAMPLE 5.13

In this example, a proof of Equation 117 is provided. To this end, the von Mises

yield function can be written in the following form:

f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr h2ð Þ

r
�HiðaÞ

In case of no kinematic hardening, one has

h ¼ devðsKÞ ¼ SK

where SK is the deviatoric part of the Kirchhoff stress tensor. The derivative of

the yield function with respect to the Kirchhoff stress can be calculated as

follows:

f SK
¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr S2

K

� �r @
3

2
tr S2

K

� �� �
@SK

¼
3

2
SKffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

2
tr S2

K

� �r

In order to write f SK
in terms of Se

P2, one can use the following relation:

SK ¼ JeSe
P2JeT

Therefore, one can write

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr S2

K

� �r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr JeSe

P2JeT
� �

JeSe
P2JeT

� �T
� �s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr JeSe

P2JeT

JeSeT

P2JeT
� �r
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Recall that trðABÞ ¼ trðBAÞ. It then follows that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr S2

K

� �r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr Se

P2JeT
JeSeT

P2JeT
Je

� �r

By using the definition Ce
r ¼ JeT

Je in the preceding equation, one obtains

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr S2

K

� �r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr Se

P2Ce
rSe

P2
TCe

r

� �r

The second-order tensor Se
P2 is symmetric because

SeT

P2 ¼ JeJe�1

SJeT�1� �T

¼ JeJe�1

STJeT�1

¼ JeJe�1

SJeT�1

¼ Se
P2

It follows that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr S2

K

� �r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr Se

P2Ce
rSe

P2Ce
r

� �r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
Se

P2Ce
r

� �
: Se

P2Ce
r

� �T

r

The second-order tensor f SK
can then be written as

f SK
¼

3

2
JeSe

P2JeT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
Se

P2Ce
r

� �
: Se

P2Ce
r

� �T

r ¼ 3

2re
JeSe

P2JeT

where

re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
Se

P2Ce
r

� �
: Se

P2Ce
r

� �T

r

If the case of associative plasticity is assumed, one has

g ¼ Je�1

f SK
Je

It follows that

g ¼ 3

2re
Se

P2Ce
r

From the flow rule,

�L
p ¼ c g
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Using Equation 96, one can write

�D
p ¼ 1

2
Ce

r
�L

p þ �L
pT

Ce
r

� �
¼ c

3

2re
Ce

rSe
P2Ce

r

� �

which is the same as Equation 117.

PROBLEMS

1. Explain the Bauschinger Phenomenon.

2. Define the basic hypotheses on which the theory of plasticity is based.

3. Define the isotropic and kinematic hardening.

4. What is the difference between associative and non-associative plasticity?

5. What is the difference between the return mapping algorithm and the radial

return mapping algorithm?

6. What are the drawbacks of using explicit integration instead of implicit integra-

tion to solve the plasticity equations?

7. Outline in detail the steps of a numerical solution of the plasticity equations of

the hyperelastic material model discussed in Section 6.

8. Discuss the main assumptions used in the J2 flow theory for the hyperelastic

model presented in Section 7 as compared to the more general model presented

in Section 6.

9. Outline in detail the steps of a numerical solution that can be used for the J2 flow

theory for the hyperelastic model presented in Section 7.
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6 FINITE ELEMENT FORMULATION:

LARGE-DEFORMATION, LARGE-ROTATION

PROBLEM

In the preceding chapters, the general nonlinear continuum mechanics theory was

presented. In order to make use of this theory in many practical applications, a finite

dimensional model must be developed. In this model, the partial differential equa-

tions of equilibrium are written using approximation methods as a finite set of

ordinary differential equations. One of the most popular approximation methods

that can be used to achieve this goal is the finite element method. In this method, the

spatial domain of the body is divided into small regions called elements. Each ele-

ment has a set of nodes, called nodal points that are used to connect this element

with other elements used in the discretization of the body. The displacement of the

material points of an element is approximated using a set of shape functions and the

displacements of the nodes and possibly their derivatives with respect to the spatial

coordinates. In this case, the dimension of the problem depends on the number of

nodes and number and type of the nodal coordinates used.

In the literature, there are many finite element formulations that are devel-

oped for the deformation analysis of mechanical, aerospace, structural, and bio-

logical systems. Some of these formulations are developed for small-deformation

and small-rotation linear problems, some for large-deformation and large-rotation

nonlinear analysis, and the others for large-rotation and small-deformation non-

linear problems. Several numerical solution procedures and computational

algorithms are also proposed for solving the resulting system of finite element

differential equations.

The next chapter of this book is devoted to the important nonlinear problem of

small-deformation and large-rotation of flexible bodies, which is typical of multi-

body system applications. In the case of small deformations, one can use more

efficient formulations that require the use of smaller number of coordinates. These

formulations, as will be discussed in the following chapter, require filtering out

complex shapes that are associated with high-frequency modes of oscillations while

ensuring that these formulations can still correctly describe arbitrary rigid-body

6
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displacements. To this end, the concept of the intermediate element coordinate

system will be introduced. The treatment of the more general problem of large

deformation and large rotation, on the other hand, does not allow for such an

efficient use of the techniques of coordinate reduction because the shape of defor-

mations can be very complex and higher-order models are required in order to be

able to capture the details of the deformation shapes.

In this chapter, a more general large-rotation and large-deformation finite ele-

ment formulation is discussed. This formulation, which is called the absolute nodal

coordinate formulation imposes no restrictions on the amount of rotation or de-

formation within the finite element. In addition to its simplicity and its consistency

with the nonlinear theory of continuum mechanics, the absolute nodal coordinate

formulation has several advantages as compared to other large-rotation and large-

deformation finite element formulations that exist in the literature. This formulation

leads to a constant mass matrix and zero centrifugal and Coriolis forces, and it

accounts for the dynamic coupling between the rigid-body motion and the elastic

deformation.

There are three conditions that must be met in order to have the absolute nodal

coordinate formulation discussed in this chapter. First, the problem under investi-

gation must be a dynamic problem in order to address the formulation of the inertia

forces. Second, consistent mass formulation must be used because lumped mass

formulations do not lead to a correct representation of the rigid-body dynamics

(Shabana, 2005). Third, global gradients or slopes obtained by differentiation of

absolute position vectors with respect to the spatial coordinates must be used as

nodal coordinates in order to impose continuity on rotation parameters.

This chapter is organized as follows. In Section 1, the displacement field and

coordinates of the finite element are defined. In Section 2, the element connectivity

conditions are introduced. In Section 3, the finite element inertia and elastic forces

are formulated, whereas in Section 4 the virtual work of the inertia and elastic forces

of the element is used to formulate the virtual work expression of the equations of

motion of the finite element. This virtual work expression is used to obtain the

equations of motion of the deformable body by assembling the equations of its finite

elements. Because the absolute nodal coordinate formulation leads to a nonlinear

expression of the elastic forces, one must resort in general to evaluate numerically

the integrals of these elastic forces, as discussed in Section 5. In Section 6, the basic

differential geometry theories of curves and surfaces are briefly reviewed in order to

help the reader better understand the modes of deformations of beams, plates and

shells. In Sections 7 to 12, several examples of two- and three-dimensional finite

element shape functions are presented, and the procedures for formulating the

elastic forces of these elements are outlined. In Section 13, the performance of

the finite elements is discussed, including topics such as the patch test; shear,

membrane, and volumetric locking; and reduced and selective integrations. In

Section 14, other large-deformation finite element formulations used in the literature

are discussed and compared with the absolute nodal coordinate formulation

presented in more detail in this chapter. The formulations of the dynamic equations
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obtained using the updated Lagrangian and Eulerian approaches are compared in

Section 15.

6.1 DISPLACEMENT FIELD

In the finite element method, as previously pointed out, the domain of the body is

divided into small regions called elements. Assuming that these elements are small,

one can use, for example, low-order polynomials to describe the displacement field

of the element. For example, if the deformation of the body is negligible or small,

only six coordinates are sufficient to define the rigid-body translation and rotation.

In this special case, first-order polynomials can be used to describe exactly the rigid-

body motion. For a small finite element on a deformable body, on the other hand,

the deformation within the element can be in general much smaller than the overall

deformation of the body, and therefore, one can still justify using a lower-order

polynomial to describe the displacement of a small region on the body. After in-

troducing the low-order polynomials to define the equations of motion of the finite

elements, the body equations of motion can be obtained by assembling the equa-

tions of motion of its elements using the connectivity conditions at the finite element

boundaries. By using this procedure, one can develop a powerful tool for the com-

puter aided analysis of structural components that have complex geometric shapes.

Separation of Variables Finite element approximations are based on the concept

of the separation of variables briefly introduced in Chapter 1 and used in the exam-

ples presented in several chapters of this book. The displacement of the finite

element can be written as the product of two sets of functions: one set depends

on the spatial coordinates, whereas the other set depends on time only. The sepa-

ration of variables can conveniently be achieved by assuming that the position

vector of arbitrary material points on the element can be written as polynomials

of the spatial local coordinates of the element. The coefficients of these polynomials

in the case of dynamics are the time-dependent variables. One can select points on

the element, called nodes, and assign variables such as displacements, rotations, and

slopes as nodal coordinates. Knowing the coordinates of these nodes in the reference

configuration, one can write a set of algebraic equations using the assumed poly-

nomial displacement field and determine the polynomial coefficients in terms of the

nodal variables. In the formulation discussed in this section, all the components of

the position vector are interpolated using polynomials that have the same order. For

example, for a given domain defined by the spatial coordinates x1, x2, and x3, the kth

component of the position vector can be written as

rk ¼ a0k þ a1kx1 þ a2kx2 þ a3kx3 þ a4kx2
1 þ a5kx2

2 þ . . . , k ¼ 1, 2, 3 ð6:1Þ

The coefficients aik, i ¼ 1, 2, 3, . . . , in the case of dynamics, are assumed to depend

only on time. In this case, the above assumed displacement field can be written as the

product of functions that depend only on the spatial coordinates x ¼ x1 x2 x3½ �T
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and a vector of time-dependent coordinates. To see this separation of variables, the

preceding equation can be written as

rk ¼ 1 x1 x2 x3 x2
1 x2

2 . . .
� �

a0k

a1k

a2k

a3k

a4k

a5k

..

.

2
6666666664

3
7777777775

, k ¼ 1, 2, 3 ð6:2Þ

Denoting the space-dependent row in this equation as Pk(x) and the time-

dependent vector as ak(t), the preceding equation can be written as

rk ¼ Pk xð Þak tð Þ, k ¼ 1, 2, 3 ð6:3aÞ

where

Pk xð Þ ¼ 1 x1 x2 x3 x2
1 x2

2 . . .
� �

, ak tð Þ ¼

a0k

a1k

a2k

a3k

a4k

a5k

..

.

2
6666666664

3
7777777775

ð6:3bÞ

One can select, as discussed in Chapter 1 and demonstrated by the examples pre-

sented at the end of this section, position coordinates and possibly spatial derivatives

of the coordinates at selected points and write the coefficients ak(t) in terms of these

position coordinates and their derivatives. The number of the selected position

coordinates and their derivatives must be equal to the number of the polynomial

coefficients in order to have a number of algebraic equations, which can be solved

for these coefficients. Let e be the vector of coordinates that may include position

coordinates and their spatial derivatives at selected points at known local positions

on the element. Substituting the values of the spatial coordinates in the preceding

equation, one can write the following relationship between the selected coordinates

and the coefficients of the polynomial:

e tð Þ ¼ Bpa tð Þ ð6:4Þ

where Bp is a constant square nonsingular matrix, and a is the total vector of the

polynomial coefficients. The preceding equation can be solved for the coefficients

a in terms of the selected coordinates as

a tð Þ ¼ B�1
p e tð Þ ð6:5Þ
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Substituting this equation into the assumed displacement field of Equation 3, one

can write the displacement field in terms of the selected coordinates as

r x; tð Þ ¼
r1

r2

r3

2
4

3
5 ¼ P1a1

P2a2

P3a3

2
4

3
5 ¼ P1 0 0

0 P2 0
0 0 P3

2
4

3
5 a1

a2

a3

2
4

3
5 ¼ P xð Þa tð Þ ¼ P xð ÞB�1

p e tð Þ

ð6:6Þ

In this equation,

P xð Þ ¼
P1 0 0
0 P2 0
0 0 P3

2
4

3
5, a tð Þ ¼

a1 tð Þ
a2 tð Þ
a3 tð Þ

2
4

3
5 ð6:7Þ

One, therefore, can write the position vector r using Equation 6 as

r x; tð Þ ¼ S xð Þe tð Þ ð6:8Þ

where

S xð Þ ¼ P xð ÞB�1
p ð6:9Þ

In this approach, S xð Þ is called the shape function matrix. The position vector field

can then be written as the product of the space-dependent matrix S xð Þ and the vector

of time-dependent coordinates e tð Þ.
Using this approach of the separation of variables, and assuming that the contin-

uum is divided into a number of ne finite elements as shown in Figure 1, the displace-

ment field of a finite element j can be written using the absolute nodal coordinates as

r j xj, t
� �

¼ S je j , j ¼ 1, 2, . . . , ne ð6:10Þ

X1

X2

X3

O

r j(x j ,  t)

Element  j

Figure 6.1. Finite element discretization.
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where r j is the global position vector of an arbitrary point on the finite element j as

shown in Figure 1, S j ¼ S j xj
� �

is a shape function matrix that depends on the ele-

ment spatial coordinates xj ¼ x
j
1 x

j
2 x

j
3

h iT

defined in the element reference con-

figuration, and e j ¼ e j tð Þ is the vector of time-dependent nodal coordinates that

define the displacements and possibly their spatial derivatives at a set of nodal points

selected for the finite element.

Modes of Displacement The selection of the number of nodal points and the

number of coordinates at each node is one of the important factors that determine

the accuracy of the finite element approximation. The general theory of continuum

mechanics discussed in this book shows that the matrix of position vector gradients

leads to nine independent modes of displacements for an infinitesimal volume at

a material point. The polar decomposition theorem shows that the matrix of position

vector gradients can be decomposed as the product of an orthogonal matrix and

a symmetric matrix. The orthogonal matrix is function of three independent param-

eters that define the rotation of the infinitesimal volume, whereas the symmetric

matrix is a function of six independent deformation parameters that define the strain

components. Therefore, if the translation of the infinitesimal volume is considered,

one has a total of 12 displacement modes for the infinitesimal volume: 3 translations,

3 rotations, and 6 deformation modes. Motivated by this simple and general con-

tinuum mechanics description of the motion of the infinitesimal volume, the vector

of nodal coordinates can be selected in the three-dimensional analysis to consist of

three translations and nine components of the position vector gradients. The nine

components of the position vector gradients account for three rotations and six

deformation modes. In this case, the vector of nodal coordinates e j of the finite

element at a node k can be written as

e jk ¼ rjkT

rjkT

x1
rjkT

x2
rjkT

x3

h iT

ð6:11Þ

where rjk is the absolute (global) position vector of the node k of the finite element j,

and rjk
xl

is the vector of position gradients obtained by differentiation with respect to

the spatial coordinate xl, l ¼ 1, 2, 3. Note that rjk
x ¼ Jjk is the matrix of the position

vector gradients at node k, where xj ¼ x
j
1 x

j
2 x

j
3

h iT

. Note also that the last three

vector elements of the vector of nodal coordinates ejk in Equation 11 are the col-

umns of the matrix of position vector gradients Jjk ¼ rjk
x that enters in the formu-

lation of the strain tensors. It is important that the chosen assumed displacement

field and nodal coordinates correctly describe an arbitrary displacement including

rigid-body displacement. This is an essential requirement, particularly in problems

in the field of multibody system dynamics in which the system components may

undergo finite rotations.
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Nodal Coordinates In the finite element literature, one can find a large number of

finite elements that have been developed to suit varieties of applications. Some

elements take the shape of trusses, some the shape of beams, some the shape of

rectangle, triangle or plate, solid (prism), tetrahedral, and many other shapes. These

elements employ different numbers and types of nodal coordinates. For example,

solid, triangle, rectangle, and tetrahedral elements employ, for the most part, only

displacement coordinates. Rotations, slopes, or gradients are not commonly used for

these elements. Conventional beam, plate, and shell elements employ, in addition to

the displacement coordinates, infinitesimal rotation coordinates. Some newer beam,

plate, and shell elements use finite rotations as nodal coordinates and define a rota-

tion field that is independent from the displacement field. Because in the general

theory of continuum mechanics, the rotation field is defined from the displacement

field using the matrix of position vector gradients, the use of an independent finite

rotation field can lead to coordinate redundancy, which can be a source of funda-

mental and numerical problems. Discussion on other types of finite elements and

finite element formulations will be presented in a later section of this chapter.

In the absolute nodal coordinate formulation discussed in this chapter, no in-

finitesimal or finite rotations are used as nodal coordinates. In this formulation, only

absolute position vectors consistent with the general continuum mechanics are in-

terpolated and the position vector gradient field is obtained by differentiation of the

position vector field with respect to the spatial coordinates of the finite element. As

it will be shown in this chapter, in addition to having a description consistent with

the general continuum mechanics theory, the formulation discussed in this chapter

has many unique features that make it suited for the analysis of large deformation

and rotation of very flexible structures.

EXAMPLE 6.1

An example of a finite element that is based on the motion description pre-

sented in this section is the three-dimensional two-node beam element shown in

Figure 2. Each node has 12 coordinates that include the 3 components of the

X2

X3

O

X1
j

X3
j

Oj

X2
j

X1

r j(x j, t)

Figure 6.2. Three-dimensional beam
element.
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global position vector of the node and the 9 components of the matrix of posi-

tion vector gradients at the node. The element, therefore, has 24 degrees of

freedom (Shabana and Yakoub, 2001; Yakoub and Shabana, 2001). Let x
j
1 be

the spatial coordinate along the beam element axis, and x
j
2 and x

j
3 be the other

two spatial coordinates. Because there are 24 coordinates and in the absolute

nodal coordinate formulation, all the components of the position vector must be

interpolated using polynomials that have the same order. One can write the

following interpolating polynomial for the beam element:

rj ¼
r

j
1

r
j
2

r
j
3

2
64

3
75 ¼

a0 þ a1x
j
1 þ a2x

j
2 þ a3x

j
3 þ a4x

j
1x

j
2 þ a5x

j
1x

j
3 þ a6 x

j
1

� �2

þa7 x
j
1

� �3

b0 þ b1x
j
1 þ b2x

j
2 þ b3x

j
3 þ b4x

j
1x

j
2 þ b5x

j
1x

j
3 þ b6 x

j
1

� �2

þb7 x
j
1

� �3

c0 þ c1x
j
1 þ c2x

j
2 þ c3x

j
3 þ c4x

j
1x

j
2 þ c5x

j
1x

j
3 þ c6 x

j
1

� �2

þc7 x
j
1

� �3

2
66664

3
77775

In this equation, ai, bi, ci; i ¼ 0, 2, � � � , 7 are the coefficients of the interpolating

polynomials. Note that the interpolation in the preceding equation is cubic in x
j
1

and linear in x
j
2 and x

j
3. As described in this section, the 24 coefficients

ai, bi, ci; i ¼ 0, 2, � � � , 7 can be determined by applying the following conditions.

At node 1, one has

r j1 ¼ r j 0, 0, 0ð Þ ¼
e1

e2

e3

2
64

3
75, r j1

x1
¼ r j

x1
0, 0, 0ð Þ ¼

e4

e5

e6

2
64

3
75,

r j1
x2
¼ r j

x2
0, 0, 0ð Þ ¼

e7

e8

e9

2
64

3
75, r j1

x3
¼ r j

x3
0, 0, 0ð Þ ¼

e10

e11

e12

2
64

3
75

and at node 2, one has

r j2 ¼ r j l, 0, 0ð Þ ¼
e13

e14

e15

2
64

3
75, r j2

x1
¼ r j

x1
l, 0, 0ð Þ ¼

e16

e17

e18

2
64

3
75,

r j2
x2
¼ r j

x2
l, 0, 0ð Þ ¼

e19

e20

e21

2
64

3
75, r j3

x3
¼ r j

x3
l, 0, 0ð Þ ¼

e22

e23

e24

2
64

3
75

where l is the length of the element and r
j

x
j
i

¼ @r j=@x
j
i , i ¼ 1, 2, 3. Using the

conditions and the procedure described in this section, one can show that

the displacement field of the element can be written as

r j xj, t
� �

¼ S j x j
� �

e j tð Þ
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In this equation, the vector ej ¼ e1 e2 . . . e24½ �T is the vector of nodal coordi-

nates as defined previously in this example, and Sj is the element shape function,

which can be written as

Sj ¼ s1I s2I s3I s4I s5I s6I s7I s8I½ �

where the shape functions si, i ¼ 1, 2, . . . , 8 are defined as (Yakoub and

Shabana 2001)

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

,

s3 ¼ l g� ngð Þ, s4 ¼ l 1� n1ð Þ,
s5 ¼ 3n2 � 2n3, s6 ¼ l �n2 þ n3

� �
,

s7 ¼ lng, s8 ¼ ln1

where

n ¼ x
j
1

l
, g ¼ x

j
2

l
, 1 ¼ x

j
3

l

It is left to the reader as an exercise to show that the displacement field used in

this example for the three-dimensional two-node beam element can describe an

arbitrary rigid-body motion.

EXAMPLE 6.2

A special case of the element presented in the preceding section is the two-

dimensional two-node beam element. In this case, each node has six coordi-

nates; two position coordinates and four gradient components. The total num-

ber of element coordinates is then 12. Each component of the position vector

field can then be approximated with a polynomial which has 6 coefficients. For

this planar element, the following interpolating polynomials are assumed

(Omar and Shabana, 2001):

r ¼ r1

r2

	 

¼

a0 þ a1x
j
1 þ a2x

j
2 þ a3x

j
1x

j
2 þ a4 x

j
1

� �2

þa5 x
j
1

� �3

b0 þ b1x
j
1 þ b2x

j
2 þ b3x

j
1x

j
2 þ b4 x

j
1

� �2

þb5 x
j
1

� �3

2
64

3
75

In order to replace the polynomial coefficients with nodal variables that have

physical meaning, we impose the following conditions at node 1:

rj1 ¼ rj 0, 0ð Þ ¼ e1

e2

	 

, rj1

x1
¼ rj

x1
0, 0ð Þ ¼ e3

e4

	 

, rj1

x2
¼ rj

x2
0, 0ð Þ ¼ e5

e6
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and the following conditions at node 2:

rj2 ¼ rj l, 0ð Þ ¼ e7

e8

	 

, rj2

x1
¼ rj

x1
l, 0ð Þ ¼ e9

e10

	 

, rj2

x2
¼ rj

x2
l, 0ð Þ ¼ e11

e12

	 


where l is the length of the element, and r
j

x
j
i

¼ @rj=@x
j
i, i ¼ 1, 2. Using the con-

ditions and the procedure described in this section, one can show that the

displacement field of the element can be written as

rj xj, t
� �

¼ Sj xj
� �

ej tð Þ

In this equation, the vector e j ¼ e1 e2 . . . e12½ �T is the vector of nodal coordi-

nates as defined previously in this example, and Sj is the element shape function,

which can be written as

Sj ¼ s1I s2I s3I s4I s5I s6I½ �

where the shape functions si, i ¼ 1, 2, . . . , 6 are defined as (Omar and

Shabana, 2001)

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

,

s3 ¼ lg 1� nð Þ, s4 ¼ 3n2 � 2n3,

s5 ¼ l �n2 þ n3
� �

, s6 ¼ lng

where

n ¼ x
j
1

l
, g ¼ x

j
2

l

It is also left to the reader to show that the shape function matrix and

nodal coordinate vector used for the planar beam element discussed in this

example can be used to describe an arbitrary rigid-body motion. Note that

the displacement field used in this example is the same as the displacement field

used previously in several examples presented in the preceding chapters of

this book.

6.2 ELEMENT CONNECTIVITY

In order to obtain the equations of motion of the continuum, the finite elements that

form the continuum domain must be properly connected at the nodal points. Let the
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vector of nodal coordinates of all elements before connecting them be denoted as eb.

This vector is then given by

eb ¼
h

e1T

e2T

. . . enT
e

iT

ð6:12Þ

where ej is the vector of nodal coordinates of the finite element j, and ne is the total

number of finite elements. Let e be the vector of all nodal coordinates of the continuum

after the elements are connected. It is assumed that the finite element coordinates

are defined in the same coordinate system as the continuum coordinates. The case in

which the element nodal coordinates are defined in a coordinate system different

from the continuum reference coordinate system will be also discussed. The vector of

the element j coordinates can be written in terms of the nodal coordinates of the body as

ej ¼ Bje ð6:13Þ

where Bj is a Boolean matrix that includes zeros and ones and maps the element

coordinates to the body coordinates. If the finite elements have different orienta-

tions, which is the case of slope discontinuity; a constant transformation can be

defined and can be systematically introduced into the preceding equation (Shabana

and Mikkola, 2003). In this case, one can first define the element coordinates by the

vector �ej and write this vector in terms of element nodal coordinates defined in the

same coordinate system as the continuum (body) nodal coordinates, that is,

�ej ¼ Tjej, where Tj is an element transformation matrix (Shabana and Mikkola,

2003) and ej is a vector of nodal coordinates defined in the same coordinate system

as the body nodal coordinates. The Boolean matrix Bj can then be used to write the

vector of the element nodal coordinates in terms of the body nodal coordinates as

�ej ¼ TjBje. In the case of using position vector gradients as nodal coordinates,

a proper transformation for the gradients must be used. In the remainder of this

chapter, for simplicity, we will assume that such a transformation is applied and use

Equation 13 with the understanding that the element and the body nodal coordi-

nates ej and e are properly defined in the same coordinate system.

Using Equation 13, one can then write

e1

e2

..

.

ene

2
664

3
775 ¼

B1

B2

..

.

Bne

2
6664

3
7775e ¼ Be ð6:14Þ

where B is the Boolean matrix formed using the element Boolean matrices as

B ¼

B1

B2

..

.

Bne

2
6664

3
7775 ð6:15Þ
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This matrix has a number of rows equal to the dimension of the vector eb and num-

ber of columns equal to the dimension of the vector e. This procedure of assembling

the finite elements is demonstrated by the following simple example.

EXAMPLE 6.3

Figure 3 shows two finite elements, each of which has two nodes and four nodal

coordinates per node. The nodal coordinates of the two elements can then be

written as

e1 ¼ e1
1 e1

2 e1
3 e1

4 e1
5 e1

6 e1
7 e1

8

� �T
e2 ¼ e2

1 e2
2 e2

3 e2
4 e2

5 e2
6 e2

7 e2
8

� �T

The vector eb is defined as

eb ¼
h

e1T

e2T
iT

When the two elements are assembled as shown in Figure 3, the vector of the

body (continuum) nodal coordinates e can be written as

e ¼ e1 e2 . . . e12½ �T

It is clear that the relationships between the element and the body coordinates

that define the element connectivity can be written as

e1 ¼ B1e , e2 ¼ B2e

e1
1, e1

2, e1
3, e1

4 

e1, e2, e3, e4 

e1
5, e1

6, e1
7, e1

8 

e5, e6, e7, e8 e9, e10, e11, e12 

e2
1, e2

2, e2
3, e2

4 e2
5, e2

6, e2
7, e2

8 

1 2 3

1 2 1 2

Figure 6.3. Element connectivity.
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where the two 8� 12 Boolean matrices B1 and B2 are defined as

B1 ¼

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0

2
66666666664

3
77777777775

and

B2 ¼

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

2
66666666664

3
77777777775

Note that the Boolean matrix of the finite element always has a number of rows

equal to the number of the finite element nodal coordinates and a number of

columns equal to the number of the body nodal coordinates.

6.3 INERTIA AND ELASTIC FORCES

In this section, the formulation of the finite element inertia and elastic forces is

discussed. It will be shown that the finite element formulation discussed in this chapter

leads to a simple expression for the inertia forces and to a more complex expression

for the elastic forces. This is in contrast with the floating frame of reference formu-

lation discussed in the following chapter and used mainly for the small-deformation

large-rotation analysis. The floating frame of reference formulation leads to a com-

plex expression for the inertia forces and to a simple expression for the elastic forces.

Inertia Forces In order to formulate the inertia forces of the finite element, one

must obtain an expression for the acceleration vector. Differentiating the global

position vector of Equation 10 with respect to time, the absolute velocity vector

vj of an arbitrary material point on the element j can be written as

vj ¼ _rj ¼ Sj _ej, j ¼ 1, 2, . . . , ne ð6:16Þ
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Differentiating this equation with respect to time, the acceleration vector aj can be

written in the case of the absolute nodal coordinate formulation as

aj ¼ €rj ¼ Sj€ej, j ¼ 1, 2, . . . , ne ð6:17Þ

The virtual work of the inertia forces of the finite element can then be defined as

dW
j
i ¼

ð
Vj

qjajTdrjdVj ð6:18Þ

where qj and Vj are, respectively, the mass density and volume of the finite element.

It is important to point out that because of the principle of conservation of mass,

qjdVj ¼ constant, the mass density qj and the volume Vj in the reference configu-

ration can be used. For the simplicity of the notation in this chapter, we will use qj

instead of qj
o to denote the density in the reference configuration because in most of

the developments presented in this chapter and the following chapter, the inertia

can be formulated using the reference configuration. A specific mention will be

made if qj is the mass density associated with the current configuration, as it is the

case when the equations that govern the fluid motion are discussed.

The virtual change in the position vector of the material point can be written as

drj ¼ Sjdej ð6:19Þ

Using the preceding two equations with the expression for the acceleration of

Equation 17 and keeping in mind that the time-dependent nodal coordinates do

not depend on the spatial coordinates and can be factored out of the integration

sign, one obtains the following equation for the virtual work of the inertia forces:

dW
j
i ¼ €ejT

ð
Vj

qjSjT SjdVj

8><
>:

9>=
>;dej ð6:20Þ

This equation can be written as

dW
j
i ¼ €ejT Mj

n o
dej ð6:21Þ

where Mj is the symmetric mass matrix of the finite element j defined as

Mj ¼
ð
Vj

qjSjT SjdVj ð6:22Þ
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Note that this mass matrix is constant in both two-dimensional and three-

dimensional cases. This is a unique feature of the absolute nodal coordinate formu-

lation because other known three-dimensional finite element formulations that give

complete information about the rotation at the nodes and use infinitesimal or finite

rotation parameters as nodal coordinates do not lead to a constant mass matrix in

the case of three-dimensional analysis. This important property of the formulation sim-

plifies the governing equations significantly since it leads to zero centrifugal and Coriolis

forces when the body experiences an arbitrary large deformation and finite rotation.

By using the preceding equations, the virtual work of the inertia forces can be

written as

dW
j
i ¼ QjT

i dej ð6:23Þ

where Q
j
i is the vector of the inertia forces that takes the following simple form:

Qj
i ¼Mj€ej ð6:24Þ

One can show that, for many of the finite elements based on the absolute nodal

coordinate formulation, the finite element mass matrix remains the same under an

orthogonal coordinate transformation.

Elastic Forces An expression for the virtual work of the stresses of the continuum

was obtained in Chapter 3 in terms of the Green–Lagrange strain tensor and the

second Piola–Kirchhoff stress tensor. For the finite element j, the virtual work of the

stresses can be written as

dWj
s ¼ �

ð
Vj

s
j
P2 : dej dVj ð6:25Þ

In this equation, s j
P2 is the second Piola–Kirchhof stress tensor, and ej is the Green–

Lagrange strain tensor at an arbitrary material point on the finite element j. The

stress and strain tensors used in Equation 25 are defined in the reference configu-

ration. The virtual strain can be expressed in terms of the virtual changes of the

position vector gradients as

dej ¼ 1

2
dJjT
� �

Jj þ JjT dJj
� �n o

ð6:26Þ

The second Piola–Kirchhoff stresses are related to the Green–Lagrange strains

using the constitutive equations

s
j
P2 ¼ Ej: ej ð6:27Þ
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where Ej is the fourth-order tensor of elastic coefficients. Substituting the preceding

two equations into the expression of the virtual work of the stresses, using the

definition of the matrix of position vector gradients, and the expression of the gra-

dients in terms of the finite element nodal coordinates, one can show that the virtual

work of the stresses of the finite element j can be written as

dWj
s ¼ �

1

2

ð
Vj

Ej : ej
� �

: dJ
jT

� �
Jj þ JjT dJj

� �n o
dVj ¼ �QjT

s de j ð6:28Þ

In this equation, Qj
s is the vector of the elastic forces associated with the nodal

coordinates of the finite element j. This vector, which is the result of the deformation

of the continuum, takes a more complex form as compared to the simple expression

of the inertia forces obtained previously in this section. Because the integrals for the

stress forces are, in general, highly nonlinear functions in the nodal and spatial

coordinates, numerical integration methods are often used for the evaluation of

the nonlinear generalized stress forces.

6.4 EQUATIONS OF MOTION

The equations of motion of the finite elements that form the body can be developed

using the principle of virtual work in dynamics (Shabana, 2001). In the case of un-

constrained motion, the principle of virtual work for the continuum can be written as

dWi ¼ dWs þ dWe ð6:29Þ

In this equation dWi is the virtual work of the inertia forces of the body, dWs is the

virtual work of the elastic forces due to the deformation, and dWe is the virtual work

of the applied forces such as gravity, magnetic, and other external forces. For in-

stance, the virtual work of an external force Fj acting at a point P defined by the

coordinates xj
P on the finite element j can be written as

dWj
e ¼ FjTdrj

P ¼ FjT Sj xj
P

� �
dej ¼ QjT

e dej ð6:30Þ

where Sj x
j
P

� �
is a constant matrix that defines the element shape function at point

xj
P, and Qj

e is the vector of generalized forces associated with the element nodal

coordinates e j as the results of the application of the force vector Fj. This vector of

generalized forces is defined as

Qj
e ¼ SjT xj

P

� �
Fj ð6:31Þ
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Similar expression can be obtained for all forces acting on the finite elements. One

can then write the virtual work of the applied forces acting on the continuum by

summing up the virtual work of the forces acting on its finite elements, that is,

dWe ¼
Xne

j¼1

dWj
e ¼

Xne

j¼1

QjT

e dej ð6:32Þ

The virtual work of the inertia forces of the body can be obtained by summing

up the virtual work of the inertia forces of its finite elements. Using the expression of

the virtual work of the finite element inertia forces obtained in the preceding sec-

tion, one can write

dWi ¼
Xne

j¼1

dW
j
i ¼

Xne

j¼1

Mj€ej
� �T

dej ð6:33Þ

Similarly, the virtual work of the stress forces of the body can be written as

dWs ¼
Xne

j¼1

dWj
s ¼ �

Xne

j¼1

QjT

s dej ð6:34Þ

Substituting the preceding three equations into the principle of virtual work in

dynamics of Equation 29, one obtains

Xne

j¼1

Mj€ej þQj
s �Qj

e

� �T
dej ¼ 0 ð6:35Þ

This equation can also be written as

M1 0 . . . 0
0 M2 . . . 0
..
. ..

. . .
.

0
0 0 . . . Mne

2
6664

3
7775

€e1

€e2

..

.

€ene

2
6664

3
7775þ

Q1
s

Q2
s

..

.

Qne
s

2
6664

3
7775�

Q1
e

Q2
e

..

.

Qne
e

2
6664

3
7775

8>>><
>>>:

9>>>=
>>>;

T
de1

de2

..

.

dene

2
664

3
775 ¼ 0 ð6:36Þ

Because dej ¼ Bjde and €ej ¼ Bj€e, where Bj is a Boolean matrix that defines the

element connectivity and e is the vector of the body nodal coordinates, Equation

35 can be written in terms of the nodal coordinates of the body as

Xne

j¼1

MjBj€eþQj
s �Qj

e

� �T
Bj

( )
de ¼ 0 ð6:37Þ
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If the body motion is unconstrained, the elements of the vector e are independent,

and as a consequence, their coefficients in the preceding equation must be equal to

zero, that is,

Xne

j¼1

BjT MjBj€eþ BjT Qj
s � BjT Qj

e

n o
¼ 0 ð6:38Þ

By performing the summation in this equation, one can show that the finite element

equation of motion of the body can be written as

M€eþQs �Qe ¼ 0 ð6:39Þ

where M is the body symmetric mass matrix, Qs is the vector of body elastic forces,

and Qe is the vector of the body applied forces. The mass matrix and force vectors

that appear in the preceding equation are obtained from the mass matrices and force

vectors of the finite elements as

M ¼
Xne

j¼1

BjT MjBj , Qs ¼
Xne

j¼1

BjT Qj
s , Qe ¼

Xne

j¼1

B
jT

Q j
e ð6:40Þ

In the finite element formulation discussed in this chapter, the body mass matrix is

constant, and therefore, the vectors of centrifugal and Coriolis forces are identically

equal to zero in this formulation. The vector of the body elastic forces due to the

stresses, on the other hand, is nonlinear function of the nodal coordinates, as dis-

cussed in the preceding section. The fact that the mass matrix is constant can be

utilized in developing a computational algorithm for solving the finite element

equations. In this case, there is no need to iteratively perform the LU factorization

of this matrix. One can use a transformation based on Cholesky coordinates that

leads to an identity mass matrix (Shabana, 1998). Such a coordinate transformation

leads to an optimum sparse matrix structure when the finite element absolute nodal

coordinate formulation is used in multibody system algorithms.

EXAMPLE 6.4

The finite element in Example 2 is assumed to be subjected to a sinusoidal force

defined by the vector Fj ¼ F1 sin xt F2 sin xt½ �T where x is constant, and t is

time. The point of application of the force is assumed to be at a point xj
P defined

by the dimensionless parameters n ¼ 0:5 and g¼ 0:5. Determine the generalized

nodal forces due to the application of this force.

Solution: The assumed displacement field of the element is

rj ¼ Sjej
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For this element, ej ¼ e1 e2 . . . e12½ �T is the vector of nodal coordinates as de-

fined in Example 2, and Sj is the element shape function, which can be written as

Sj ¼ s1I s2I s3I s4I s5I s6I½ �

where the shape functions si, i ¼ 1, 2, . . . , 6 were obtained in Example 2 as

(Omar and Shabana, 2001)

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

,

s3 ¼ lg 1� nð Þ, s4 ¼ 3n2 � 2n3,
s5 ¼ l �n2 þ n3

� �
, s6 ¼ lng

where n ¼ x
j
1=l, g ¼ x

j
2=l, and l is the length of the finite element. For

n ¼ 0:5, and g ¼ 0:5, the shape functions take the values

s1 ¼ 0:5, s2 ¼ 0:125l, s3 ¼ 0:25l, s4 ¼ 0:5, s5 ¼ �0:125l, s6 ¼ 0:25l

Therefore, the shape function defined at the point of application of the force

x
j
P is

Sj x
j
P

� �
¼ 0:5I 0:125lI 0:25lI 0:5I �0:125lI 0:25lI½ �

The virtual work of the force Fj can then be written as

dWj
e ¼ FjTdrj

P ¼ FjT Sj xj
P

� �
dej ¼ QjT

e dej

where

Qj
e ¼ SjT xj

P

� �
Fj ¼

0:5F1 sin xt
0:5F2 sin xt
0:125lF1 sin xt
0:125lF2 sin xt
0:25lF1 sin xt
0:25lF2 sin xt
0:5F1 sin xt
0:5F2 sin xt
�0:125lF1 sin xt
�0:125lF2 sin xt

0:25lF1 sin xt
0:25lF2 sin xt

2
6666666666666666664

3
7777777777777777775
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6.5 NUMERICAL EVALUATION OF THE ELASTIC FORCES

As previously pointed out and shown in this chapter, the nonlinear large-deforma-

tion finite element absolute nodal coordinate formulation leads to a simple expres-

sion for the inertia forces and a nonlinear expression for the stress elastic forces.

This is in contrast with the small deformation finite element floating frame of refer-

ence formulation presented in the following chapter. The floating frame of reference

formulation leads to a simple expression for the elastic forces and to a highly non-

linear expression for the inertia forces. Nonetheless, as will be shown in the follow-

ing chapter, the nonlinear inertia forces obtained using the floating frame of

reference formulation can be expressed in terms of a unique set of inertia shape

integrals. These shape integrals can be evaluated in advance of the dynamic simu-

lation using information from existing structural dynamics finite element codes.

Because closed-form expressions for the nonlinear elastic forces in the absolute

nodal coordinate formulation cannot be, in general, obtained, the numerical evalu-

ation of these forces is discussed in this section. The numerical evaluation of inte-

grals of functions is covered in detail in textbooks on numerical methods (Carnahan

et al., 1969; Atkinson, 1978). Therefore, in this section a brief introduction to this

subject is presented. To this end, consider the following integral of a single function

f xð Þ over the interval a, b½ �:

I ¼
ðb
a

f xð Þdx ð6:41Þ

If the function f xð Þ is not simple or is given in a tabulated form; analytical evaluation

of the preceding integral can be difficult, or even impossible. In these cases, one

must resort to numerical methods in order to evaluate the integral. Formulas used

for numerical integration are called quadratures. One approach is to try to find

a polynomial Pn xð Þ of order n that can be a good approximation of f xð Þ. One can

then obtain the integral of the polynomial in a closed form. Because Pn xð Þ is not in

general the same as f xð Þ, one can define the following error function:

d xð Þ ¼ f xð Þ � Pn xð Þ ð6:42Þ

In general, d xð Þ can take positive and negative values, and as a consequence, some of

the positive errors cancel the effect of the negative errors when the integralÐ b

a d xð Þdx is evaluated even in the case when Pn xð Þ is not a good approximation of

f xð Þ. For this reason, integration is known as a smoothing process (Carnahan et al.,

1969). Furthermore, if f xð Þ is a polynomial or a function, which is described by data

representing a polynomial; then one can always find a polynomial Pn xð Þ such that

the integral I is exact. If f xð Þ is not a polynomial, the numerical integration will give

an approximate evaluation of the integral of f xð Þ. If the functions used in the
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approximation of the integrals are evaluated at equally spaced base points, one

obtains the Newton–Cotes formulas, an example of which is the well known

Simpson’s rule for numerical integration. If the functions used to approximate the

integrals are evaluated using unequally spaced base points, one obtains the Gauss

quadrature formulas. In the Gauss quadrature formulas, the locations of the base

points are selected to achieve the best accuracy. In these formulas, the properties of

orthogonal polynomials are used. Examples of orthogonal polynomials are the

Legendre, Laquerre, Chebyshev, and Hermite polynomials. For example, the first

few Legendre polynomials are defined as (Carnahan et al., 1969)

L0 xð Þ ¼ 1, L1 xð Þ ¼ x, L2 xð Þ ¼ 1
2

3x2 � 1
� �

,

L3 xð Þ ¼ 1
2

5x3 � 3x
� �

, L4 xð Þ ¼ 1
8

35x4 � 30x2 þ 3
� �

9=
; ð6:43Þ

In general, the Legendre polynomials are defined by the following general recursion

relation:

Ln xð Þ ¼ 2n� 1

n

� �
xLn�1 xð Þ � n� 1

n

� �
Ln�2 xð Þ ð6:44Þ

One can show that these polynomials are orthogonal on the interval �1, 1½ �.
That is,

Ð1
�1

Ln xð ÞLm xð Þdx ¼ 0, n 6¼ m

Ð1
�1

Ln xð Þ½ �2dx ¼ cn

9>>>=
>>>;

ð6:45Þ

Because the Legendre polynomials are orthogonal, an arbitrary polynomial can be

described as a linear combination of the Legendre polynomials.

Gaussian Quadrature In the Gaussian quadrature formulas, the integral is eval-

uated by approximating the function f xð Þ by a polynomial Pn xð Þ. The polynomial is

defined at unequally spaced base points. This function approximation can lead to an

error d xð Þ, as previously mentioned. The locations of the base points are determined

by developing a set of algebraic equations that makes the integral of the error

function equal to zero. The solution of these algebraic equations, which are obtained

using the properties of the orthogonal polynomials, define the base points. One can

then write the integral I in the following form:

I ¼
ðb
a

f xð Þdx ¼
ðb
a

Pn xð Þdxþ
ðb
a

d xð Þdx ð6:46Þ
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The domain of integration can be changed from x 2 a, b½ � to n 2 �1, 1½ � by using the

substitution

x ¼ 1

2
n b� að Þ þ aþ bð Þf g ð6:47Þ

The steps used to determine the base points, is first to employ the Lagrangian

interpolating polynomials to approximate Pn xð Þ and d xð Þ. The Lagrangian interpo-

lating polynomials do not require equally spaced base points. The resulting poly-

nomials are then expressed in terms of the orthogonal Legendre polynomials.

The Legendre polynomial orthogonality conditions are used to define a set of alge-

braic equations that makes the integral of the error function equal to zero. This

set of algebraic equations define the base points for different orders of the

polynomial Pn xð Þ. The integral can then be written in terms of the function evalu-

ated at these base points multiplied by weight factors or weight coefficients.

This procedure for determining the base points is described in detail by Carnahan

et al. (1969). The results are weight factors, which depend on the order of the

polynomial or the number of base points selected to approximate f xð Þ. These

weight factors are presented in tables in mathematics handbooks or in textbooks

on the subject of numerical analysis. In general, if the integral of the error

function becomes zero and the domain of integration is changed to �1, 1½ �, the

integral I can be written in terms of the function at the base points and the weight

coefficients as

I ¼
ð1
�1

g nð Þdn ¼ w1g n1ð Þ þ w2g n2ð Þ þ . . . þ wng nnð Þ ¼
Xm

i¼1

wig nið Þ ð6:48Þ

where wi, i ¼ 1, 2, . . . , m, are the weight factors. These weight factors are

called Gauss-Legendre coefficients. The weight factors are selected in order to

achieve the greatest accuracy. Symmetrically located base points have the same

weight coefficients. Note that if g nð Þ is approximated by one quadrature point, there

is only one base point n1 ¼ 0. In this case, the integral is given by

I ¼
Ð 1

�1 g nð Þdn ¼ w1g n1ð Þ. If g nð Þ is an arbitrary linear function n ¼ 1ð Þ, this integra-

tion result obtained using one quadrature point is exact. In this case, w1 represents

the length of the domain of integration, that is, w1 ¼ 2 and g n1ð Þ is the height used to

determine the area under the curve. In this case, the function g nð Þ is evaluated at

n1 ¼ 0, which represents the center of the interval. If g nð Þ, on the other hand,

represents a higher-order function; the one-point quadrature integration is an ap-

proximation. In general, a polynomial of degree n requires m ¼ ðnþ 1Þ=2 quadra-

ture base points for exact integration; where in this simple rule n is assumed an odd

number.
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EXAMPLE 6.5

In order to explain the concept used in the Gaussian quadrature, one can write

the error associated with the use of a polynomial of order n as

Dn ¼
ð1
�1

g nð Þdn�
Xm

i¼1

wig nið Þ

The goal here is to determine the weight coefficients wi and the base points ni,

i ¼ 1, 2, . . . , m, where m ¼ ðnþ 1Þ=2. In the case of approximation based on

a polynomial of order n, one can write

g nð Þ � a0 þ a1nþ a2n
2 þ . . . þ ann

n

It follows that

Dn ¼
ð1
�1

a0 þ a1nþ a2n
2 þ . . . þ ann

n
� �

dn�
Xm

i¼1

wig nið Þ

This equation can be written as

Dn ¼
ð1
�1

Xn

i¼0

ain
i

 !
dn�

Xm

i¼1

wig nið Þ

In the case n ¼ 1 m ¼ 1ð Þ, one has

D1 ¼
ð1
�1

a0 þ a1nð Þdn� w1 a0 þ a1n1ð Þ

This equation can be written as

D1 ¼ a0

ð1
�1

1ð Þdn� w1

8<
:

9=
;þ a1

ð1
�1

ndn� w1n1

8<
:

9=
;

For the error D1 to be zero, one must have the following two conditions satisfied:

ð1
�1

1ð Þdn� w1 ¼ 0,

ð1
�1

ndn� w1n1 ¼ 0
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These two conditions can be used to define w1 and n1 as

w1 ¼ 2, n1 ¼ 0

The integral of the function g can then be approximated as

I ¼
Xn

i¼1

wig nið Þ ¼ w1g n1ð Þ ¼ 2g 0ð Þ,

which is the mid-point rule.

If n ¼ 3 m ¼ 2ð Þ, one has four unknowns, w1, w2, n1, and n2. In this case, one

can write the error as

D2 ¼
ð1
�1

a0 þ a1nþ a2n
2 þ a3n

3
� �

dn

� w1 a0 þ a1n1 þ a2n
2
1 þ a3n

3
1

� �
� w2 a0 þ a1n2 þ a2n

2
2 þ a3n

3
2

� �
This equation can be written as

D2 ¼ a0

ð1
�1

1ð Þdn� w1 � w2

8<
:

9=
;þ a1

ð1
�1

ndn� w1n1 � w2n2

8<
:

9=
;

þ a2

ð1
�1

n2dn� w1n
2
1 � w2n

2
2

8<
:

9=
;þ a3

ð1
�1

n3dn� w1n
3
1 � w2n

3
2

8<
:

9=
;

In order to make D2 ¼ 0, one can impose the following four conditions:

ð1
�1

1ð Þdn� w1 � w2 ¼ 0,

ð1
�1

ndn� w1n1 � w2n2 ¼ 0,

ð1
�1

n2dn� w1n
2
1 � w2n

2
2 ¼ 0,

ð1
�1

n3dn� w1n
3
1 � w2n

3
2 ¼ 0

These conditions lead to the following four algebraic equations:

w1 þ w2 ¼ 2, w1n1 þ w2n2 ¼ 0,

w1n
2
1 þ w2n

2
2 ¼

2

3
, w1n

3
1 þ w2n

3
2 ¼ 0

254 Finite Element Formulation: Large-Deformation, Large-Rotation Problem



The solution of these four algebraic equations defines w1, w2, n1, and n2 as

w1 ¼ w2 ¼ 1, n1 ¼ �n2 ¼ �
ffiffiffi
3
p

3

These values can be used to approximate the integral as

I ¼
Xn

i¼1

wig nið Þ ¼ w1g n1ð Þ þ w2g n2ð Þ ¼ g �
ffiffiffi
3
p

3

 !
þ g

ffiffiffi
3
p

3

 !

Generalization The procedure used for integrating a function that depends on one

variable can be generalized to the case in which the function depends on two or

three variables, as it is the case in some finite element assumed displacement fields.

In the two-dimensional case, consider the function g n, gð Þ. It is assumed that the

domains of integration are changed as discussed before such that n 2 �1, 1½ �, and

g 2 �1, 1½ �. The integral of the function g n, gð Þ can then be written as

ð1
�1

ð1
�1

g n, gð Þdndg ¼
ð1
�1

X
i

wig ni, gð Þ
" #

dg ð6:49Þ

Performing the second integration with respect to g, one obtains

ð1
�1

ð1
�1

g n, gð Þdndg ¼
X

i

X
j

wiwjg ni, gj

� �
ð6:50Þ

Following a similar procedure, one can show that in the case of a function that

depends on three variables, n, g, and f, one has the following Gauss quadrature

formula:

ð1
�1

ð1
�1

ð1
�1

g n, g, fð Þdndgdf ¼
X

i

X
j

X
k

wiwjwkg ni, gj, fk

� �
ð6:51Þ

If the original function is expressed in terms of the coordinates x1, x2, and x3, that is,

f ¼ f x1, x2, x3ð Þ, the preceding formula requires using the relationship

dx1dx2dx3 ¼ Jdndgdf, where J is the determinant of the Jacobian of the coordinate

transformation.
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Using the Gauss quadrature formulas presented in this section, a systematic

procedure for the numerical evaluation of the nonlinear stress elastic forces of the

finite elements can be developed. The number of quadrature points used in the

numerical integration defines the accuracy of the integration, and therefore, this

number must be carefully selected in order to avoid increasing the computational

cost or obtaining inaccurate results. There is no advantage gained from using a num-

ber of quadrature points larger than the number that gives exact evaluation of the

integral (full integration). In some applications, on the other hand, there is an

advantage in selecting a number of points that does not yield exact evaluation of

the integrals. This is the case of reduced integration, which is commonly adopted in

the finite element computational algorithms and will be discussed in a later section.

6.6 FINITE ELEMENTS AND GEOMETRY

In the following sections, examples of several finite elements that can be used to

study the large deformations in a wide range of applications will be presented. These

elements have been developed over the last few years and more details on the

formulation of their shape functions, the mass matrices, and the vectors of elastic

forces can be found in the literature. Some of these elements have been already used

in this book in the examples presented in this chapter and preceding chapters.

General Continuum Mechanics Approach and Classical Theories It is impor-

tant to point out that in all the finite elements that will be discussed in this chapter,

classical theories can be used by introducing a local element frame. Therefore, for

beam elements, one can still use Euler–Bernoulli and Timoshenko beam theories;

however, for plate and shell elements, one can still use Kirchhoff and Mindlin plate

theories. This can always be accomplished by using the element local frame which

serves the only purpose of measuring the deformation (Shabana, 2005), and such a frame

does not enter into the formulation of the inertia forces. Therefore, it is important to

distinguish between this local element frame and the co-rotational frame used in the

finite element literature. If the general continuum mechanics approach is used in-

stead of the classical theories, one obtains more general formulations that relax the

assumptions of Euler–Bernoulli, Timoshenko, Kirchhoff, and Mindlin plate theo-

ries. In these general formulations, the element cross section is allowed to deform.

Gradient Vectors Some of the elements presented in this chapter employ a com-

plete set of gradient vectors as nodal coordinates. These elements allow, in

a straightforward manner, for the use of a general continuum mechanics approach

to formulate the elastic forces. The use of these elements also allows for using more

general constitutive relationships. Elements that do not employ a complete set of

gradient vectors as nodal coordinates, are called in this book, gradient deficient. The

use of a general continuum mechanics approach with these elements is not as straight-

forward as compared to elements that have a complete set of gradient vectors.
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Locking Problems The absolute nodal coordinate formulation was introduced to

deal with very flexible components. The finite elements based on the absolute nodal

coordinate formulation perform well in the case of very flexible bodies. Efficient

solutions for large deformations of very flexible bodies can be obtained because

a nonincremental solution procedure can be used with the absolute nodal coordinate

formulation. As the element stiffness decreases, the absolute nodal coordinate for-

mulation becomes more efficient. Some researchers, however, used the finite ele-

ments based on the absolute nodal coordinate formulation in the analysis of thin and

stiff structures. In this case, some elements exhibit locking problems when the

general continuum mechanics approach is used to formulate the elastic forces.

The general continuum mechanics approach, leads to what is called the ANCF-

coupled deformation modes (Hussein et al., 2007). These modes, which couple the

deformation of the cross-section and other deformations such as bending, can have

high frequencies and can be a source of numerical problems (Schwab and Meijaard,

2005). Several techniques were proposed in the literature to solve the locking prob-

lems and improve the element performance.

In order to better understand the behavior of the finite elements introduced in

the following sections, an understanding of the geometry is necessary. Some basic

results from the theories of curves and surfaces, which are covered in the subject of

differential geometry, can help the reader better understand and solve the problems

encountered when the finite elements are used.

Theory of Curves The centerline of a beam element represents a space curve. A

curve can be uniquely defined in terms of one parameter. That is, the Cartesian

components that define the curve can be determined once this parameter is speci-

fied. Let a be the parameter that defines the curve over the interval a < a < b. The

curve can then be represented by the following parametric form:

r að Þ ¼ r1 að Þ r2 að Þ r3 að Þ½ �T ð6:52Þ

The tangent vector to the curve at a is given by

ra ¼
dr

da
¼ dr1 að Þ

da
dr2 að Þ

da
dr3 að Þ

da

	 
T

ð6:53Þ

If at a given point a, drðaÞ=daj j ¼ 0, the point is called a singular point. The param-

eter a can be selected to be the arc length s. If the arc length is used as a parameter,

the tangent vector rs is a unit vector. That is,

dr

ds

����
���� ¼ rs sð Þj j ¼ 1 ð6:54Þ
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In order to prove this important result, let r be the vector that defines the position of

the points on a space curve. One can write the following equation:

r aþ Dað Þ ¼ r að Þ þ Dr ð6:55Þ

If Da is assumed small, Dr defines the tangent vector. In this case, if s is assumed to

be the arc length of the space curve that defines the centerline of the element, then

one has

dsð Þ2¼ DrTDr ð6:56Þ

This equation shows that in the limit when Ds approaches zero, one has

1 ¼ dr

ds

� �T
dr

ds

� �
ð6:57Þ

That is, the tangent vector obtained by differentiation with respect to the arc length

is indeed a unit vector.

If a curve is parameterized by its arc length, the derivative of the unit tangent

vector defines the curvature vector. That is, the curvature vector is defined as

rss sð Þ ¼ d2r

ds2
¼ drs

ds
ð6:58Þ

The magnitude of the curvature vector at a given s is called the curvature and is

given as

j sð Þ ¼ rss sð Þj j ð6:59Þ

Because the tangent vector rsðsÞ is a unit vector, the curvature j sð Þmeasures the rate

of change of orientation of the tangent vector, that is, it measures the amount of

bending of the curve. The preceding two equations show that linear displacement

fields lead to zero curvature, and therefore, such fields are not appropriate for de-

scribing the displacement of components subjected to bending. Although one can

approximate a curve by a large number of straight segments, in the finite element

implementation the use of linear field will require the use of a very large number of

finite elements. This increases the dimensions of the problem and can lead to a very

inefficient solution procedure.

Because the tangent and curvature vectors are orthogonal, a unit vector along

the curvature vector defines the unit normal to the curve n given as

n sð Þ ¼ rss sð Þ
j sð Þ ð6:60Þ
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The unit tangent and normal vectors form a plane called the osculating plane. The

radius of curvature of the curve at s is defined as R ¼ 1=jðsÞ. A vector normal to the

osculating plane, called the binormal vector at s and is given by

b sð Þ ¼ rs sð Þ � n sð Þ ð6:61Þ

The three orthogonal unit vectors rs, n, and b form a coordinate system called the

Frenet frame.

Differentiating Equation 61 with respect to s and keeping in mind that the

vectors rss sð Þ and n sð Þ are parallel, one obtains

bs sð Þ ¼ rss sð Þ � n sð Þ þ rs sð Þ � ns sð Þ ¼ rs sð Þ � ns sð Þ ð6:62Þ

This equation shows that bs sð Þ is normal to rs. Furthermore, because b sð Þ is a unit

vector, bs sð Þ and b sð Þ are two orthogonal vectors, and bs sð Þ is parallel to n. There-

fore, bs sð Þ can be written in the following form:

bs sð Þ ¼ �s sð Þn sð Þ ð6:63Þ

where s is called the torsion. The curvature and torsion uniquely define the space

curve.

Theory of Surfaces Whereas a general space curve can be defined in terms of one

parameter, a surface can be completely described in terms of two parameters s1 and

s2. In general, a surface can be described in the following parametric form (Goetz,

1970; Kreyszig, 1991):

rðs1, s2Þ ¼ r1 ðs1, s2Þ r2ðs1, s2Þ r3ðs1, s2Þ½ �T ð6:64Þ

It is required that the mapping in this equation is one to one, and the Jacobian

matrix

J ¼ @r

@s1

@r

@s2

	 

¼

@r1

@s1

@r1

@s2

@r2

@s1

@r3

@s1

@r2

@s2

@r3

@s2

2
66666664

3
77777775

ð6:65Þ

has a rank equal to two. This condition is satisfied if @r=@s1ð Þ � @r=@s2ð Þ 6¼ 0, which

implies that the two columns of the Jacobian matrix in the preceding equation are

linearly independent. The two vectors rs1
¼ @r=@s1 and rs2

¼ @r=@s2 represent the
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two tangent vectors at the point of intersection of the coordinate lines s1 and s2. The

unit vector normal to the surface at this point can then be defined as

n ¼ rs1
� rs2

ð Þ
rs1
� rs2

j j ð6:66Þ

As in the case of curves, the surface can be defined uniquely using local geo-

metric quantities called the first and second fundamental forms. The first fundamen-

tal form of a surface is defined as follows:

I ¼ dr � dr ¼ drTdr ð6:67Þ

This equation shows that the first fundamental form I can be used as a measure of

distance or length. Using the fact that dr ¼ rs1
ds1 þ rs2

ds2, the first fundamental form

of the preceding equation can be written as:

I ¼ ðrs1
ds1 þ rs2

ds2ÞTðrs1
ds1 þ rs2

ds2Þ
¼ EI ds1ð Þ2þ2FIds1ds2 þGIðds2Þ2 ð6:68Þ

where

EI ¼ rT
s1

rs1
, FI ¼ rT

s1
rs2

, GI ¼ rT
s2

rs2
ð6:69Þ

These coefficients are called the coefficients of the first fundamental form. One can

show that distances, angles, and areas on the surface can be expressed in terms of the

first fundamental form (Goetz, 1970; Kreyszig, 1991).

The second fundamental form of a surface is defined as:

II ¼ �dr � dn ¼ � rs1
ds1 þ rs2

ds2ð ÞT ns1
ds1 þ ns2

ds2ð Þ
¼ LII ds1ð Þ2þ2MIIds1ds2 þNII ds2ð Þ2

ð6:70Þ

where n is the unit normal, and the coefficients of the second fundamental form are

defined as

LII ¼ �rT
s1

ns1
, MII ¼ �

1

2
rT

s1
ns2
þ rT

s2
ns1

� �
, NII ¼ �rT

s2
ns2

ð6:71Þ

Because rs1
and rs2

are perpendicular to n for all values of the parameters s1 and s2,

one has the following identities:

rT
s1s1

n ¼ �rT
s1

ns1
, rT

s1s2
n ¼ �rT

s1
ns2

,

rT
s2s1

n ¼ �rT
s2

ns1
, rT

s2s2
n ¼ �rT

s2
ns2

)
ð6:72Þ
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Using these identities, the coefficients of the second fundamental form can be writ-

ten in an alternate form as follows:

LII ¼ rT
s1s1

n, MII ¼ rT
s1s2

n, NII ¼ rT
s2s2

n ð6:73Þ

where rsisj
¼ @2r=@si@sj

� �
. Using the preceding equation, and the fact that

d2r ¼ rs1s1
ds1ð Þ2þ2rs1s2

ds1ds2 þ rs2s2
ds2ð Þ2, ð6:74Þ

one can show that that the second fundamental form can be written in the following

alternate form:

II ¼ d2r � n ð6:75Þ

This equation can be used to measure the rate of change of orientation of the

tangent plane. The coefficients of the second fundamental form can be used to

determine the nature of the surface in the neighborhood of an arbitrary point P.

If LIINII �M2
II > 0, the surface is called elliptic. If LIINII �M2

II < 0, the surface is

called hyperbolic. If LIINII �M2
II ¼ 0, the surface is called parabolic. If

LII ¼MII ¼ NII ¼ 0, the surface is called planar.

Surface Curvature One can always define a curve on a surface, if the parameters

s1 and s2 are expressed in terms of one parameter a. Let c ¼ c s1 að Þ, s2 að Þð Þ be

a regular curve defined on the surface r ¼ r s1, s2ð Þ. The normal curvature vector to

the curve c at point P denoted by Kn is defined as the projection of the curvature

vector css of the curve onto the normal n to the surface at point P and is given by

Kn ¼ css � nð Þn ð6:76Þ

In this equation, s is the arc length of the curve. Note that the curve c can be defined

as the intersection of a plane that contains the tangent to c and the normal vector.

The norm of the normal curvature vector defined in the preceding equation is called

the normal curvature and is defined as

kn ¼ css � n ð6:77Þ

Recall that the curvature vector of the curve at a point P on the surface r is

given by

css ¼
drs

ds
¼ drs

da
da
ds

� �
¼ 1

dr=daj j
drs

da
ð6:78Þ
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where rs is the tangent vector to the curve at P and s is the curve arc length. In

deriving the preceding equation, one utilized the fact that dr=daj j ¼ rsj j ds=dað Þ ¼
ds=dað Þ, which is the consequence of the fact that rsj j ¼ 1. Because rs is orthogonal

to n, one has d=da rT
s n

� �
¼ 0, which leads to

drs

da

� �T

n ¼ �rT
s

dn

da
ð6:79Þ

Substituting Equation 78 into Equation 77 and using Equation 79, one obtains

kn ¼
LIIðds1Þ2 þ 2MIIds1ds2 þNIIðds2Þ2

EIðds1Þ2 þ 2FIds1ds2 þGIðds2Þ2
¼ II

I
, ðds1Þ2 þ ðds2Þ2 6¼ 0 ð6:80Þ

Because the first fundamental form I is positive, the sign of kn depends on the sign of

the second fundamental form II. Using the preceding equation, one can show that kn

¼ 0 in all directions for a planar point. For an elliptic point, kn 6¼ 0 and has the same

sign as the ratio ds1=ds2. In the case of a hyperbolic point, kn can be positive, negative,

or zero, depending on the sign and value of ds1=ds2. For a parabolic point, kn main-

tains the same sign and it is zero if the second fundamental form II is equal to zero.

The directions that define the maximum or minimum values of the normal

curvature can be obtained by differentiating Equation 80 with respect to the param-

eters s1 and s2, and setting the results equal to zero. That is,

@kn

@ ds1ð Þ ¼
@kn

@ ds2ð Þ ¼ 0 ð6:81Þ

Substituting Equation 80 into these equations, one obtains

LII � knEI MII � knFI

MII � knFI NII � knGI

	 

ds1

ds2

	 

¼ 0

0

	 

ð6:82Þ

This equation has a nontrivial solution if and only if the determinant of the co-

efficient matrix is equal to zero, that is,

ðEIGI � F2
I Þ knð Þ2�ðEINII þGILII � 2FIMIIÞkn þ LIINII �M2

II ¼ 0 ð6:83Þ

The solution of this quadratic equation defines two roots k1 and k2. These two roots,

which are called the principal curvatures, can be substituted into Equation 82 to

determine the principal directions. The mean curvature Km and the Gaussian curvature

KG at a point P on the surface are defined in terms of the principal curvatures as

Km ¼
1

2
k1 þ k2ð Þ, KG ¼ k1k2 ð6:84Þ
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These surface definitions as well as the analysis of curve and surface geometry

presented in this section are important to understand the behavior of beams, plates,

and shells. Some of the obtained geometric results shed light on the order of ap-

proximation that must be used when employing the finite element method to solve

beam, plate, and shell problems. For example, as previously discussed, the curvature

is obtained from the second derivative of the position vector. Therefore, finite

elements that employ linear or bilinear approximation cannot be effectively used

in bending problems because the curvature will always be equal to zero. When these

linear and bilinear elements are employed, one must use a very fine mesh in order

to be able to represent a space curve or a shell by straight lines or flat sections,

respectively. This approach tends to be very inefficient, and therefore, the use of

structural finite elements that are based on higher order interpolations is recom-

mended. Some of these elements, which are based on the absolute nodal coordinate

formulation, are discussed in the following sections.

6.7 TWO-DIMENSIONAL EULER–BERNOULLI BEAM ELEMENT

The Euler–Bernoulli beam element presented in this section has two nodes. Each

node k for an element j has four coordinates; two translations rjk, and two gradient

coordinates rjk
x1

. Therefore, the vector of nodal coordinates has eight elements and is

defined as

ej ¼
h

rjT x
j
1 ¼ 0

� �
rjT

x1
x

j
1 ¼ 0

� �
rjT x

j
1 ¼ l

� �
rjT

x1
x

j
1 ¼ l

� � iT

ð6:85Þ

The shape function of the element can be defined by using the following inter-

polation functions:

rj ¼ r1

r2

	 

¼ a0 þ a1x1 þ a2 x1ð Þ2þa3 x1ð Þ3

b0 þ b1x1 þ b2 x1ð Þ2þb3 x1ð Þ3
	 
j

ð6:86Þ

where ai and bi, i ¼ 0, 1, . . . 3, are the polynomial coefficients. Using this interpola-

tion, and the nodal coordinates of Equation 85, one can follow the procedure pre-

viously described in this chapter to define the element shape function. For this

element, the shape function Sj is a 2� 8 matrix and is defined as

Sj ¼ s1I s2I s3I s4I½ � ð6:87Þ

In this equation, I is a 2� 2 identity matrix and

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

,

s3 ¼ 3n2 � 2n3, s4 ¼ l �n2 þ n3
� �

)
ð6:88Þ
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where n ¼ x
j
1=l. This beam element shape function, which does not allow for shear

deformations, was also used by Milner (1981) to study static problems.

Kinematics of the Element In order to understand the kinematics of the two-

dimensional Euler–Bernoulli finite element discussed in this section, some differen-

tial geometry results are required. For simplicity, the superscript that indicates the

element number is dropped in the following discussion.

The Euler–Bernoulli beam element is a function of one spatial coordinate x1

only. For a given, deformed shape of the element, the element centerline defines

a space curve. The unit tangent to this space curve is defined by the vector

rs ¼
@r

@s
¼ @r

@x1

@x1

@s

� �
ð6:89Þ

In this equation, s is the arc length. Because rs is a unit vector, that is, rT
s rs ¼ 1, it

follows by differentiating this equation that rT
s rss ¼ 0. This implies that the deriva-

tive of the unit tangent with respect to the arc length defines the curvature vector rss,

which is perpendicular to rs. The magnitude of the curvature vector j, called the

curvature, measures the rate of change of the tangent vector rs along the arc length.

Therefore, the curvature, as previously defined in this chapter, is

j ¼ rssj j ð6:90Þ

This curvature can be expressed in terms of derivatives with respect to the element

spatial coordinate x1 (Goetz, 1970; Dmitrochenko and Pogorelov, 2003; Gerstmayr

and Shabana, 2006). To this end, recall that rs ¼ rx1
dx1=dsð Þ. Because rx1

has the

same direction as the unit tangent rs, one can write rs ¼ rx1
= rx1
j j and dx1=ds ¼ 1= rx1

j j.
It follows that

rss ¼
d

ds

rx1

rx1
j j

� �
¼ rx1x1

rx1
j j

dx1

ds
þ rx1

d

ds

1

rx1
j j

� �
¼ rx1x1

rx1
j jð Þ2

þ rx1

d

ds

1

rx1
j j

� �
ð6:91Þ

Because rs is a unit vector perpendicular to rss, the curvature can be written upon

utilizing the preceding equation as

j ¼ rs � rssj j ¼ rx1

rx1
j j �

rx1x1

rx1
j j2

þ rx1

d

ds

1

rx1
j j

� � !�����
����� ¼ rx1

� rx1x1
j j

rx1
j j3

ð6:92Þ

This definition of the curvature does not imply any linearization or simplifications

and can be used to define the bending strain in the large deformation analysis of the

Euler–Bernoulli beam element described in this section.

The discussion on the geometry presented in this section shows that if linear

interpolation instead of the cubic interpolation is used for this element, the
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curvature will be zero everywhere inside the element, as previously pointed out.

That is, one cannot bend this element. Therefore, a finite element mesh that

employs linear interpolation will require a very large number of elements to achieve

convergence in beam-bending problems. If quadratic interpolation is used, one

obtains, at most, constant curvature. Elements that employ quadratic interpolations

lead to zero shear forces as can be demonstrated using simple equilibrium consid-

erations. It is, therefore, recommended to use cubic interpolation to represent beam

bending.

Formulation of the Element Elastic Forces In the case of the Euler–Bernoulli

beam element, one can define one gradient vector only because the element as-

sumed displacement field is expressed in terms of one spatial coordinate x1. That is,

this element is gradient deficient. Therefore, for this element, the only nonzero

strain component is the axial strain, and the shear strain is assumed to be zero.

When one or more gradient vectors are missing, the formulation of the elastic forces

using the general continuum mechanics approach is not straightforward. Elements

that are not gradient deficient have two gradient vectors in the planar analysis and

three gradient vectors in the spatial analysis.

Because one spatial coordinate only is used for the Euler–Bernoulli beam ele-

ment, rx2
cannot be determined using the element assumed displacement field. In

this case, the normal to the centerline of the element remains normal, and as a con-

sequence, the shear deformation is assumed to be equal to zero and the cross-section

of the element is assumed to remain rigid and perpendicular to the element center-

line. For this shear nondeformable element, only the strain component e11 can have

nonzero value, and it measures only the extensional strain. The bending strain can

be defined using the curvature. In the case of two-dimensional elements, which are

not gradient deficient, the component e11 is a function of the spatial coordinate x2,

and such a component contributes to the bending strain of the finite element, as will

be demonstrated in later sections of this chapter. In this case of shear deformable

elements, the use of the curvature definition to define the bending strain energy is

not necessary.

The elastic forces of the two-dimensional Euler–Bernoulli beam element can be

obtained by using the virtual work or the strain energy. The virtual work of the

elastic forces can be written as

dWs ¼
ðl
0

EAe11de11dx1 þ
ðl
0

EIjdjdx1 ð6:93Þ

In this equation, l is the length of the element, E is the modulus of elasticity, A is the

cross-section area, and I is the second moment of area. It is assumed in the preceding

equation that the curvature and strain are defined in terms of the reference spatial

coordinate x1. Therefore, one can use undeformed geometry data in the integrations

of the preceding equation.
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The strain energy for the Euler–Bernoulli beam element can be written as

U ¼ 1

2

ðl
0

EA e11ð Þ2dx1 þ
1

2

ðl
0

EIj2dx1 ð6:94Þ

The first integral in the preceding equation represents the strain energy due to the

extension, whereas the second integral is the strain energy due to bending. It is

important to note that because this element is gradient deficient, one must resort

to the curvature definition in order to account for the bending deformation. The

curvature definition requires the evaluation of the second derivatives, which is one

of the disadvantages of this element. If the element has a complete set of gradients,

as it is the case of the shear deformable beam element discussed in the following

section, one can use the Green–Lagrange strain tensor to evaluate the elastic forces.

This tensor is a function of only first derivatives of the absolute position vector.

The expression of the total strain energy presented in the preceding equation

can be used in the large deformation analysis because no assumptions are made

regarding the amount of axial and bending deformations. The strain and curvature

can be expressed in terms of the element nodal coordinates. The vector of the elastic

forces can be determined using the virtual work as previously described or by using

the strain energy as

Qs ¼
@U

@e

� �T

ð6:95Þ

Different elastic force models can be developed for the Euler–Bernoulli beam element

presented in this section, as discussed in the literature (Berzeri and Shabana, 2000).

Special Case As previously mentioned, the expression of the strain energy pre-

sented in this section imposes no restrictions on the amount of the axial and bending

deformations of the element. The resulting elastic forces are nonlinear functions of

the element nodal coordinates. These nonlinear forces include terms that couple the

axial and bending deformations. This coupling has a significant effect on the dynam-

ics of rotating beams. The absolute nodal coordinate formulation automatically

accounts for this coupling when nonlinear strain displacement relationships as the

ones employed in this section are used (Berzeri and Shabana, 2002).

In many structural applications, Euler–Bernoulli beam theory has been used for

small deformation analysis. In these structural applications, the rigid-body motion is

eliminated. In this special case, an assumption is made that s ¼ x1. Using this assump-

tion, one has rx1
j j � 1. It follows that the curvature in this special case can be written as

j ¼ rx1
� rx1x1

j j
rx1
j j3

� rx1x1
j j ð6:96Þ
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Recall that the curvature vector can be written as

rx1x1
¼ r1ð Þx1x1

r2ð Þx1x1

� �T ð6:97Þ

For structural systems in which the rigid-body motion is eliminated, r1 ¼ u is the

axial displacement, and r2 ¼ v is the bending displacement. In this case, the strain e11

is approximated as e11 ¼ ux1
. Furthermore, the effect of the derivatives of r1ð Þx1x1

on

the curvature is neglected. The curvature can then be approximated as j ¼ vx1x1
.

Using these assumptions, the strain energy that does not account for the coupling

between the axial and bending displacements can be written as

U ¼ 1

2

ðl
0

EA ux1
ð Þ2dx1 þ

1

2

ðl
0

EI vx1x1
ð Þ2dx1 ð6:98Þ

This expression for the strain energy can only be used in the small-deformation

analysis of structural systems, and the use of such an expression in the case of

rotating beams can lead to significant errors as the result of the neglect of the effect

of the coupling between bending and axial deformations.

6.8 TWO-DIMENSIONAL SHEAR DEFORMABLE BEAM ELEMENT

The two-dimensional shear deformable beam element, which was used in several

examples in this book, has two nodes. Each node k of element j has six degrees of

freedom: two translational coordinates rjk, and four gradient coordinates defined by

the two vectors rjk
x1

and rjk
x2

. The vector of nodal coordinates has 12 elements and is

defined at g ¼ 0 as

e j ¼ rjT

x
j
1 ¼ 0

� �
rj

x1

T

x
j
1 ¼ 0

� �
rj

x2

T

x
j
1 ¼ 0

� �h
rjT

x
j
1 ¼ l

� �
rj

x1

T

x
j
1 ¼ l

� �
rj

x2

T

x
j
1 ¼ l

� �iT ð6:99Þ

The shape function for this element is given by

S j ¼ s1I s2I s3I s4I s5I s6I½ � ð6:100Þ

where I is a 2� 2 identity matrix, and the shape functions si, i ¼ 1, 2, . . . , 6 were

obtained in Example 2 as (Omar and Shabana, 2001)

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

,

s3 ¼ l g� ngð Þ, s4 ¼ 3n2 � 2n3,
s5 ¼ l �n2 þ n3

� �
, s6 ¼ lng

9=
; ð6:101Þ
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where n ¼ x
j
1=l and g ¼ x

j
2=l. Note that this element has a complete set of gradient

vectors and allows for the deformation of the cross section. Therefore, the element

relaxes the assumptions of the Euler–Bernoulli beam theory. Because the cross-

section does not remain rigid when this element is used, one also obtains a model

that is more general than the one based on Timoshenko beam theory.

Formulation of the Elastic Forces Because the shear deformable beam element

used in this section is not gradient deficient, one can use the general continuum

mechanics approach to formulate the element elastic forces. For simplicity, super-

script j that indicates the element number will be again dropped in the discussion

presented in the remainder of this section. The matrix of position vector gradients of

the element can be written in this case as

J ¼ rx1
rx2

½ � ð6:102Þ

The Green–Lagrange strain tensor can then be evaluated to define two normal

strain components e11 and e22, and one shear strain component e12. The general

procedure described previously in this chapter can be employed to define the elastic

forces by using the constitutive equations that relate the second Piola–Kirchhoff

stress tensor to the Green–Lagrange strain tensor.

The interpolating polynomials used to develop the two-dimensional shear deformable

element shape function were introduced in Chapter 1. These polynomials were defined as

r ¼ r1

r2

	 

¼ a0 þ a1x1 þ a2x2 þ a3x1x2 þ a4 x1ð Þ2þa5 x1ð Þ3

b0 þ b1x1 þ b2x2 þ b3x1x2 þ b4 x1ð Þ2þb5 x1ð Þ3
	 


ð6:103Þ

where ai and bi, i ¼ 0, 1, . . . , 5, are the polynomial coefficients. Note that using this

representation, which is cubic in x1 and linear in x2, one can write the vector r as

r ¼ r0 þ x2rx2
ð6:104Þ

where r0 ¼ r x2 ¼ 0ð Þ defines the global position of the material points on the

centerline of the finite element and x2rx2
defines the location of the points on the

cross-section with respect to the centerline. Note that if rx2
remains a unit vector

perpendicular to the tangent to the center line, one obtains the Euler–Bernoulli

beam model. If, on the other hand, rx2
remains a unit vector that does not remain

perpendicular to the tangent to the centerline, one obtains a model similar to the

Timoshenko beam model. Using the preceding equation, the strain components can

be written as (Sugiyama et al., 2006)

e11 ¼ 1
2

rT
x1

rx1
� 1

� �
¼ 1

2
rT

0x1
r0x1
� 1

� �
þ x2rT

0x1
rx1x2
þ 1

2
x2ð Þ2rT

x1x2
rx1x2

e22 ¼ 1
2

rT
x2

rx2
� 1

� �
, e12 ¼ 1

2
rT

x2
r0x1
þ x2rT

x2
rx1x2

� �
9=
; ð6:105Þ
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In this equation, r0x1
is the tangent to the centerline of the element, and rx1x2

describes the rate of change of the gradient vector rx2
with respect to the spatial

coordinate x1. Because a linear interpolation with respect to x2 is used, one can show

for the finite element described in this section that

rx1x2
¼ 1

l
r2

x2
� r1

x2

� �
ð6:106Þ

where rk
x2

is the gradient vector rx2
defined at node k, k ¼ 1, 2. One can verify that in

the case of a rigid-body motion rx1x2
is identically equal to zero. In general, this

vector is constant everywhere inside the element, that is, this vector does not depend

on the spatial coordinate x1. The fact that the gradient vector rx2
can vary only

linearly with respect to x1 regardless of the load applied can introduce excessive

stiffness, leading to the locking problem. This problem becomes more serious when

thin and stiff structures are modeled. The use of different orders of spatial coordi-

nate interpolations leads to different orders of interpolations for deformations and

strain components. When some strain components are restricted to take certain

values as the result of a low-order interpolation, the element tends to have unrea-

sonable high stiffness. Different approaches for solving this problem can be used

and these approaches, which are well documented in the finite element literature,

will be briefly discussed in a later section of this chapter.

6.9 THREE-DIMENSIONAL CABLE ELEMENT

The three-dimensional cable element is a simple element that can be efficiently used

for cable and belt applications. The element does not have the degree of freedom of

the rigid-body rotation about its own axis. Therefore, this element should not be

used in applications subject to arbitrary three-dimensional rigid-body rotations. This

element, which does not allow for shear deformation, has two nodes. Each node k of

element j has six coordinates: three translational coordinates rjk and three gradient

coordinates defined by the vector rjk
x1

. Therefore, the vector of nodal coordinates has

eight elements and is defined as

e j ¼ rjT x
j
1 ¼ 0

� �
rjT

x1
x

j
1 ¼ 0

� �
rjT x

j
1 ¼ l

� �
rjT

x1
x

j
1 ¼ l

� �h iT

ð6:107Þ

The interpolation used for the cable element is given by

r ¼
r1

r2

r3

2
4

3
5 ¼ a0 þ a1x1 þ a2 x1ð Þ2 þ a3 x1ð Þ3

b0 þ b1x1 þ b2 x1ð Þ2 þ b3 x1ð Þ3

c0 þ c1x1 þ c2 x1ð Þ2 þ c3 x1ð Þ3

2
4

3
5 ð6:108Þ

In this interpolation, only one spatial coordinate, x1, is used. The shape function S j

is a 3� 8 matrix defined as (Gerstmayr and Shabana, 2005)
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In this equation, I is a 3� 3 identity matrix, and

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

,

s3 ¼ 3n2 � 2n3, s4 ¼ l �n2 þ n3
� �

)
ð6:110Þ

where n ¼ x
j
1=l, and l is the length of the element.

The cable element is gradient deficient because only one gradient vector is used

in the vector of nodal coordinates. In this case, the elastic forces can be formulated

using the virtual work or the strain energy. The virtual work of the elastic forces is given as

dWs ¼
ðl
0

EAe11de11dx1 þ
ðl
0

EIjdjdx1 ð6:111Þ

where E is the modulus of elasticity, A is the element cross section are, I is the

second moment of area, and j is the curvature. Alternatively, the elastic forces of

the cable element can be evaluated using the following expression of the strain energy:

U ¼ 1

2

ðl
0

EA e11ð Þ2dx1 þ
1

2

ðl
0

EIj2dx1 ð6:112Þ

Several investigations have shown that the simple cable element discussed in this

section can be very efficient in special applications; particularly, in cable and belt

drive applications.

6.10 THREE-DIMENSIONAL BEAM ELEMENT

This is the element which was used in Example 1 of this chapter. This element which

accounts for shear deformation and rotary inertia has two nodes. Each node k of

element j has 12 coordinates: 3 translational coordinates rjk, and 9 gradient coor-

dinates defined by the three vectors rjk
x1

, rjk
x2

, and rjk
x3
: Therefore, the element has 24

nodal coordinates, which can be written in a vector form as

e j ¼
h

e j1T

e j2T
iT

ð6:113Þ

In this equation,

e jk ¼ rjkT

rjkT

x1
rjkT

x2
rjkT

x3

h iT

, k ¼ 1, 2 ð6:114Þ

For Node 1, the coordinates are defined at x
j
1 ¼ x

j
2 ¼ x

j
3 ¼ 0, and for Node 2, the

coordinates are defined at x
j
1 ¼ l, and x

j
2 ¼ x

j
3 ¼ 0. The interpolation polynomials
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used for this element are given in Example 1. Using these interpolating polynomials,

the element shape function is defined as (Yakoub and Shabana, 2001)

S j ¼ s1I s2I s3I s4I s5I s6I s7I s8I½ � ð6:115Þ

where I is the 3� 3 identity matrix, and the shape functions si, i ¼ 1, 2, . . . , 8 are

defined as

s1 ¼ 1� 3n2 þ 2n3, s2 ¼ l n� 2n2 þ n3
� �

,
s3 ¼ l g� ngð Þ, s4 ¼ l 1� n1ð Þ,
s5 ¼ 3n2 � 2n3, s6 ¼ l �n2 þ n3

� �
,

s7 ¼ lng, s8 ¼ ln1

9>>=
>>; ð6:116Þ

where n ¼ x
j
1=l, g ¼ x

j
2=l, 1 ¼ x

j
3=l.

Two methods can be used to formulate the elastic forces of the three-dimen-

sional beam element presented in this section because such an element is not gra-

dient deficient. The first method is based on the general continuum mechanics

approach, as previously described in this chapter. In this case, the nonlinear strain

displacement relationships are defined in terms of the matrix of the position vector

gradients. It is recommended to use the general continuum mechanics approach in

the case of very flexible structures because the use of this approach leads to coupled

deformation modes that can be significant in the case of large deformation problems

(Hussein et al., 2007). In the case of very thin and very stiff structures, the use of the

general continuum mechanics approach is not recommended because the coupled

deformation modes can have very high frequencies that lead to deterioration in the

element performance. In the case of very thin and stiff structures, one can use an

alternate approach, called the elastic line approach. In the elastic line approach, the

following gradient vectors are defined at the element centerline:

r0x1
¼ rx1

ðx1, 0, 0Þ , rx2
¼ rx2

ðx1, 0, 0Þ, rx3
¼ rx3

ðx1, 0, 0Þ ð6:117Þ

The following strain and curvature components can also be defined:

e011 ¼ 1
2
ðr0x1

� r0x1
� 1Þ, e22 ¼ 1

2
ðrx2
� rx2
� 1Þ, e33 ¼ 1

2
ðrx3
� rx3
� 1Þ,

c012 ¼ r0x1
� rx2

, c013 ¼ r0x1
� rx3

, c23 ¼ rx2
� rx3

,

h ¼ 1
2

rx1x2
� rx3
� rx2

� rx1x3
ð Þ, �j0x2

¼ rx3
� r0x1x1

rx3
j j r0x1x1
j j , �j0x3

¼ � rx2
� r0x1x1

rx2
j j r0x1x1
j j

9>>=
>>; ð6:118Þ

where e011, e22, and e33 are the normal strains; c012, c013, and c23 are the shear strains; h
is the twist; and �j0x2

and �j0x3
are the expressions of the bending curvature. The strain

energy for the element based on the elastic line approach can be written as

U ¼ 1

2

ð
V

eT
0 Ee0dV þUb þUt ð6:119Þ
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In this equation, E is an appropriate matrix of elastic coefficients, and

e0 ¼ e011 e22 e33 c012 c013 c23½ �T ð6:120Þ

The scalars Ub and Ut represent the strain energy due to bending and twist and are

defined as

Ub ¼
1

2

ðl
0

EIx2
ð�j0x2
Þ2 þ EIx3

ð�j0x3
Þ2

n o
dx1, Ut ¼

1

2

ðl
0

GIp hð Þ2dx1 ð6:121Þ

where E and G are, respectively, the modulus of elasticity and modulus of rigidity,

Ix2
and Ix3

are the second moments of area about the element x2 and x3 axes,

respectively, and Ip is the polar second moment of area. The strain energy U can

be used to evaluate the elastic forces, as previously described.

Studies have shown that the use of the elastic line approach leads to natural

frequencies that are in a good agreement with the analytical solutions that are based

on small deformation assumptions (Schwab and Meijaard, 2005). In the elastic line

approach, the coupling between the deformation of the cross-section and bending is

neglected, thereby leading to a model that is more consistent with the assumptions

of the linear theory. When the general continuum mechanics approach is used, the

ANCF-coupled deformation modes, as previously mentioned, can introduce high

frequencies in the case of thin and stiff structures due to the cross-section deformations.

6.11 THIN-PLATE ELEMENT

The three-dimensional thin-plate element is based on Kirchhoff’s plate theory. The

element, as shown in Figure 4, has four nodal points, and its mid-surface is defined

by the element spatial coordinates x
j
1 and x

j
2. Each node has nine degrees of

X2

X3

O

X1
j

X3
j

A

X2
j

X1

r

B

D

C
P

Figure 6.4. Plate element.
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freedom: three translational coordinates rjk, and six gradient coordinates defined by

the two vectors rjk
x1

and rjk
x2

. The element, therefore, has a total of 36 nodal coordi-

nates, which can be written as

e j ¼
h

e j1T

e j2T

e j3T

e j4T
iT

ð6:122Þ

In this equation,

e jk ¼ rjkT

rjkT

x1
rjkT

x2

h iT

, j ¼ 1, 2, 3, 4 ð6:123Þ

For Node 1 at point A, the coordinates are defined at x
j
1 ¼ x

j
2 ¼ x

j
3 ¼ 0; for Node 2 at

point B, the coordinates are defined at x
j
1 ¼ a, and x

j
2 ¼ x

j
3 ¼ 0; for Node 3 at point

C, the coordinates are defined at x
j
1 ¼ a, x

j
2 ¼ b, and x

j
3 ¼ 0; and for Node 4 at point

D, the coordinates are defined at x
j
1 ¼ 0, x

j
2 ¼ b, and x

j
3 ¼ 0; where a and b are the

length and width of the element. The element shape function is given by (Dufva and

Shabana, 2005)

S j ¼ s1I s2I s3I s4I s5I s6I s7I s8I s9I s10I s11I s12I½ � ð6:124Þ

where I is the 3� 3 identity matrix and the shape functions si, i ¼ 1, 2, . . . , 12, are as

follows:

s1 ¼ � n� 1ð Þ g� 1ð Þ 2g2 � gþ 2n2 � n� 1
� �

, s2 ¼ �an n� 1ð Þ2 g� 1ð Þ,
s3 ¼ �bg g� 1ð Þ2 n� 1ð Þ, s4 ¼ n 2g2 � g� 3nþ 2n2

� �
g� 1ð Þ,

s5 ¼ �an2 n� 1ð Þ g� 1ð Þ, s6 ¼ bng g� 1ð Þ2,
s7 ¼ �ng 1� 3n� 3gþ 2g2 þ 2n2

� �
, s8 ¼ an2g n� 1ð Þ,

s9 ¼ bng2 g� 1ð Þ, s10 ¼ g n� 1ð Þ 2n2 � n� 3gþ 2g2
� �

,

s11 ¼ ang n� 1ð Þ2, s12 ¼ �bg2 n� 1ð Þ g� 1ð Þ

9>>>>>>>=
>>>>>>>;

ð6:125Þ

where n ¼ x
j
1=a, g ¼ x

j
2=b.

Because for the thin-plate element only the coordinate vector r and the gradient

vectors rx1
and rx2

are used as nodal coordinates, the element is gradient deficient.

The shape function does not depend on the x3 element coordinate, and therefore,

the gradient vector rx3
is not used as a coordinate vector. Following Kirchhoff

theory, the strain energy of a thin plate can be written as the sum of two terms:

one term is due to membrane and shear deformations at the plate mid-surface,

whereas the other term is due to the plate bending and twist. The strain energy

can then be written for a thin plate as follows (Dufva and Shabana, 2005):

U ¼ 1

2

ð
V

eTEee dV þ 1

2

ð
V

kTEjk dV ð6:126Þ
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where the curvature vector is k ¼ �j1 �j2 �j12½ �T (subscript ‘‘0’’ is omitted here

because the shape function does not depend on the element x3 coordinate), and in

the case of orthotropic plate, one has

e ¼
e11

e22

e12

8><
>:

9>=
>;, Ej ¼

D11 D00 0

D00 D22 0

0 0 D12

2
64

3
75, Ee ¼

6

h2
Ej ð6:127Þ

In this equation, h is the plate thickness, Dij ¼ Eijh
3 / 12(1 – m12m21) when i ¼ j, D12 ¼

E12h3 / 6, D00¼ (1/2)(D11m21+D22m12), Eij are the Young and shear moduli, and mij are

the Poisson ratios. The strain components e11, e22, and e12 can be evaluated using the

expression for the Green–Lagrange strain tensor, whereas the curvatures can be

evaluated using the following expressions.

�j1 ¼ r0x1x1
� n, �j2 ¼ r0x2x2

� n, �j12 ¼ r0x1x2
� n ð6:128Þ

where the normal n is defined as

n ¼ r0x1
� r0x2

ð Þ= r0x1
� r0x2

j j ð6:129Þ

Using the strain energy, the elastic forces of the thin-plate element can be calculated

using numerical integration methods (Dufva and Shabana, 2005).

6.12 HIGHER-ORDER PLATE ELEMENT

The higher-dimensional plate element employs the full parameterization x
j
1, x

j
2, and

x
j
3. The element has four nodes. Each node has 12 coordinates: 3 translational

coordinates rjk, and 9 gradient coordinates defined by the three vectors rjk
x1

, rjk
x2

,

and rjk
x3

. Therefore, the element has 48 nodal coordinates, which can be written in

a vector form as

e j ¼
h

e j1T

e j2T

e j3T

e j4T
iT

ð6:130Þ

In this equation,

e jk ¼ r jkT

rjkT

x1
rjkT

x2
rjkT

x3

h iT

ð6:131Þ

For Node 1, the coordinates are defined at x
j
1 ¼ x

j
2 ¼ x

j
3 ¼ 0; for Node 2, the coor-

dinates are defined at x
j
1 ¼ a, and x

j
2 ¼ x

j
3 ¼ 0; for Node 3, the coordinates are de-

fined at x
j
1 ¼ a, x

j
2 ¼ b, and x

j
3 ¼ 0; and for Node 4, the coordinates are defined at
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x
j
1 ¼ 0, x

j
2 ¼ b, and x

j
3 ¼ 0; where a and b are the length and width of the element.

The element shape function matrix is defined as (Mikkola and Shabana, 2003)

S j ¼ ½ s1I s2I s3I s4I s5I s6I s7I s8I

s9I s10I s11I s12I s13I s14I s15I s16I�
ð6:132Þ

where I is the 3� 3 identity matrix and the shape functions si, i ¼ 1, 2, . . . , 12, are as

follows:

s1 ¼ � n� 1ð Þ g� 1ð Þ 2g2 � gþ 2n2 � n� 1
� �

, s2 ¼ �an n� 1ð Þ2 g� 1ð Þ,
s3 ¼ �bg g� 1ð Þ2 n� 1ð Þ, s4 ¼ �t1 n� 1ð Þ g� 1ð Þ,
s5 ¼ n 2g2 � g� 3nþ 2n2

� �
g� 1ð Þ, s6 ¼ �an2 n� 1ð Þ g� 1ð Þ,

s7 ¼ bng g� 1ð Þ2, s8 ¼ �tn1 g� 1ð Þ,
s9 ¼ �ng 1� 3n� 3gþ 2g2 þ 2n2

� �
, s10 ¼ an2g n� 1ð Þ,

s11 ¼ bng2 g� 1ð Þ, s12 ¼ tng1,

s13 ¼ g n� 1ð Þ 2n2 � n� 3gþ 2g2
� �

, s14 ¼ ang n� 1ð Þ2,

s15 ¼ �bg2 n� 1ð Þ2 g� 1ð Þ, s16 ¼ �tg1 n� 1ð Þ

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð6:133Þ

where n ¼ x
j
1=a, g ¼ x

j
2=b, and 1 ¼ x

j
3=t, and t is the element thickness. The mass

matrix of the element is constant, as it is the case in the elements previously

discussed in this chapter. The elastic forces can be formulated using the general

continuum mechanics approach or the elastic mid-surface approach used for the

thin-plate element discussed in the preceding section. In the case of thin- and stiff-

plate structures, as in the case of other elements, the use of the general continuum

mechanics approach introduces high-frequency modes that lead to deterioration of

the performance of the element. For such thin and stiff structures, it is recommended

to use the elastic mid-surface approach, which does not include in the elastic forces

coupling between the membrane and bending effects. It is important, however, to

point out that in the case of very flexible structures, the use of the general continuum

mechanics approach for formulating the elastic forces does not lead to deterioration

in the element performance, and the use of this approach captures coupled defor-

mation modes that can be significant in the case of large and /or plastic deforma-

tions, as previously mentioned in this chapter.

6.13 ELEMENT PERFORMANCE

All the finite elements presented in this chapter lead to a constant mass matrix and

can be used in the large rotation and deformation analysis because nonlinear theory

is used with an assumed displacement field that can correctly describe arbitrary large

displacements. The use of the two-dimensional Euler–Bernoulli beam and the

three-dimensional cable element is restricted to certain applications because they

are less general as compared to other elements. Nonetheless, most of the elements

described in the preceding sections can be considered as isoparametric elements if

the centerline or the mid-surfaces is considered. A finite element is said to be
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isoparameteric if the element shape function can be used to describe both positions

(geometry) and displacements of the material points. One can verify that the beam

and plate elements presented in this chapter are isoparametric if the positions and

displacements of the material points on the centerline or the mid-surface are con-

sidered. For isoparametric elements, it is straightforward to develop curved ele-

ments such as curved beams and shells because one can always use the same

displacement filed to define stress-free configuration by giving appropriate values

for the nodal coordinates. A finite element is said to be subparametric if the order of

interpolation used for the positions is lower than the order of interpolation used for

the displacement. The element is said superparametric if the order of interpolation

used for the positions is higher than the order of interpolation used for the displace-

ments. Subparametric and superparametric elements will not be discussed further in

this book.

In addition to the elements presented in this chapter, several other elements

based on the absolute nodal coordinate formulation have been proposed in the

literature. Among these elements is the three-dimensional beam element proposed

by von Dombrowski (2002) who demonstrated the use of his element in interesting

large deformation applications. In von Dombrowski’s element, rotation coordinates

are used as nodal coordinates in order to develop an Euler-Bernoulli beam element

that accounts for the effect of the rotary inertia. von Dombrowski’s element, which

is a more general element as compared to the cable element, is obtained at the

expense of not having a constant mass matrix. Because the rotation in this element

formulation is assumed to be infinitesimal and only represents rotation about the

tangent to the element centerline, the nonlinearity arising from introducing this

rotation is not severe and the mass matrix is nearly constant.

Other beam and plate elements were introduced by several authors; some of

these elements employ curvature vectors as nodal coordinates. The reader who is

interested in this subject can learn about these elements and the formulation of

their mass and stiffness matrices from the work of Takahashi and Shimizu (1999),

Dmitrochenko and Pogorelov (2003), Garcia-Vallejo et al. (2003), Sopanen and

Mikkola (2003), Garcia-Vallejo et al. (2004), and Yoo et al. (2004).

Patch Test The patch tests are simple tests, which are used to check the conver-

gence of the finite element formulation as well as the computer implementation.

These tests can also be used to evaluate the element performance and stability by

checking whether or not the element satisfies basic equilibrium requirements. A

successful patch test for an element is an indication that if the element is used to

model a structure, a refinement of the finite element mesh will produce solutions

that converge to the exact solutions. To perform the patch test, one considers a finite

element mesh that consists of a small number of elements with at least one node

inside the patch. The patch can be subjected to forces or prescribed nodal displace-

ments to develop problems with known exact solutions. For example, boundary

nodes can be constrained just enough to eliminate the rigid-body motion of the
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structure. One can then apply, at the free boundary nodes, loads that correspond to

the state of a constant stress. The computed stresses inside the elements are com-

pared with the exact solution to check whether or not the two solutions agree to

within the numerical errors. The patch test is repeated to cover all cases of constant

stresses relevant to this element. If all the computed stress results agree with the

exact solution, the element passes the patch test, and a fine mesh of a structure using

this element will produce a solution that converges to the exact one.

One can also examine the strains and displacements to make sure that the

computed values are correct. One must also check that in the case of prescribed

displacements of the boundary nodes and in the absence of the body forces, the

stress and strains must be constant in order for the element to satisfy the partial

differential equations of equilibrium. If these conditions are not satisfied, then it is

likely that the element assumed displacement field is not correct and/or there is

a problem with the computer implementation. It is also recommended to perform an

eigenvalue analysis to check that the element has the correct number of rigid-body

modes for a given support conditions. The eignevalue analysis should not produce

a zero eigenvalue associated with a deformation mode, otherwise the element will

exhibit unstable behavior.

Locking Problem With regard to the finite element performance, one of the

important issues that have been discussed in the literature is the locking problem.

Some finite elements exhibit in some applications overly stiff behavior due to two

main reasons. First, the order of the polynomial interpolation used for the element is

low such that some important modes of deformations can not be effectively cap-

tured. For example, if a linear interpolation is used for a finite element, the curva-

ture which is necessary to describe bending will be zero everywhere inside the

element. The use of such low-order finite elements for bending is therefore not

recommended because a very large number of elements will be required to solve

a simple bending problem. The use of such a fine finite element mesh can be very

inefficient in solving beam and plate problems. The second reason for the poor

performance of an element is the existence of high-frequency modes that have no

significant effect on the solution, but lead to a deterioration of the element perfor-

mance. Such modes can be consistently eliminated using approximation methods

based on coordinate reduction as described in the following chapter, or by using

analytical methods by introducing kinematic algebraic constraints to prevent the

motion in the direction of such stiff modes. The algebraic constraint equations can

be used to systematically eliminate these stiff modes from the formulation or can be

used to introduce constraint forces that can be expressed in terms of Lagrange

multipliers; a subject that has been extensively covered in the multibody system

dynamics literature (Roberson and Schwertassek, 1988; Shabana, 2005).

As the result of low-order interpolations and the existence of high-frequency

modes of deformations, the element performance deteriorates and serious numer-

ical problems can be encountered. There are several types of locking, including
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volumetric, membrane, and shear locking. For example, most structural materials

are nearly incompressible. Changes of the dilatation can be accompanied by large

values of stresses that absorb a significant part of the energy and make the element

very stiff or lock. Theoretically, an ideal solution to deal with incompressible or

nearly incompressible materials is to impose the incompressibility condition as

a constraint by assuming that the determinant of the matrix of position vector

gradients remains equal to one and does not change. This condition arises from

the relationship between the volumes in the current and reference configurations,

dv ¼ JdV, where J is the determinant of the matrix of position vector gradients, and

dv and dV are, respectively, the volumes in the current and reference configurations.

Imposing the incompressibility condition can be accomplished using two approaches:

in the first, a Lagrange multiplier technique is used, whereas in the second, a penalty

method is used. The penalty method is easier to use because it is equivalent to adding

a force to the equations of motion to guarantee that the incompressibility condition

is satisfied. On the other hand, when the Lagrange multiplier technique is used, one

must augment the equations of motion with algebraic equations that describe the

constraint conditions. This leads to a system of differential and algebraic equations

that must be solved simultaneously, making the numerical procedure much more

complex as compared to using the penalty method.

The use of the penalty method is equivalent to changing the strain energy of the

system by adding another term that enforces the incompressibility condition. An-

other method used in the finite element literature to solve the locking problems is to

use multifield variational principles, which are also called mixed or hybrid principles.

In these principles, the stress and strain components that lead to overly stiff behavior

are interpolated independently of the displacements. The independent interpolation

allows for using higher order for those components that are the source of the locking

behavior. Examples of these mixed principles are the Hellinger–Reissner principle

and the Hu–Washizu principle: the first is stress based, whereas the second is strain

based. The use of these principles allows using different fields for stresses and strains

to avoid the locking problem and improve the element behavior in some problems

such as beam and plate bending. For this reason, the resulting elements are also

called assumed strain or assumed stress elements depending on which variables are

interpolated. The drawback of using the mixed principles is that the elements can

exhibit instabilities in other fields, and therefore, it is important to check the accu-

racy of the solution obtained for other field variables.

Shear locking, which is also a source of numerical problems in beams and plate

problems, is the result of excessive shear stresses. For thin elements, the cross-

section is expected to remain perpendicular to the element centerline or mid-surface

of the element. This is the basic assumption used in Euler–Bernoulli beam theory.

Elements that are based on this theory do not allow for shear deformation, and

therefore, such elements do not suffer from the shear locking problem. Examples

of these elements are the two-dimensional Euler–Bernoulli beam element and the

three-dimensional cable element discussed previously in this chapter. These elements,

as demonstrated in the literature, are efficient in thin-beam applications. Shear
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deformable elements, on the other hand, can suffer from locking problems if they are

used in thin structure applications. When these elements are used, the cross-section

does not remain perpendicular to the element centerline, leading to shear forces. For

thin structures, the resulting shear stresses can be very high leading to serious numer-

ical problems. This problem can be circumvented by using the elastic line or mid-

surface approaches, the mixed variational principles, or reduced integration methods.

Similarly, some shell-element formulations produce coupling between mem-

brane and bending deformations. In these formulations, a bending of a plate leads

to membrane (extension) displacements. This kinematic coupling can lead to the

problem of membrane locking, which in turn leads to serious numerical difficulties

when thin shell structures are analyzed. In some applications such as papers and

cloths, bending does not produce extension. For these applications, it is recommen-

ded to use the thin-plate element formulation, which is based on the elastic mid-

surface approach. In the formulation of the elastic forces of this element, it is

assumed that the bending and extension are not coupled. If, on the other hand,

the higher-order fully parameterized plate element is used in thin structural shell

applications, it is recommended to use the elastic mid-surface approach, the mixed

variational principles, and reduced integration methods.

Reduced Integration One must be careful when speaking of the order of the

interpolation and the performance of an element. Although low-order interpolation

may necessitate the use of a larger number of elements in order to be able to capture

a certain deformation mode, higher-order terms in a polynomial introduce more

complex shapes that are associated with high-frequency modes of oscillations. These

high-frequency modes can also lead to a deterioration of the element performance.

Elimination of these modes can enhance the element performance in some appli-

cations. One method, which is recommended in the finite element literature, is to

use reduced integration instead of full integration. In the reduced integration, fewer

quadrature points are used in the numerical integration of the elastic forces. This is

equivalent to using lower-order polynomials to approximate the integrands that

appear in the elastic force expressions. Lower-order polynomials have simpler

shapes, which are associated with lower modes of oscillations. Elimination of the

complex shapes is equivalent to eliminating high frequencies and is equivalent to

lowering the element stiffness. This can significantly enhance the element perfor-

mance. Underintegration, which can be used effectively to eliminate shear locking

in some applications, leads to additional computational advantage because it

reduces the number of calculations by using fewer quadrature points. Reduced in-

tegration, however, should not be used if it leads to mesh instabilities or wrong

solutions. It is, therefore, important that the integration rule used is tested in order

to make sure that accurate solution is obtained.

Another form of reduced integration is the selective reduced integration, which

can be used to enhance the element performance in some problems. In this integra-

tion method, some terms that are the source of locking can be selected and
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underintegrated, whereas full integration is used for other terms that appear in the

expression of the elastic forces. For example, the terms that define the contribution

to the elastic forces from the volumetric strains can be underintegrated, whereas

terms associated with the deviatoric strains can have a higher order of integration.

This method of selective reduced integration can be effective in dealing with volu-

metric locking in some applications.

Reduced integration if not carefully performed can lead to instabilities. For

example, if the deformations at all the selected quadrature points happen to be

zero, one obtains zero strain energy for a non-rigid-body mode. In this case, the

stiffness matrix is singular and the element exhibits unstable behavior. These types

of modes are called in the finite element literature hourglass modes, zero energy

modes or spurious singular modes. These types of modes can be detected using an

eigenvalue analysis. In this case, the number of modes of the finite element that have

zero eigenvalue is higher than the number of rigid-body modes of the element,

because the improper selection of the quadrature points leads to a zero eigenvalue

associated with a deformation mode.

6.14 OTHER FINITE ELEMENT FORMULATIONS

In this chapter, a finite element approach based on the absolute nodal coordinate

formulation was discussed. This approach is suited for the analysis of a general class

of problems in which the bodies undergo large rotations including rigid-body rota-

tions. This is a problem that is typical in multibody system applications. In the finite

element absolute nodal coordinate formulation, absolute position vectors and their

gradients are used as nodal coordinates. There are several reasons, discussed in this

section, which motivated introducing this approach and presenting it in this contin-

uum-mechanics-based book. In the finite element literature, there are other types of

finite elements that employ different sets of coordinates. In the remainder of this

section, we discuss these element formulations in order to further explain the mo-

tivation for introducing the formulation presented in this chapter.

Isoparametric Finite Elements Some elements such as the two-dimensional rect-

angular and triangular elements and the three-dimensional solid and tetrahedral

elements (Zienkiewicz, 1977) employ only position coordinates. These elements

can correctly describe rigid-body motion and they are of the isoparametric type

because the same shape function can be used to describe the displacement and

geometry of the element. Nonetheless, the nodal coordinates do not include rotation

variables, which make these elements unsuitable for beam, plate, and shell applica-

tions and also unsuitable for many multibody system applications where joint con-

straints between bodies are often formulated in terms of rotation coordinates.

Because the continuity of the rotation field at the nodal points is not guaranteed

when these isoparametric elements are used, imposing multibody system connec-

tivity conditions that allow relative motion is not straightforward. Furthermore, the

limitations of these conventional isoparametric elements in the analysis of bending,
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as the result of the low order of interpolation, are well known and have been

discussed in the literature.

Use of Infinitesimal Rotation Coordinates Another type of finite elements is

elements that include infinitesimal rotations in addition to translational coordinates

as nodal variables. Examples of these conventional finite elements are beam, plate,

and shell elements. These elements were widely used in many structural applications.

These elements, however, cannot be used to correctly describe large rigid-body

rotation; they can describe only infinitesimal rigid-body rotation. Because of the

use of the infinitesimal rotations as nodal coordinates, one can show that the kine-

matic equations of these elements employ linearization (Shabana, 1996). For this

reason, these elements have been used in structural dynamics applications in

the framework of an incremental solution procedure. It is known, however, that

the incremental solutions based on linearized equations eventually diverge from the

correct solution of the nonlinear problem. Furthermore, most multibody system

algorithms that are designed to solve large rigid-body rotation problems are based

on nonincremental solution procedure. In order to be able to use these finite ele-

ments in multibody system algorithms, the finite element floating frame of reference

formulation was proposed in the early eighties (Shabana and Wehage, 1981;

Shabana, 1983). This approach, which is discussed in detail in the following chapter,

leads to correct description of the rigid-body motion of the finite elements that

employ infinitesimal rotations as nodal coordinates. The floating frame of reference

formulation has been primarily used for small deformation problems because the

elements are assumed to undergo small displacements with respect to the floating

frame, which may experience an arbitrary rigid-body motion including finite rota-

tions. The floating frame of reference formulation remains an effective and efficient

tool for modeling the small deformation of flexible bodies because it allows reducing

systematically the number of deformation degrees of freedom. This formulation,

which will be discussed in more detail in the following chapter, is implemented in

most general purpose flexible multibody computer programs.

Perhaps, it is also important to point out that, in multibody system applications,

one cannot use infinitesimal or finite rotations as nodal coordinates in the interpo-

lation of the rigid body displacement field. Recall that the rigid-body kinematic

equations are defined in terms of trigonometric functions and not in terms of angles.

Trigonometric functions can be approximated by angles only when these angles are

infinitesimal.

Use of Finite Rotation Coordinates Another element formulation, which was

introduced in the mid-eighties, is based on using two independent fields with finite

rotation coordinates as nodal coordinates (Simo and Vu-Quoc, 1986). The resulting

elements are capable of correctly describing arbitrary rigid-body displacements. In

this formulation, two independent fields are introduced: the first for the position

vector and the second for the finite rotations of the cross-section of the finite

element. That is, the position and rotations are obtained from independent
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interpolations. As demonstrated in this book, using the polar decomposition theo-

rem, the rotation field can be defined using the matrix of position vector gradients.

That is, the position vector field is sufficient to determine the rotations of infinites-

imal volumes. The use of independent displacement and rotation fields, therefore,

can lead to a problem of coordinate redundancy and inconsistency in the definition

of the rotation variables. Formulations that suffer from this problem of coordinate

redundancy can lead to numerical problems in the analysis of large rotations, par-

ticularly large rigid-body rotations. For instance, some of these formulations do not

automatically satisfy the principle of work and energy, and special measures must be

taken in the numerical integration routines in order to satisfy this principle. On the

other hand, because in the absolute nodal coordinate formulation, the position

vector field is used to determine the gradients that define the rotation field, such

a problem is not encountered, and the absolute nodal coordinate formulation

automatically satisfies the principle of work and energy and does not require the

use of special measures to satisfy this principle as demonstrated in the literature

(Campanelli et al., 2000).

6.15 UPDATED LAGRANGIAN AND EULERIAN FORMULATIONS

In this chapter, a total Lagrangian large deformation finite element formulation

was considered. Integrations and differentiations are defined with respect to the

Lagrangian coordinates, and stress and strain measures are defined with respect to

the reference configuration. The absolute nodal coordinate formulation presented

in this chapter can also be used with an updated Lagrangian formulation. In this

case, one uses stress and strain measures defined in the current configuration. Fur-

thermore, the differentiations are defined with respect to the coordinates r, whereas

the integrations are defined using the current volumes and areas. In principle, as

discussed in Chapter 3, the total and updated Lagrangian formulations are equiva-

lent, and one formulation can be obtained from the other using a coordinate trans-

formation. Therefore, the choice of a formulation is a matter of convenience or

preference, and in some cases, some variables defined in the current configuration

are used with the total Lagrangian formulation and vice versa. For this reason, the

updated Lagrangian formulation will not be discussed further in this book. The

reader interested in the updated Lagrangian formulation can consult with literature

on the nonlinear finite element method.

Whereas in the Lagrangian formulations, the finite element nodal points move as

the result of the applied forces, in the Eulerian formulations with fixed mesh, the

nodes are fixed since the focus is on a region of the continuum that is defined by the

vector r. One then does not follow the motion of a material point that has coordinates

x in the reference configuration; instead, the focus is on a point through which the

material flows, and the interest is to determine the behavior of the continuum when

the material passes by this point, which is fixed in space. The Eulerian description is

more convenient to use in the case of fluid dynamics, whereas the Lagrangian de-

scription is used more often in solid mechanics. In the Eulerian formulations, three
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sets of variables are often used; the density q, the stresses r, and the velocities v. In

order to solve for these three sets of variables, three sets of equations are used. These

equations are the continuity or conservation of mass equation, the constitutive equa-

tions, and the equations of motion. The constitutive equations are often expressed in

the rate form. These three sets of equations can be written in the following form:

@q
@t
þ = qvð Þ ¼ 0

_s ¼ _s Dð Þ
=sT
� �Tþfb � qa ¼ 0

9>=
>; ð6:134Þ

In this equation, q is the density defined in the current configuration, v is the velocity

vector, s is the stress tensor, D is the rate of deformation tensor, fb is the vector of

body forces, and a is the acceleration vector. The continuity equation can also be

written in the following alternate form:

@q
@t
þ @q
@r

vþ q
X3

i¼1

@vi

@ri
¼ 0 ð6:135Þ

In the Eulerian formulations, independent interpolations are used for the density,

stresses, and velocities. One can then write for element j the following finite element

description:

rj ¼ S je j, sj ¼ S j
re j

r, q j ¼ S j
qe j

q ð6:136Þ

In this equation, Sj is the element shape function used for the displacement, ej is the

vector of element position nodal coordinates, Sj
r is the shape function used for the

stresses, ej
r is the set of stress nodal variables, Sj

q is the density shape function, and ej
q

is the set of density nodal variables. Because vj ¼ _rj ¼ Sj _ej, Equation 136 can be used

to define the following virtual changes:

dvj ¼ S jd _e j, dsj ¼ S j
rde j

r, dq j ¼ S j
qde j

q ð6:137Þ

As previously mentioned, in the Eulerian formulation with fixed mesh, the nodal

points are assumed to be fixed. On fixed boundaries in fluid applications, the veloc-

ities at the boundary nodal points are assumed to be zero.

In order to obtain the discrete equations, one can multiply the first equation

in Equation 134 by dqj, the second equation by dsj, and the third equation by dvj;

integrating over the domain of the element; and using Equation 137, one can show

that the finite element discrete equations in the Eulerian formulation can be written as

Mj
q _e j

q ¼ Q j
q

Mj
r _e j

r ¼ Qj
r

Mj€e j ¼ Qj

9>>=
>>; ð6:138Þ
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where Mj
q, Mj

r, and Mj are coefficient matrices; and Qj
q, Qj

r, and Qj are vectors that

can depend on the unknown variables. In obtaining Equation 138, the integration is

carried out over a fixed element domain in the case of a fixed mesh. Note that in the

Eulerian formulation based on the absolute nodal coordinate formulation discussed

in this chapter, the mass matrix Mj depends on the density, which is a function of

time in the case of compressible materials or fluid. Consequently, this mass matrix is

not constant as in the case of the Lagrangian formulations. If the material is in-

compressible, the density is not a function of time, and the continuity equation is

simplified. In this case, the absolute nodal coordinate formulation leads to a constant

mass matrix. In general, the three sets of equations given by Equation 138 are solved

simultaneously to determine the values of the coupled variables of the continuum at

the nodes. In the case of fluid dynamics, there are several simulation scenarios that

depend on the fluid conditions. In some of these scenarios, the governing equations

given in Equation 138 can be simplified.

PROBLEMS

1. Verify the expressions of the shape functions presented in Example 1.

2. Show that the displacement field used in Example 1 can describe an arbitrary

rigid-body motion.

3. Verify the expressions of the shape functions presented in Example 2, and show

that the displacement field used in Example 2 can describe an arbitrary rigid-

body motion.

4. Show that, by using the Cholesky factorization of the symmetric mass matrix,

one can define a new set of coordinates that lead to an identity mass matrix.

5. Show that the virtual changes in the Green–Lagrange strains can be written in

terms of the virtual changes of the position vector gradients. Show also that the

virtual changes in the position vector gradients can be written in terms of the

virtual changes of the finite element nodal coordinates.

6. A force vector F tð Þ ¼ F1 tð Þ F2 tð Þ½ �T is applied at a point defined by n ¼ 0:5 of

the two-dimensional Euler–Bernoulli beam element defined in Section 7. Define

the vector of nodal forces due to the application of this force vector. Define

also the vector of nodal forces if this force vector is applied at a point defined by

n ¼ 1. Discuss the nodal forces associated with the gradient coordinates of this

element. Repeat this problem using the two-dimensional shear deformable

element.

7. In the two-dimensional case, define the relationship between the virtual change

in the rotation and the virtual change of the gradient coordinates at the node for

both Euler–Bernoulli and shear deformable beam elements. Use this relation-

ship to define the relationship between the Cartesian moment and the forces

associated with the gradient coordinates of these two elements.

8. Develop the mass matrix of the two-dimensional Euler–Bernoulli beam element

discussed in Section 7.

9. A force vector F tð Þ ¼ F1 tð Þ F2 tð Þ F3 tð Þ½ �T is applied at a point defined

by n ¼ 0:5 of the cable element presented in Section 9. Define the vector of
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nodal forces due to the application of this force vector. Define also the vector

of nodal forces if this force vector is applied at a point defined by n ¼ 1. Discuss

the nodal forces associated with the gradient coordinates of this element.

Repeat this problem using the three-dimensional shear deformable element.

10. Obtain the expression for the nodal forces due to gravity in the case of the

following finite elements: (1) two-dimensional Euler–Bernoulli beam element,

(2) two-dimensional shear deformable beam element, (3) cable element, (4)

three-dimensional shear deformable element, and (5) thin-plate element.

11. Obtain the mass matrix of the three-dimensional cable element.
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7 FINITE ELEMENT FORMULATION:

SMALL-DEFORMATION, LARGE-ROTATION

PROBLEM

In the preceding chapter, a nonlinear finite element formulation for the large-

deformation analysis was presented. This formulation, which is consistent with the

motion description used in the theory of continuum mechanics and can be used to

correctly describe an arbitrary rigid-body motion, leads to a constant mass matrix and

nonlinear vector of elastic forces. The formulation imposes no restrictions on the

amount of rotation or deformation within the element, except for the restriction

imposed by the order of the interpolating polynomials used. In large-deformation

problems, in general, the shape of deformation of the bodies can be complex and this,

in turn, necessitates the use of a large number of finite element nodal coordinates in

order to be able to correctly capture the geometry of deformation. Therefore, in the

analysis of the large deformation problem using the absolute nodal coordinate formu-

lation discussed in the preceding chapter, one simply selects an adequate number of

finite elements and formulates the equations of motion in terms of the element nodal

coordinates. There is no need to introduce another reference frame or be concerned

with the use of coordinate reduction techniques. The results published in the literature

on the absolute nodal coordinate formulation demonstrated that this formulation can

be used in modeling very large deformations with relatively small number of finite

elements compared to other existing nonlinear finite element formulations.

The use of a full finite element representation to study small-deformation prob-

lems is not recommended because such a representation is not the most efficient

approach to solve for the small deformations. The geometry of the small deforma-

tion of the bodies takes simple forms, and one in this case can develop a lower-

dimension model that can be efficiently used to solve this class of problems.

Furthermore, in the analysis of small deformations, with a proper selection of

the coordinate systems, one can use finite elements, which have smaller number

of nodal coordinates. For example, conventional nonisoparametric beam, plate,

and shell finite elements, which cannot correctly describe arbitrary rigid-body

motion using the element nodal coordinates, can still be used in small-deformation

7
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large-displacement formulations. By defining a local linear elasticity problem, linear

modes can also be used to further reduce the number of the model degrees of

freedom and eliminate high-frequency modes of vibration. The approach that is

most widely used to solve the small-deformation, large-rotation problem is called

the floating frame of reference formulation. The finite element floating frame of

reference formulation, which is discussed in this chapter was introduced in the early

eighties (Shabana and Wehage, 1981; Shabana, 1982) and was the basis for devel-

oping new computational algorithms that led to introducing new generation of codes

that became known as flexible multibody computer codes, which are widely used in

industry, universities, and research institutions.

In this chapter, a brief introduction to the floating frame of reference formula-

tion is presented. A crucial step in developing the finite element floating frame of

reference formulation is the concept of the finite element intermediate coordinate

system. The use of this intermediate element coordinate system allows modeling

flexible bodies with complex geometry, using the finite element method. The con-

cept of the intermediate coordinate system resembles the concept of the parallel axis

theorem used in rigid-body mechanics. Although the floating frame of reference

formulation leads to a highly nonlinear system of equations of motion, it is shown

that the nonlinear inertia terms developed using this formulation can be expressed

in terms of a set of constant shape integrals that can be evaluated in advance for the

dynamic simulation. More detailed discussion on the floating frame of formulation

can be found on texts on the subject of multibody system dynamics (Shabana, 2005).

7.1 BACKGROUND

As pointed out in the preceding chapter, until the mid-eighties, there were two types of

finite elements: isoparametric and nonisoparametric finite elements. Isoparametric

finite elements are elements in which the same shape function is used to describe the

geometry and displacements. These elements generally have only translational nodal

coordinates and are capable of correctly describing rigid-body motion. Examples of

these elements are the two-dimensional rectangular and triangular elements and the

three-dimensional solid and tetrahedral elements (Zienkkiewicz, 1977). A dynamic

formulation of these elements can lead to a constant mass matrix. Nonetheless, these

elements do not impose continuity on any rotation parameters at the nodes and are not

suitable for modeling many beam-, plate-, and shell-like structures, which are common

in engineering applications. The continuity of the rotation field at the nodal point is

required in the modeling of many applications such as in the case of multibody systems

where mechanical joints between different bodies are defined at the nodal points.

Imposing some of these joint constraints requires the continuity of rotation fields.

Other conventional finite elements known before the mid-eighties such as beam,

plate, and shell finite elements, which are not of the isoparametric type, employ in-

finitesimal rotations as nodal coordinates. These finite elements were extensively used

in modeling beam-, plate-, and shell-like structures in many engineering applications.

Nonetheless, these elements can not be used to correctly describe an arbitrary rigid-body
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motion. An arbitrary rigid-body motion of these elements can produce nonzero

strains. An example of these elements is the beam element shown in Figure 1. This

element has two nodes, and each of its nodes has three degrees of freedom: two

translational coordinates and one infinitesimal rotation coordinate. Therefore, the

vector of nodal coordinates of the element can be written as

e ¼ e1 e2 e3 e4 e5 e6½ �T ¼ r1
1 r1

2 h1 r2
1 r2

2 h2
� �T ð7:1Þ

The shape function of this element is defined as

S¼
1�n 0 0 n 0 0

0 1�3 nð Þ2þ2 nð Þ3 l n�2 nð Þ2þ nð Þ3
n o

0 3 nð Þ2�2 nð Þ3 l nð Þ3� nð Þ2
n o" #

ð7:2Þ

where n ¼ x1=l and l is the length of the finite element. The element shape function

presented in the preceding equation uses different interpolations for the displace-

ment components because for this conventional element, the first displacement

X1

X2

O

X1
j

X2
j

e1

e2

e3

e4

e5

e6

Figure 7.1. Two-dimensional beam
element.
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component is interpreted as the axial displacement, whereas the second component

is interpreted as the bending displacement. For this reason, this element shape

function cannot be used to define absolute position vectors; and as a consequence,

a reference frame that shares the rigid-body motion of the finite must be used. This

motion description is fundamentally different from the one used in the absolute

nodal coordinate formulation discussed in the preceding chapter. In the absolute

nodal coordinate formulation, the shape function matrix and the nodal coordinates

define the global position vector of the material points on the finite element, and

therefore, the same polynomials are used in the interpolation of the components of

the position vector. The derivation of the shape function presented in Equation 2 is

outlined in the following example.

EXAMPLE 7.1

For the two-dimensional beam element defined by the nodal coordinates and

shape function matrix presented, respectively, in Equation 1 and Equation 2,

linear interpolation is used for the axial displacement, whereas cubic interpo-

lation is used for the transverse displacement. A local displacement vector can

then be interpolated as follows:

r ¼ r1

r2

	 

¼ a0 þ a1x1

b0 þ b1x1 þ b2x2
1 þ b3x3

1

	 


This interpolation has six coefficients, a0, a1, b0, b1, b2, and b3, that can be

expressed in terms of six nodal variables e1, e2, . . . , e6. The following conditions

can be applied at the first node of the element:

e1 ¼ r1 x1 ¼ 0ð Þ, e2 ¼ r2 x1 ¼ 0ð Þ, e3 ¼
@r2

@x1

����
x1¼0

At the second node, one has the following three conditions:

e4 ¼ r1 x1 ¼ lð Þ, e5 ¼ r2 x1 ¼ lð Þ, e6 ¼
@r2

@x1

����
x1¼l

where l is the length of the finite element. Substituting the conditions presented in

the preceding two equations into the assumed displacement field, one can write the

polynomial coefficients a0, a1, b0, b1, b2, and b3 in terms of the nodal coordinates

e1, e2, . . . , e6. Using this procedure, one can show that the vector r can be written as

r ¼ Se

where the vector of nodal coordinates e is defined by Equation 1, and the shape

function matrix S is defined by Equation 2. The resulting finite element can not

be used to account for the shear deformation, and for this reason, it is called an

Euler–Bernoulli beam element.
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Rigid-Body Motion In the case of an arbitrary rigid-body displacement defined by

the translation rO ¼ rO1 rO2½ �T of the first node and the rotation h, the vector of

nodal coordinates of Equation 1 is defined as

e ¼ rO1 rO2 h rO1 þ l cos h rO2 þ l sin h h½ �T ð7:3Þ

Using this vector of nodal coordinates and the element shape function matrix S, one

can show that the position of the material points on the element centerline in the

case of rigid-body motion is given by

r ¼ Se ¼ rO1 þ x1 cos h
rO2 þ x1hþ x1 sin h� hð Þ 3n� 2n2

� �	 

6¼ rO1 þ x1 cos h

rO2 þ x1 sin h

	 

ð7:4Þ

That is, an arbitrary rigid-body motion cannot be correctly described using this

element and such an element leads to nonzero strain under an arbitrary rigid-body

displacement. It can be shown, however, that if sin h instead of the infinitesimal

rotation h is used as the nodal coordinate, one obtains exact description of the

rigid-body motion (Shabana, 1996; 2005). In this case, the third and sixth coordinates

of the nodal variables should not be interpreted as angles, and the use of different

orders of interpolation for the displacement components can not be justified if the

nodal coordinates are used to describe the large displacement of the element. There-

fore, for this element, sin h must remain small, that is sin h � h, which amounts to

a linearization of the kinematic equations. These limitations become even more

severe when three-dimensional elements such as beams, plates, and shells are con-

sidered. In the case of three-dimensional analysis, in addition to the linearization and

the fact that finite rotations are not commutative, some of the conventional finite

elements do not correctly capture the correct inertia in the case of rigid-body motion.

Translations It is clear from Equation 4 that if the rotation angle h is equal to

zero, the assumed displacement field of the beam element considered in this section

correctly describes an arbitrary rigid-body translation. That is, one can describe

correctly the rigid-body translation of the element with respect to any coordinate

system that is parallel to the element coordinate system. This property of the finite

elements, which is crucial in the nonlinear finite element formulation that will be

discussed in this chapter, allows for using a concept, similar to the elementary

mechanics concept of the parallel axis theorem, to develop a procedure for correctly

accounting for the inertia of bodies with complex geometry.

In order to be able to use nonisoparametric elements, such as the conventional

beam element discussed in this section, and be able to correctly describe an arbitrary

rigid-body displacement, the floating frame of reference formulation is used. In this

formulation, the gross motion is described using a set of absolute coordinates that

define the location and orientation of the floating frame, whereas the deformation of

the body with respect to the floating frame is described using the finite element

nodal coordinates. The motion of the element, therefore, is not described by only
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the element nodal coordinates; instead, a coupled set of body reference and elastic

element nodal coordinates is used. It is important, however, to point out that the use

of such a description does not imply a separation between the rigid-body motion and

the elastic deformation. The reference motion, which is the motion of the rigid

floating frame of reference, should not be interpreted as the rigid-body motion of

the continuum because different floating frames of reference can be used.

7.2 ROTATION AND ANGULAR VELOCITY

In the floating frame of reference formulation that will be discussed in this section,

the kinematic equations are formulated in terms of a set of rotation coordinates that

define the orientation of the floating frame with respect to the inertial frame. The

concept of the angular velocity becomes important, and for this reason, it is helpful

to review and understand the definition of the angular velocity before developing

the kinematic equations used in the floating frame of reference formulation.

In this section, the general definition of the absolute angular velocity is pre-

sented. As will be seen from the development presented in this section, the compo-

nents of the angular velocity vector are function of a selected set of orientation

parameters and their derivatives. Regardless of the set of orientation parameters

used, the components of the angular velocity can be written as linear functions of the

derivatives of the orientation coordinates. A sequence of Euler angles will be used in

this section as an example to illustrate how the absolute angular velocity vector can

be expressed in terms of the derivatives of the orientation parameters.

Identities First, some basic identities that will be used in the definition of the

angular velocity are developed. Recall that if A is an orthogonal matrix, one has

ATA ¼ AAT ¼ I ð7:5Þ

Differentiating ATA with respect to time and using the preceding equation, one

obtains
_A

T
AþAT _A ¼ 0 ð7:6Þ

This equation shows that

AT _A ¼ � _A
T

A
� �

¼ � AT _A
� �T

ð7:7Þ

A matrix that is equal to the negative of its transpose is a skew symmetric matrix.

Therefore, AT _A is a skew symmetric matrix denoted as ~�x, that is

AT _A ¼ ~�x ¼
0 � �x3 �x2

�x3 0 � �x1

� �x2 �x1 0

2
4

3
5 ð7:8Þ

The bar over a vector or a matrix is used in this chapter to indicate a vector or

a matrix whose components are defined in a body or local coordinate system.
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Similarly, one can differentiate the second part AAT ¼ I
� �

of Equation 5 with

respect to time and follow a procedure similar to the one used to obtain the preceding

equation to show that _AA
T

is a skew symmetric matrix (Shabana, 2001), that is,

_AA
T ¼ ~x ¼

0 �x3 x2

x3 0 �x1

�x2 x1 0

2
4

3
5 ð7:9Þ

Another important identity presented in Chapter 1 is associated with skew

symmetric matrices and the cross product. Recall that the cross product of two

vectors a ¼ a1 a2 a3½ �T and b ¼ b1 b2 b3½ �T can always be written as

a� b ¼ ~ab ð7:10Þ

where ~a is a skew symmetric matrix defined as

~a ¼
0 �a3 a2

a3 0 �a1

�a2 a1 0

2
4

3
5 ð7:11Þ

The simple identities presented in this section will be used to develop the kinematic

velocity equations in the floating frame of reference formulation.

General Displacement In the case of a rigid-body motion, the position vector of

an arbitrary point on the body can be defined in the global coordinate system, as

shown in Figure 2, as follows (Shabana, 2001):

r ¼ rO þA�u ð7:12Þ
where rO is the global position vector of the origin of the body coordinate system, A is

the orthogonal transformation matrix that defines the orientation of the body

X1

X2

X3

X1
b

X2
b

X3
b

P

rO
r

u

O

Figure 7.2. Floating frame of reference.
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coordinate system, and �u is the local position vector of the arbitrary point with respect

to the body coordinate system. Differentiating the preceding equation with respect to

time, the absolute velocity vector of the arbitrary point on the body can be written as

_r ¼ _rO þ _A�u ð7:13Þ

Because the rotation matrix A is an orthogonal matrix, using Equation 8 and

Equation 9, the preceding equation can be written in the following two equivalent

forms:

_r ¼ _rO þA �x� �uð Þ
_r ¼ _rO þ x� u



ð7:14Þ

where �x and x are called the angular velocity vectors defined, respectively, in the

body coordinate system and the global coordinate system, and

u ¼ A�u ð7:15Þ

Using the motion description of the floating frame of reference, it is important to

note the following:

1. The transformation matrix is, in general, a highly nonlinear function in the

parameters used to describe the orientations of the bodies in space. From Equa-

tion 8, Equation 9, and Equation 14, it is clear that the angular velocity vector

can be a highly nonlinear function of the orientation coordinates in the case of

an arbitrary large rotation.

2. Despite the fact that the angular velocity vectors are, in general, highly nonlinear

functions of the orientation coordinates, Equations 8 and 9 show that the angular

velocity vectors are linear functions of the time derivatives of the orientation coor-

dinates. The reader can demonstrate this fact, because the definition of the angular

velocity is obtained from the first time derivative of the transformation matrix.

Using these two remarks, it is clear that the angular velocity vector defined in the

body coordinate system and the global coordinate system can be written, respec-

tively, as

�x ¼ �G _u, x ¼ G _u ð7:16Þ

where �G and G are two matrices that can be nonlinear functions of the orientation

coordinates u.

Illustrative Example The preceding equation shows that in the three-dimensional

motion, the angular velocity vector is not, in general, equal to the derivatives of the

orientation parameters. Nonetheless, the form of the angular velocity vector

depends on the orientation parameters used. There are different sets of rotation

parameters that can be used to define the body orientation in space. Among these
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sets are the four Euler parameters, the three Euler angles, the three Rodriguez

parameters, and the nine direction cosines. If Euler angles are used, the expression

of the angular velocity depends on the sequence of rotations used to define the Euler

angle transformation matrix (Shabana, 2001; 2005). In vehicle applications, it is

convenient to use the following sequence: a rotation w about the body Xb
3 axis,

followed by a rotation / about the body Xb
1 axis, followed by a third rotation h

about the body Xb
2 axis. These three angles, in the order given, are the yaw, roll, and

pitch angles; this is with the assumption that Xb
1 is the longitudinal axis. Note that by

using this sequence, the singularity associated with Euler angles can be avoided

because in some vehicle applications, the yaw and the roll angles remain small.

Using the sequence of rotations introduced in this section, the simple rotation

matrices associated with the three Euler angles are given by

A3 ¼
cosw � sinw 0
sinw cosw 0

0 0 1

2
4

3
5, A1 ¼

1 0 0
0 cos/ � sin/
0 sin/ cos/

2
4

3
5, A2 ¼

cosh 0 sinh
0 1 0

� sinh 0 cosh

2
4

3
5

ð7:17Þ

If another sequence of rotations is used, one obtains a different set of simple rota-

tion matrices. The product of the three matrices in the preceding equation defines

the following body transformation matrix in terms of the three Euler angles:

A ¼ A3A1A2

¼
cos w cos h� sin w sin / sin h � sin w cos / cos w sin hþ sin w sin / cos h

sin w cos hþ cos w sin / sin h cos w cos / sin w sin h� cos w sin / cos h

� cos / sin h sin / cos / cos h

2
64

3
75

ð7:18Þ

It is convenient to write the three Euler angles in the following vector form:

u ¼ w / h½ �T ð7:19Þ

The matrices �G and G can be determined by differentiation of Equation 18 with

respect to time and substituting into Equation 8 and Equation 9, respectively. This

approach for determining the matrices �G and G requires manipulation of complex

expressions of Euler angles and their derivatives. A second simpler approach that

can be used to determine the matrices �G and G is to recognize the columns of these

matrices as unit vectors about which the three Euler angle rotations are performed.

The columns of the matrix �G are unit vectors, defined in the body coordinate system,

about which the three Euler rotations are performed. The columns of the matrix G

are the same unit vectors defined in the global coordinate system. This second

approach for determining the matrices �G and G is the one that is used in this section

because it clearly shows the dependence of the expressions of the angular velocities

on the sequence of rotations used in defining Euler angles. Nonetheless, the final

results obtained should be the same as the results that can be obtained using
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Equation 8 and Equation 9. Using this second approach, it can be shown that the

matrices �G and G are given by

�G ¼
� cos / sin h cos h 0

sin / 0 1
cos / cos h sin h 0

2
4

3
5, G ¼

0 cos w � sin w cos /
0 sin w cos w cos /
1 0 sin /

2
4

3
5 ð7:20Þ

Using these two matrices, one obtains the following expressions for the absolute

angular velocity vector defined, respectively, in the body and the global coordinate

systems:

�x ¼
� _w cos / sin hþ _/ cos h

_w sin /þ _h
_w cos / cos hþ _/ sin h

2
4

3
5, x ¼

_/ cos w� _h sin w cos /
_/ sin wþ _h cos w cos /

_wþ _h sin /

2
4

3
5 ð7:21Þ

Note that the preceding equation shows, as previously mentioned, that the compo-

nents of the angular velocity vector are not, in general, the derivatives of Euler

angles. Nonetheless, the components of the angular velocity are linear functions

of the derivatives of Euler angles.

EXAMPLE 7.2

In the case of infinitesimal rotations,

cos w ¼ cos h ¼ cos / � 1,

sin w � w, sin h � h, sin / � /

In this case, one can show, using Equation 18, that the transformation matrix

expressed in terms of Euler angles reduces to

A ¼
1 �w h
w 1 �/
�h / 1

2
4

3
5

The angular velocity vectors in the case of infinitesimal rotations reduce to

�x ¼
_/
_h
_w

2
4

3
5, x ¼

_/
_h
_w

2
4

3
5

In obtaining these simplified expressions for the angular velocity, quadratic

terms are neglected.

Euler Angles Singularity Euler angles suffer from the problem of singularity. For

example, when cos / ¼ 0, both matrices G and �G become singular, and one cannot
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solve for the time derivatives of Euler angles in terms of the components of the

angular velocity. This singularity problem is a characteristic of any method that uses

three parameters only to describe the orientation of the rigid-body in space. For this

reason, the four Euler parameters are often used in computational dynamics in

order to avoid this singularity problem. Note that when four parameters are used

to describe the orientation of the moving frame of reference in space, a kinematic

constraint equation must be introduced because the four parameters are not totally

independent (Shabana, 2005).

7.3 FLOATING FRAME OF REFERENCE

The example of the conventional beam element discussed in Section 1 shows that

correct description of an arbitrary rigid-body motion cannot be obtained using the

element nodal coordinates that include infinitesimal rotations. Because the nodal

coordinates used for this type of elements imply linearization of the kinematic

equations, an incremental solution procedure must be used if these elements are

used in the analysis of large rotation problems and the element equations are for-

mulated solely in terms of the nodal coordinates. Because the incremental solution

of linearized equations eventually diverges from the correct solution and because

most multibody system algorithms are based on nonincremental solution procedure

(Roberson and Schwertassek, 1988; Shabana, 2005), there was a need to develop

a finite element formulation that can utilize the many nonisoparametric elements

and at the same time leads to a correct description of the rigid-body motion. For this

reason, the finite element floating frame of reference was introduced. This formula-

tion correctly describes the rigid-body motion and leads to zero strains under an

arbitrary rigid-body displacement. It is important, however, to mention that the

floating frame of reference formulation for flexible bodies has been in existence

long before the finite element was introduced. On the other hand, the finite element

floating frame of reference formulation, as presented in this chapter, was introduced

more recently.

It is crucial in the finite element floating frame of reference formulation that

the element shape functions can describe arbitrary rigid-body translations in all

directions. Fortunately, this requirement is met by most nonisoparametric finite

elements that employ infinitesimal rotations as nodal coordinates. Using this prop-

erty, an intermediate element coordinate system is used in order to obtain a correct

expression for the inertia of bodies that have complex geometry. The concept

employed is similar to the concept of the parallel axis theorem used in elementary

mechanics.

In the floating frame of reference formulation, a body coordinate system

Xb
1Xb

2Xb
3 that shares the large overall displacement of the body is introduced.

The position vector of the origin of the body coordinate system is defined by the

three-dimensional vector rO, whereas the orientation of the body-coordinate system

is defined using the orthogonal transformation matrix A. The unconstrained motion

of the coordinate system of the body can then be described using six independent
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coordinates: three translational coordinates defined by the components of the vector

rO ¼ rO1 rO2 rO3½ �T and three independent rotation parameters u that enter

into the definition of the orthogonal matrix A (Roberson and Schwertassek,

1988; Shabana, 2005). Note that these six coordinates are sufficient to describe an

arbitrary rigid-body displacement. Using these coordinates, the global position of

an arbitrary point on the finite element j of the body as shown in Figure 3 can be

written as

r j ¼ rO þA�u j, j ¼ 1, 2, . . . , ne ð7:22Þ

where ne is the total number of finite elements used in the body discretization, and �u j

is the location of the arbitrary point on the finite element j with respect to the origin

of the body coordinate system. Note that in the preceding equation, rO and A are the

same for all elements, and therefore, the body coordinate system represents a com-

mon reference for all elements and as such can serve as the basis for defining the

connectivity between the finite elements. The goal is to develop linear conditions of

connectivity between the finite elements of the body. This requires introducing the

concept of the intermediate element coordinate system discussed in the following

section.

7.4 INTERMEDIATE ELEMENT COORDINATE SYSTEM

Modeling deformable bodies with complex geometries may require the use of finite

elements which can have different orientations in the undeformed reference con-

figuration. In order to be able to describe the kinematics of these elements, an

intermediate element coordinate system �X
j
1

�X
j
2

�X
j
3 is introduced (Shabana, 1982;

2005). The intermediate element coordinate system has an origin, which is rigidly

attached to the origin of the body coordinate system and has axes that are initially

X1

X2

X3

X1
b

X2
b

X3
b

O

rO rj

uj P

Ob
Figure 7.3. Body kinematics.
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parallel to the axes of the element coordinate system X
j
1X

j
2X

j
3 as shown in Figure 4.

Because it is assumed that the element shape function and the nodal coordinates can

describe an arbitrary rigid-body translation, the position vector of the arbitrary

point on the finite element j with respect to the intermediate element coordinate

system �X
j
1

�X
j
2

�X
j
3 can be written as

�u ji ¼ S j�e ji, j ¼ 1, 2, . . . , ne ð7:23Þ

In this equation, S j is the element shape function and �e ji is the element nodal

coordinates defined in the intermediate element coordinate system. Using the

assumption of small deformation and assuming that the elements are initially

uncurved (extension to curved elements is straightforward), one can write

�e ji ¼ �e ji
o þ �e ji

f ð7:24Þ

where �e ji
o is the vector of nodal coordinates in the reference configuration and �e

ji
f is

the vector of nodal coordinates that define the element small deformation with

respect to the intermediate element coordinate system. Because both of these nodal

coordinate vectors are defined in the intermediate element coordinate system that

has axes initially parallel to the axes of the element coordinate system, the compo-

nents in the vector �e ji
o that correspond to infinitesimal rotations are identically equal

to zero. The vector �e ji
o , therefore, describes the initial location (translation) of the

element with respect to the intermediate element coordinate system before dis-

placement. The element nodal coordinates �e ji defined in the intermediate element

coordinate system �X
j
1

�X
j
2

�X
j
3 can be expressed in terms of element coordinates e j

defined in the body coordinate system Xb
1Xb

2Xb
3 using the orthogonal transformation

�T
ji
n as (Shabana, 2005)

X1

X2

X3

X1
b

X1
j

X1
j

X2
b

X2
j

X2
j

X3\
j

X3
j

Ob

O

Oj

Global coordinate
system

Element coordinate 
system

Intermediate element
coordinate system

Body coordinate
system

X3
b

Figure 7.4. Intermediate element
coordinate system.

�e ji ¼ �T
ji
n e j ð7:25Þ
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One can then write the vector �u ji in terms of element nodal coordinates defined in

the body coordinate system as

�u ji ¼ S j �T
ji
n e j, j ¼ 1, 2, . . . , ne ð7:26Þ

In this equation, T
ji

n is a constant transformation because the intermediate element

coordinate system �X
j
1

�X
j
2

�X
j
3 is assumed to have a constant orientation with respect to

the body coordinate system Xb
1Xb

2Xb
3. The dimension of this constant transforma-

tion matrix is equal to the number of the element nodal coordinates. Furthermore,

because infinitesimal nodal rotations due to the deformation with respect to the

body coordinate system can be treated as elements of a vector, the transformation
�T

ji
n can be applied without any loss of generality to the nodal deformation vector �e ji

f .

Note that the transformation of Equation 25 cannot be applied if the nodal rotations

due to the deformation with respect to the body coordinate system Xb
1Xb

2Xb
3 were

assumed to be finite.

Similarly, the components of the vector �u ji can be defined in the body coordi-

nate system as

�u j ¼ �T
ji
u �u ji ¼ �T

ji
u S j �T

ji
n e j, j ¼ 1, 2, . . . , ne ð7:27Þ

where �T ji
u is also a constant transformation matrix that has dimension equal to

the dimension of the vector �u ji (2 for planar elements and 3 for spatial elements).

The preceding equation defines the position vector of an arbitrary material point on

the element in the body coordinate system. This equation can be written as

�u j ¼ S j
be j, j ¼ 1, 2, . . . , ne ð7:28Þ

where

S
j
b ¼ �T

ji
u S j �T

ji
n ð7:29Þ

is the element shape function defined in the body coordinate system.

EXAMPLE 7.3

Consider the two dimensional beam element discussed in Section 1 of this chap-

ter. Assume that a body or a structure is discretized using this finite element.

Assume that element j on the body initially makes an angle aj with the selected

body coordinate system. In the intermediate element coordinate system �X
j
1

�X
j
2

�X
j
3,

the vector of initial nodal coordinates �e ji
o is in general given by

�e ji
o ¼ �e ji

o1 �e ji
o2 �e ji

o3 �e ji
o4 �e ji

o5
�e ji

o6

h iT

¼ �e ji
o1 �e ji

o2 0 �e ji
o1 þ lj �e ji

o2 0
h iT
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where l j is the length of the finite element j, and �e
ji
o1 �e

ji
o2

h iT

is the vector that

defines the position of the first node with respect to the origin of the inter-

mediate element coordinate system.

In this case of two-dimensional beam element, the constant transformation

matrix �T
ji
n used in Equation 25 to define the relationship between the element

nodal coordinates in the body and the intermediate element coordinate systems

is a 6� 6 matrix and is given by

�T
ji
n ¼

�T
ji
n1 0

0 �T
ji
n1

" #

where the matrix �T ji
n1 is a 3� 3 constant transformation matrix and can be

expressed in terms of the constant angle a j that defines the orientation of the

finite element in the initial configuration with respect to the body coordinate

system. This matrix can be written as

�T
ji
n1 ¼

cos aj sin aj 0
� sin aj cos aj 0

0 0 1

2
4

3
5

The 2� 2 constant transformation matrix �T
ji
u used in Equation 27 to define

the position vector of the material points on the finite element j with respect to

the body coordinate system can be written in terms of the constant angle aj as

follows:

�T
ji
u ¼

cos a j � sin a j

sin a j cos a j

	 


7.5 CONNECTIVITY AND REFERENCE CONDITIONS

In order to define a unique displacement field and develop the final form of the

kinematic equations that will be used to develop the equations of motion of the

finite element, it is necessary to impose two sets of conditions: the connectivity and

the reference conditions. The connectivity conditions lead to the element assembly,

whereas the reference conditions eliminate the rigid-body modes of the element

shape function, define a unique displacement field, and define the nature of the

floating body coordinate system Xb
1Xb

2Xb
3, which does not have to be rigidly at-

tached to a point on the body.

Connectivity Conditions In the preceding section, the position vector of an arbi-

trary point on the finite element was defined in terms of nodal coordinates defined in

the body coordinate system Xb
1Xb

2Xb
3, which serves as a common standard for all the

finite elements that form this body. Using the Boolean matrix approach discussed in
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the preceding chapter, the element nodal coordinates can be written in terms of the

body nodal coordinates as

e j ¼ B j
ceb, j ¼ 1, 2, . . . , ne ð7:30Þ

where eb is the vector of the body nodal coordinates and Bj
c is the constant Boolean

matrix that defines the connectivity conditions for the finite element j. Therefore,

the position vector of the material points, after substituting Equation 30 into Equa-

tion 28, can be defined as

�u j ¼ S j
bB j

ceb, j ¼ 1, 2, . . . , ne ð7:31Þ

Another set of conditions, reference conditions, must be imposed before this equa-

tion can be used effectively in the motion description of the deformable body that

undergoes large reference displacement.

Reference Conditions Although the shape functions of conventional beam, plate,

and shell elements can not describe correctly arbitrary rigid-body displacements,

these shape functions have rigid-body modes that can describe arbitrary rigid-body

translations and infinitesimal rigid-body rotations. In the floating frame of reference

formulation, however, the reference rigid-body motion is described using the abso-

lute Cartesian coordinates rO and the orientation coordinates u, as previously de-

scribed. These coordinates that define the location of the origin and the orientation

of the body coordinate system can describe an arbitrary rigid-body displacement. In

order to define a unique displacement field, the redundant rigid-body modes of the

element shape functions must be eliminated. To this end, a set of reference condi-

tions imposed on the nodal deformation coordinates must be used (Agrawal and

Shabana, 1985; Shabana, 1996B; 2005). These reference conditions also define the

nature of the body coordinate system used, because they define how the deforma-

tion is measured with respect to the body coordinate system. As in the case of the

individual elements, one can write the vector of body nodal coordinates as the sum

of two vectors as

eb ¼ ebo þ ebf ð7:32Þ

where ebo is the vector of nodal coordinates in the initial undeformed configuration

and ebf is the vector of deformation nodal coordinates. By imposing the reference

conditions, one can write ebf in terms of a new reduced set of body nodal coordinates

ef as

ebf ¼ Bref ð7:33Þ
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where Br is the matrix of reference conditions that eliminates nodal coordinates

and defines how the deformation is measured with respect to the body coordi-

nate system. The number of reference conditions should not be less than the number

of the rigid-body modes of the finite element shape function (Agrawal and Shabana,

1985; Shabana, 1996B; 2005). The position vector �u j of the material point on the

finite element can then be defined in the body coordinate system as

�u j ¼ Sj
bB j

c ebo þ Bref

� �
, j ¼ 1, 2, . . . , ne ð7:34Þ

This position vector can be written as the sum of the position vector in the un-

deformed state plus the vector of deformation as

�u j ¼ �u j
o þ �u j

f , j ¼ 1, 2, . . . , ne ð7:35Þ

where

�u j
o ¼ S

j
bB j

cebo, �u
j
f ¼ S

j
bB j

cBref ð7:36Þ

This equation shows that �u j
o does not depend on time, whereas �u j

f is time dependent.

Note that the nodal position vector ebo and the nodal deformation vector ef do not

have the same dimension because the reference conditions are imposed only on the

deformation vector ef .

Rigid-Body and Reference Motion Before using the equations developed in this

section in formulating the velocity and acceleration equations, it is important to

reiterate at this point that the application of the reference conditions to eliminate

the rigid-body motion may lead to a coordinate system whose origin is not rigidly

attached to a material point on the body. Nonetheless, there must be no rigid-body

motion of the body with respect to its reference. This is the reason that the moving

frame used in this formulation is called floating. It is important also to realize that

the use of the floating frame does not imply a separation between the rigid-body

motion and the elastic deformation, as previously mentioned. There is a separation

between the motion of the rigid reference and the elastic deformation. The refer-

ence motion cannot be in general interpreted as the rigid-body motion of the body.

Different choices of references can be made, and the use of these different refer-

ences leads to the same results as demonstrated in the literature (Agrawal and

Shabana, 1985; Shabana, 1996B; 2005).

The choice of the floating frame of reference and its relationship with the

constraints imposed on the boundary of the deformable bodies is one of the most

fundamental problems in the analysis of flexible bodies that experience large dis-

placements. This fundamental problem is also important in developing an efficient

computational procedure that integrates existing finite element and multibody sys-

tem algorithms. Although the choice of the reference frame can be arbitrary, it is
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important to recognize that some choices of the reference frame can lead to a more

efficient and accurate solution. The choice of the reference frame must lead to

deformation measures that are consistent with the linear elasticity theory used in

some formulations. Recall that the deformations are measured with respect to the

floating frame of reference. In one floating frame of reference, the deformation can

be considered small, whereas in another floating frame, the deformation can be

large. If linear strain displacement relations are used, a choice of a reference frame

may not be consistent with the theory employed. This is demonstrated by the fol-

lowing example:

EXAMPLE 7.4

Consider the slider crank mechanism shown in Figure 5. The connecting road of

this mechanism is treated as a flexible body. To explain the concept of the

reference conditions, we assume that the connecting rod is modeled using one

two-dimensional beam finite element only. The finite element used is assumed

to be the one presented in Section 1 of this chapter. This finite element has six

degrees of freedom, three of which describe the rigid-body motion. Because the

reference conditions must be imposed on the deformation coordinates only, the

vector of nodal deformations of the beam is defined as

ebf ¼ ebf 1 ebf 2 ebf 3 ebf 4 ebf 5 ebf 6

� �T
¼ r1

bf 1 r1
bf 2 h1

bf r2
bf 1 r2

bf 2 h2
bf

h iT

where r1
bf 1, r1

bf 2, and h1
bf are the two deformation coordinates of the first node

and the infinitesimal rotation at the first node, respectively; and r2
bf 1, r2

bf 2, and

h2
bf are the two translational coordinates of the second node and the infinites-

imal rotation at the second node, respectively.

The connecting rod shown in the figure, when it deforms, assumes a simple

shape similar to the one shown in Figure 5. Several choices for the floating

frame of reference can be made. In this example, two of these choices are

discussed.

O

A

B

X1
b

X2
b Deflected centerline 

of the beam
X1

b
X2

b

Figure 7.5. Slider crank mechanism.
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Chord frame The chord frame Xb
1Xb

2, shown in Figure 5, can be selected to

measure the deformation of the connecting rod. The origin of this frame is

assumed to be attached to point A, nonetheless, the material point at point A

can experience infinitesimal rotation with respect to the coordinate system

Xb
1Xb

2. Furthermore, it is assumed that the endpoint B is free to deform in

the axial direction, whereas no transverse deformation is allowed at this point.

One can then assume the following three reference conditions that can be used

to eliminate the rigid-body motion of the beam with respect to its reference and

define the nature of the chord frame Xb
1Xb

2:

ebf 1 ¼ 0, ebf 2 ¼ 0, ebf 5 ¼ 0

By imposing these three conditions, one can write the total vector of the beam

coordinates in terms of the independent coordinates as

ebf 1

ebf 2

ebf 3

ebf 4

ebf 5

ebf 6

2
6666664

3
7777775
¼

0 0 0
0 0 0
1 0 0
0 1 0
0 0 0
0 0 1

2
6666664

3
7777775

ebf 3

ebf 4

ebf 6

2
4

3
5

which can be written in the form of Equation 33 as

ebf ¼ Bref

where

ebf ¼

ebf 1

ebf 2

ebf 3

ebf 4

ebf 5

ebf 6

2
6666664

3
7777775

, Br ¼

0 0 0
0 0 0
1 0 0
0 1 0
0 0 0
0 0 1

2
6666664

3
7777775

, ef ¼
ebf 3

ebf 4

ebf 6

2
4

3
5

Note that in this case, the Xb
1 axis of the beam coordinate system must always be

along the line connecting points A and B as the results of the constraints im-

posed on the deformations by the reference conditions. That is, the nature of the

body coordinate system Xb
1Xb

2 is defined by the reference conditions used to

eliminate the rigid-body modes of the flexible body.

The reference conditions used to define the coordinate system Xb
1Xb

2 are

similar to those boundary conditions used for the simply supported beams. It is

important, however, to realize that there is no relationship between the natural

frequencies of the simply supported beam and the solution of the nonlinear

problem of the rotating constrained connecting rod, as discussed in the litera-

ture. Different coordinate systems can be used for the connecting rod, and the
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solution should not, in principle, depend on the choice of the coordinate system,

provided this choice is consistent with the formulation employed. One can also

see from Figure 5 that if the mid-point deflection of the connecting rod is small,

the deformations of all points measured with respect to the coordinate system

Xb
1Xb

2 are small.

Tangent frame In the case of the tangent frame �X
b
1

�X
b
2, also shown in

Figure 5, the origin of the body coordinate system is assumed to be rigidly

attached to point A. In this case, the deformations and slope measured with

respect to the coordinate system are assumed to be zero at point A. Therefore,

the reference conditions that define the tangent frame �X
b
1

�X
b
2 can be written as

follows:

ebf 1 ¼ 0, ebf 2 ¼ 0, ebf 3 ¼ 0

Using these conditions, which also eliminate the rigid-body motion of the beam,

one can write the total vector of coordinates in terms of the remaining free

coordinates as

ebf 1

ebf 2

ebf 3

ebf 4

ebf 5

ebf 6

2
6666664

3
7777775
¼

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

2
6666664

3
7777775

ebf 4

ebf 5

ebf 6

2
4

3
5

which can also be written in the form

ebf ¼ Bref

where in this case,

ebf ¼

ebf 1

ebf 2

ebf 3

ebf 4

ebf 5

ebf 6

2
6666664

3
7777775

, Br ¼

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

2
6666664

3
7777775

, ef ¼
ebf 4

ebf 5

ebf 6

2
4

3
5

Note that the transverse deformation of point B with respect to the tangent

frame �X
b
1

�X
b
2 cannot be considered small.

The same procedure described in this example can be applied to bodies

discretized using a large number of finite elements. The number of reference

conditions should be equal or greater than the number of the rigid-body modes

of the flexible body in order to define a unique displacement field.
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7.6 KINEMATIC EQUATIONS

Using Equation 22 and Equation 35, the global position vector of an arbitrary

material point on element j can be written as

r j ¼ rO þA �u j
o þ �u j

f

� �
, j ¼ 1, 2, . . . , ne ð7:37Þ

where �u j
o and �u

j
f are defined by Equation 36. A virtual change in the position vector

rj is given by

dr j ¼ drO �A~�u j �GduþAS
j
bB j

cBrdef ð7:38Þ

In this equation, ~�u
j

is the skew symmetric matrix associated with the vector �u j, and
�G is the matrix that relates the angular velocity vector to the time derivatives of the

orientation parameters as discussed in Section 2 of this chapter. The preceding

equation can be written for the finite element j as

dr j ¼ I �A~�u
j �G AS

j
bB j

cBr

h i drO

du
def

2
4

3
5 ð7:39Þ

which can also be written as

dr j ¼ S
j
f dq ð7:40Þ

where

S j
f ¼ I �A~�u

j �G AS j
bB j

cBr

h i
, q ¼

rO

u
ef

2
4

3
5 ð7:41Þ

The vector q which contains the reference coordinates and the elastic nodal coor-

dinates of the body can be written as

q ¼ qr

qf

	 

ð7:42Þ

where

qr ¼ rT
O uT

� �T
, qf ¼ ef ð7:43Þ

In this equation, qr is the vector of reference coordinates, and qf is the vector of

elastic coordinates.

It follows from the development presented in this section that the absolute

velocity vector can also be written as

_r j ¼ S j
f
_q ð7:44Þ

and the acceleration vector is

€r j ¼ S j
f
€qþ _S

j

f _q ð7:45Þ
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It can be shown that the velocity and acceleration vectors of Equation 44 and

Equation 45, respectively, can be expressed in terms of the angular velocity and

acceleration vectors of the body reference.

The kinematic equations presented in this section can be used with the principle

of virtual work to develop the equations of motion of the deformable body. Note

that these kinematic equations are expressed in terms of a coupled set of reference

and elastic coordinates. This is one of the fundamental differences between the

motion description used in this chapter and that used in the preceding chapter.

The motion description used in this chapter allows for the use of a systematic pro-

cedure to reduce the number of elastic degrees of freedom in the case of small

deformations, as will be discussed in later sections of this chapter. One of the

interesting issues that arise when the floating frame of reference formulation is used

is the study of the dynamic coupling between the reference motion and the elastic

deformation. This subject will be discussed in more detail after the inertia forces are

formulated.

7.7 FORMULATION OF THE INERTIA FORCES

Some of the shape functions of the conventional finite elements that employ

infinitesimal rotations as nodal coordinates can correctly capture the rigid-body

inertia about the axes of their coordinate system. For example, using the shape

function matrix of the two-dimensional beam element defined in Equation 2, one

can show that this shape-function matrix can be used to correctly define the mass

moment of inertia about the element X
j
3 axis of the element, as demonstrated by the

following example. The floating frame of reference formulation can be used to

correctly account for the change in the rigid-body inertia of the finite element due

to the deformations. In this formulation, each of the inertia coefficients can be

written as the sum of two terms: the first term represents the rigid-body inertia,

whereas the second term represents the change in the inertia due to deformation

(see Chapter 5 and Chapter 6 of Shabana, 2005). Therefore, if a finite element does

not correctly capture the rigid-body inertia, one can always provide the correct in-

ertia since in the floating frame of reference approach, the rigid-body inertia terms

explicitly appear in the dynamic equations of motion.

EXAMPLE 7.5

Using the shape function matrix of Equation 2 and assuming a constant cross-

sectional area, one can write the mass moment of inertia of the finite element

about its X
j
3 axis as

m
j
hh ¼

ðlj

0

q jAjr j T

r jdx
j
1
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where l j is the length of the finite element, q j is the mass density, Aj is the cross-

sectional area, x
j
1 is the axial coordinate, and

r j ¼ S je j,

In this equation, S j is the element shape function matrix given by Equation 2,

and e j is the vector of nodal coordinates defined in this case as

e j ¼ 0 0 0 l j 0 0
� �T

Substituting the preceding two equations into the expression for m
j
hh, one

obtains

m
j
hh ¼

ðl j

0

q jAjr j T

r jdx
j
1 ¼

mj l j
� �2

3

which is the correct rigid-body mass moment of inertia.

In general, the virtual work of the inertia forces of the finite element j can be written as

dW
j
i ¼

ð
Vj

q j€r j T

dr jdVj ð7:46Þ

In this equation, q j is the mass density of the material points of the element and Vj is

the element volume. Both q j and Vj are defined in the reference configuration. For

the most part, the floating frame of reference is used for small deformation problems.

As such, one can assume that the determinant of the matrix of position vector gra-

dients J is equal to one. That is, J ¼ Jj j � 1, and as a consequence, the density and

volume are assumed to remain unchanged. Using the definitions of dr j and €r j in

Equation. 40 and Equation 45 presented in the preceding section, the virtual work

of the inertia forces of the finite element can be written as

dW
j
i ¼

ð
V j

q j S
j
f
€qþ _S

j
f
_q

� �T

S
j
f dqdVj ð7:47Þ

In this equation, q is the vector of generalized coordinates of the body. Equation 47

can be written as the sum of two terms: one linear in the accelerations and the other

is quadratic in the velocities, that is,

dW
j
i ¼ €qT

ð
Vj

q jS
j T

f S
j
f dVj

0
B@

1
CAþ _qT

ð
Vj

q j _S
j T

f S
j
f dVj

0
B@

1
CA

8><
>:

9>=
>;dq ð7:48Þ
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or

dW
j
i ¼ €qTMj �Qj

v

T
n o

dq ð7:49Þ

where Mj is the symmetric mass matrix of the finite element j, and Qj
v is the vector of

Coriolis and centrifugal forces. The mass matrix M j and the vector Qj
v are defined as

M j ¼
ð

V j

q jS
j T

f S
j
f dV j, Qj

v ¼ –

ð
V j

q jS
j T

f
_S

j

f dVj

0
B@

1
CA _q ð7:50Þ

The definition of the matrix S
j
f shows that the element mass matrix and the vector of

Coriolis and centrifugal forces are highly nonlinear functions of the reference and

elastic coordinates. This is another fundamental difference between the floating

frame of reference formulation and the large deformation absolute nodal coordinate

formulation presented in the preceding chapter where the mass matrix is constant

and the Coriolis and centrifugal force vector is identically zero. The complexity of

the floating frame of reference formulation appears in the inertia forces. Nonethe-

less, one can show that the nonlinear mass matrix and the centrifugal and Coriolis

forces can be expressed in terms of a unique set of finite element inertia shape

integrals. Assuming that the element shape function can describe arbitrary trans-

lational motion in all direction, it is left to the reader to show that in the case of

three-dimensional analysis, the inertia forces of the finite element can be written in

terms of the following unique seven inertia shape integrals:

�S
j ¼

Ð
Vj

q jSj
bdVj

S j
kl ¼

Ð
Vj

q jSj T

bkS j
bldVj, k, l ¼ 1, 2, 3

9>>>=
>>>;

ð7:51Þ

where S
j
bk is the kth row of the element shape function matrix S

j
b of Equation 29.

Note that �S
j
has the same dimension as the element shape function matrix, whereas

S j
kl are square matrices that have dimensions equal to the number of nodal coor-

dinates of the finite element.

In the case of the two-dimensional analysis, one can show that the inertia shape

integrals reduce to three integrals only defined as

�S
j ¼

Ð
Vj

q jS
j
bdVj

~S
j ¼

Ð
Vj

q jS
j T

b
~IS

j

bdVj

S j
ff ¼

Ð
Vj

q jS j T

b S j
bdVj

9>>>>>>>>>=
>>>>>>>>>;

ð7:52Þ
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where ~I is a skew symmetric matrix defined as

~I ¼ 0 1
�1 0

	 

ð7:53Þ

The first inertia shape integral in Equation 52 has a dimension equal to the dimension

of the element shape function matrix, whereas the last two inertia shape integrals are

square matrices that have dimensions equal to the number of element nodal coordi-

nates. In particular, ~S
j
is a skew symmetric matrix, whereas S j

ff is a symmetric matrix.

Body Inertia Shape Integrals The virtual work of the inertia forces of the body

can be obtained by summing up the expressions of the virtual work of the inertia

forces of its finite elements, that is,

dWi ¼
Xne

j¼1

dW
j
i ¼

 Xne

j¼1

f€qTM j �Q j T

v g
!

dq ð7:54Þ

which can also be written as

dWi ¼ €qT
Xne

j¼1

M j �
Xne

j¼1

Q j T

v

 !
dq ¼ €qTM�QT

v

� �
dq ð7:55Þ

where M is the body mass matrix and Qv is the vector of body centrifugal and

Coriolis forces. The matrix M and the vector Qv are defined as

M ¼
Xne

j¼1

M j, Qv ¼
Xne

j¼1

Q j
v ð7:56Þ

Note that the body and the element mass matrices are symmetric. It was possible to

use summation in the preceding equation because of the use of the Boolean matrix

B j
c for the finite element. Using this matrix makes the dimensions of all the element

mass matrices and the element vectors of Coriolis and centrifugal forces equal to the

dimension of the vector of the body nodal coordinates.

As in the case of a single finite element, one can also show that the inertia forces

of the body can be expressed in terms of a unique set of inertia shape integrals

obtained by summing up the inertia shape integrals of its elements. In the case of the

three-dimensional analysis, the inertia shape integrals of the body are obtained

using Equation 51 as

�S ¼
Pne

j¼1

�S
j
B j

c

 !
Br

Skl ¼ BT
r

Pne

j¼1

B j T

c S j
klB

j
c

 !
Br, k, l ¼ 1, 2, 3

9>>>>=
>>>>;

ð7:57Þ
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Similarly, in the two-dimensional analysis, one has the following three body inertia

shape integrals obtained by summing up the inertia shape integrals of the finite

elements presented in Equation 52:

�S ¼
Pne

j¼1

�S
j
B j

c

 !
Br

~S ¼ BT
r

Pne

j¼1

B j T

c
~S

j
B j

c

 !
Br

Sff ¼ BT
r

Pne

j¼1

B j T

c S
j
ff B j

c

 !
Br

9>>>>>>>>>=
>>>>>>>>>;

ð7:58Þ

The inertia shape integrals play a fundamental role in the computational algorithms

developed for the deformation analysis of bodies that undergo large rotation and

small deformation. They play a central role in the successful integration of small

deformation finite element and multibody system algorithms. Change or reduction

of the elastic coordinates can be achieved by operating on these inertia shape

integrals only. This automatically changes the equations of motion to be expressed

in terms of the new set of coordinates. Furthermore, understanding the role of the

inertia shape integrals allows one to develop an automated scheme for coupling

existing commercial general purpose finite element computer codes and general

purpose flexible multibody computer codes.

7.8 ELASTIC FORCES

The elastic forces can be formulated using the virtual work as described in Chapter

3. The virtual work of the elastic forces can be written for the finite element j as

dWj
s ¼ �

ð
Vj

s j
P 2 : de j dVj ð7:59Þ

where s
j
P 2 is the second Piola–Kirchhoff stress tensor and e j is the Green–Lagrange

strain tensor. In the case of small deformation, as it is often assumed when the

floating frame of reference formulation is used in multibody system applications,

no distinction need to be made between the second Piola–Kirchhoff stress tensor

and Cauchy stress tensor. Using the constitutive equations, the preceding equation

can be written in terms of the strains as

dWj
s ¼ �

ð
Vj

E j:e j
� �

: de j dVj ð7:60Þ

where E j is the fourth-order tensor of elastic coefficients. The strain components can

be written in terms of the displacement gradients, which can in turn be written in
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terms of the components of the vector of elastic coordinates. In the floating frame of

reference formulation, the deformation of the finite element is defined with respect

to the body coordinate system using the vector �u j
f . In this case, one can use a linear

strain-displacement relationship because the rigid-body displacement is correctly

described using the reference coordinates qr ¼ rT
O uT

� �T
.

One can show by using the strain-displacement relationship that the virtual

work of the elastic forces can be written as

dW j
s ¼ Q j T

s de
j
f ð7:61Þ

where Q j
s is the vector of elastic forces associated with the element nodal coordi-

nates. Because the vector of element nodal deformation coordinates e
j
f can be

written in terms of the body deformation nodal coordinates as

e
j
f ¼ B j

cBref , ð7:62Þ

one can write the virtual work of the element elastic forces as

dWj
s ¼ Q j T

s B j
cBrdef ð7:63Þ

The virtual work of the elastic forces of the body can be obtained as

dWs ¼
Xne

j¼1

dWj
s ¼

Xne

j¼1

Q j T

s B j
c

 !
Brdef ð7:64Þ

which can be written as

dWs ¼ QT
sf def ð7:65Þ

where

Qsf ¼ BT
r

Xne

j¼1

B j T

c Q j
s

 !
ð7:66Þ

Because in the floating frame of reference formulation, the rigid-body motion leads

to zero strains, the virtual work of the elastic forces can also be written as

dWs ¼ QT
s dq ð7:67Þ

where

Qs ¼
0

Qsð Þf

	 

, q ¼ qr

qf

	 

¼

rO

u
ef

2
4

3
5 ð7:68Þ

The vector of the elastic forces Qsð Þf can also be written as the product of a body-

stiffness matrix K multiplied by the vector of body-nodal coordinates q. It can be
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shown that the floating frame of reference formulation leads to a constant stiffness

matrix when linear strain-displacement relationship is used in the analysis of small

deformations. This can not be achieved when the large-deformation absolute nodal

coordinate formulation is used since the stiffness matrix is always a nonlinear func-

tion of the nodal coordinates even in the case in which the deformations are assumed

small with respect to an element coordinate system. The use of the stiffness matrix

expression is useful when coordinate reduction techniques are used as will be dis-

cussed later in this chapter.

7.9 EQUATIONS OF MOTION

The equations of motion of the body can be obtained using the principle of virtual

work in dynamics, which can be written as

dWi ¼ dWs þ dWe ð7:69Þ

where dWi is the virtual work of the inertia forces, dWs is the virtual work of the

elastic forces, and dWe is the virtual work of the applied forces such as gravity,

external forces, and magnetic forces. It can be shown that the virtual work of the

applied forces can be written as

dWe ¼ QT
e dq ð7:70Þ

Using this equation and the expressions for the virtual work of the inertia and elastic

forces obtained in the preceding two sections, the principle of virtual work in dy-

namics can be written as

f€qTM�QT
v gdq ¼ QT

s dqþQT
e dq ð7:71Þ

In the case of unconstrained motion, the elements of the vector q are indepen-

dent and the preceding equation leads to the equations of motion of the body

given by

M€q ¼ Qs þQe þQv ð7:72Þ

Using the coordinate partitioning q ¼ qT
r qT

f

h iT

, the preceding equation can be

written as

Mrr Mrf

Mfr Mff

	 

€qr

€qf

	 

¼ 0

Qsð Þf

	 

þ Qeð Þr

Qeð Þf

	 

þ Qvð Þr

Qvð Þf

	 

ð7:73Þ

In this equation, subscripts r and f refer, respectively, to reference and elastic

coordinates. The details of the matrices and vectors that appear in the preceding
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equation can be found in the literature (Shabana, 2005). The dynamic coupling

between the reference motion and the elastic deformation is represented by the

two matrices Mrf and Mfr. The study of this dynamic coupling is one of the inter-

esting problems that have been subject of several investigations in the multibody

system dynamics literature. The dependence of the expressions of the matrices Mrf

and Mfr on the choice of the body coordinate system has been also investigated. It is

important also to note that the submatrix Mff , which is the mass matrix that appears

in linear finite element formulations, is a constant symmetric matrix. The reader can

prove this fact by using the definition of the element mass matrix and the partition-

ing of the element coordinates as reference and elastic. The fact that the matrix Mff

is constant will be utilized when component mode techniques are used to reduce the

number of elastic coordinates.

It is clear from the structure of Equation 73 that the equations of motion that

govern the dynamics of rigid bodies (no deformation) and the equations of motion

that govern the dynamics of structural systems (no reference motion) can be

obtained as special cases from Equation 73. It is left to the reader as an exercise

to prove this fact and show how the well known Newton–Euler equations used in

rigid-body dynamics can be obtained from the more general development presented

in this chapter. In the case of the Newton–Euler equations, a body coordinate

system that has an origin rigidly attached to the body center of mass must be used.

A set of generalized Newton–Euler equations for flexible bodies is presented in the

literature (Shabana, 2005).

7.10 COORDINATE REDUCTION

The use of the floating frame of reference formulation in the analysis of the small

deformation of multibody systems has an important advantage because it leads to

a local linear problem that can be exploited in reducing systematically the number of

elastic degrees of freedom. This number can be very large compared to the number

of reference coordinates. A body can have a large number of finite elements and its

reference motion is described using only six reference coordinates. Coordinate re-

duction techniques are not often used with large deformation formulations because

of the complexity of the geometry of the deformation shape. In the small deforma-

tion problems, on the other hand, the bodies take simple shapes that can be de-

scribed using few simple functions. One can then start with a detailed finite element

model for a body whose elements can have arbitrary orientations and use the for-

mulation presented in this chapter to obtain the inertia, elastic and applied forces.

The vector of the body coordinates can then be written in terms of another smaller

set of coordinates, thereby significantly reducing the problem dimensionality and

eliminating high-frequency modes that do not have significant effect on the solution

accuracy.

One way to define the reduced set of coordinates is to use component mode

reduction techniques. The use of this approach allows reducing systematically the

number of coordinates and at the same time eliminating high-frequency modes that
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can be a source of problems when the equations of motion are integrated numeri-

cally. In order to demonstrate the application of the component mode techniques,

the vector of elastic forces Qs can be written as

Qs ¼ �
0 0
0 Kff

	 

qr

qf

	 

ð7:74Þ

where in this equation Kff is the stiffness matrix associated with the elastic coor-

dinates of the body. This stiffness matrix is positive definite as the result of imposing

the reference conditions. Note that in the preceding equation, as a result of using the

mixed set of absolute reference and local deformation coordinates, a rigid-body

motion does not contribute to the vector of elastic forces and the floating frame

of reference formulation leads to zero strains under an arbitrary rigid-body motion.

Substituting the preceding equation into the equations of motion of Equation 73,

one obtains

Mrr Mrf

Mfr Mff

	 

€qr

€qf

	 

þ 0 0

0 Kff

	 

qr

qf

	 

¼ Qeð Þr

Qeð Þf

	 

þ Qvð Þr

Qvð Þf

	 

ð7:75Þ

It is important to point out that by using a consistent mass formulation as described

in this chapter and by applying the reference conditions defined by the matrix Br

which eliminates the rigid-body modes, one can always obtain a positive definite

mass and stiffness matrices Mff and Kff , respectively. Furthermore, proper selection

of the reference conditions is important in order to have a good approximation of

the deformation shape with a small number of coordinates, and also in order to have

strain measures that are consistent with the assumption of small deformation often

used with the floating frame of reference formulation.

In order to use the component mode techniques, one first considers the case

of free vibration of the body with respect to its reference. This is the special case

in which there is no reference motion. In this special case, the preceding equation

leads to

Mff €qf þKff qf ¼ 0 ð7:76Þ

If one further assumes linear material behavior and linear strain-displacement

relationship, the stiffness matrix Kff is constant. Using the fact that the matrix

Mff is also constant, one can assume a solution for the preceding equation in

the form

qf ¼ aeibt ð7:77Þ
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where i ¼
ffiffiffiffiffiffiffi
�1
p

, a is the vector of amplitude, t is time, and b is the frequency.

Substituting Equation 77 into Equation 76, one obtains the following generalized

eigenvalue problem:

Kff � b2Mff

� �
a ¼ 0 ð7:78Þ

This equation can be solved for a set of eigenvalues b2
k , k ¼ 1, 2, . . . , nf where nf is

the number of elastic nodal coordinates. The solution of the preceding equation also

defines the eigenvectors or mode shapes associated with the eigenvalues b2
k. The

eigenvectors describe the possible shape of deformation of the body with respect

to its reference. In the case of small deformation, the shape of the body deformation

is simple and can be described using few eigenvectors called the fundamental mode

shapes. A reduced-order dynamic model can be obtained by using only nm modes

where nm can be much smaller than nf .

A constant coordinate transformation from the physical nodal coordinates qf to

the new modal elastic coordinates pf can then be written as follows:

qf ¼ Bmpf ð7:79Þ

where Bm is the modal transformation matrix whose columns are the low-

frequency nm mode shapes. The vector pf is the reduced vector of modal coordi-

nates. One can then write the total vector of the body coordinates in terms of the

new reduced set of coordinates as

q ¼
qr

qf

	 

¼ I 0

0 Bm

	 

pr

pf

	 

ð7:80Þ

Substituting this transformation into the equations of motion (Equation 75) and

premultiplying by the transpose of the coefficient matrix in the coordinate trans-

formation of Equation 80 leads to the following reduced set of the equations of

motion expressed in terms of the coupled reference and modal coordinates:

Mrr
�Mrf

�Mfr
�Mff

	 

€pr

€pf

	 

þ

0 0

0 �Kff

	 

pr

pf

	 

¼

Qeð Þr
�Qe

� �
f

" #
þ

Qvð Þr
�Qv

� �
f

" #
ð7:81Þ

In this equation,

�Mrf ¼ �M
T
fr ¼Mrf Bm, �Mff ¼ BT

mMff Bm

�Kff ¼ BT
mKff Bm, �Qe

� �
f
¼ BT

m Qeð Þf , �Qv

� �
f
¼ BT

m Qvð Þf

9=
; ð7:82Þ

The application of the modal transformation to reduce the number of coordinates

can be made at a preprocessing stage before the dynamic simulation starts. In this

case, the array space required during the dynamic simulation can be significantly
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reduced. This important subject and the interface between the finite element and

multibody system computer programs are discussed in the following section.

7.11 INTEGRATION OF FINITE ELEMENT AND

MULTIBODY SYSTEM ALGORITHMS

In the floating frame of reference formulation presented in this chapter, the equa-

tions of motion of the continuous body that undergoes finite rotations are formu-

lated in terms of a unique set of finite element inertia shape integrals. These inertia

shape integrals play a fundamental role in an efficient computational scheme that

was developed for solving the dynamic equations of flexible multibody systems. This

scheme, which is implemented in several widely used commercial codes, requires the

integration of small deformation finite element and multibody system algorithms. In

this scheme, constant vectors and matrices that appear in the nonlinear dynamic

equations of motion are identified and evaluated at a preprocessing stage. For

example, the constant inertia shape integrals, the stiffness matrix if constant and

the mode shapes can be evaluated in a preprocessor finite element computer pro-

gram. The inertia shape integrals and the stiffness matrix can be constructed for

each finite element. The body inertia shape integrals and stiffness matrix can be

obtained by assembling the inertia shape integrals and stiffness matrices of its ele-

ments. This means that finite element computer programs in the finite element

floating frame of reference formulation must be used as preprocessors for flexible

multibody system computer programs. This was not the sequence of computations

that was in use before the eighties.

Linear Theory of Elastodynamics Before introducing the finite element floating

frame of reference formulation, rigid multibody system computer codes, which were

available at that time, were used first to determine the inertia and joint forces. Finite

element codes were used at a postprocessing stage in order to determine the defor-

mations and stresses. This procedure is known in the literature as the linear theory of

elastodynamics (Shabana, 2005). The sequence of using the multibody systems and

finite element codes based on the linear theory of elastodynamics was reversed when

the finite element floating frame of reference formulation presented in this chapter

was introduced. Based on this formulation, one obtains a set of data from the finite

element code that is considered as a part of the input data to the flexible multibody

system code, which is based on a formulation that employs a mixed set of reference

and elastic coordinates.

Nodal and Modal Coordinates As previously mentioned, understanding the role

of the inertia shape integrals is important in developing a general and efficient

computational algorithm for the dynamic analysis of flexible bodies that undergo

finite rotations. In fact, the main processor flexible multibody computer program

can be made independent of the use of physical nodal or modal coordinates. That is,
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the main processor can be designed to be the same and works with or without

coordinate reduction. In the computer implementation, it is not required to consider

Equation 81; Equation 75 can work for both cases of physical nodal and modal

coordinates. One only needs to express the inertia shape integrals in their appro-

priate form. If physical nodal coordinates are used, the inertia shape integrals will

have their original dimensions, which depend on the number of nodal coordinates.

On the other hand, if modal coordinates are used, the inertia shape integrals are

transformed to the modal space and the vector of elastic coordinates has dimension

equal to the number of modes used. One can show by using Equation 57 that

the modal form of the inertia shape integrals in the three-dimensional analysis is

given by

�S
� �

m
¼ �SBm ¼

Pne

j¼1

�S
j
B j

c

 !
BrBm

Sklð Þm¼ BT
mSklBm ¼ BT

mBT
r

Pne

j¼1

B j T

c S
j
klB

j
c

 !
BrBm, k, l ¼ 1, 2, 3

9>>>>=
>>>>;

ð7:83Þ

Similarly, by using Equation 58 one can show that in the two-dimensional analysis,

the modal form of the body inertia shape integrals is given by:
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>>>>>>>>>;

ð7:84Þ

where in the preceding two equations subscript m refers to modal form.

Numerical Evaluation of the Inertia Shape Integrals Coupling commercial finite

element codes with flexible multibody codes does not require knowledge of the

shape functions in the finite element computer programs in order to evaluate the

inertia shape integrals. This was one of the main concerns when the finite element

floating frame of reference formulation was introduced. This problem, however, was

successfully solved by using numerical approximation to evaluate the inertia shape

integrals instead of performing the integrations analytically (Shabana, 1985; 2005).

After determining the mode shapes in the finite element preprocessor, these mode

shapes can be used with numerical integration and a lumped mass scheme to obtain

the inertia shape integrals in their modal form. This procedure does not require

knowledge of the element shape function used in the finite element computer

program. It is important, however, to recognize that the use of the numerical
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approximation to evaluate the inertia shape integrals based on the mass lumping

does not lead to a diagonal body mass matrix. The resulting mass matrix remains

nonlinear and nondiagonal.

Because finite element computer programs can solve for the mode shapes for

the finite elements that exist in their library, one can utilize the rich library of the

finite element computer codes in developing detailed multibody system models for

many applications. The finite element codes can produce a standard file that con-

tains the inertia shape integrals and constant-stiffness coefficients. This file can be

used, as previously mentioned, as input to general purpose flexible multibody com-

puter programs. This process is now a standard procedure that is implemented in

several widely used commercial codes.

PROBLEMS

1. Derive the Euler angle transformation matrix if the sequence of rotation used is

Xb
1, Xb

2, and Xb
3.

2. Derive the Euler angle transformation matrix if the sequence of rotation used is

Xb
3, Xb

1, and Xb
3.

3. In Problem 1, determine the expressions for the angular velocity vectors

�x and x in terms of Euler angles. Determine also the singular configurations

associated with this sequence of Euler angles.

4. In Problem 2, determine the expressions for the angular velocity vectors

�x and x in terms of Euler angles. Determine also the singular configurations

associated with this sequence of Euler angles.

5. Determine the G and �G matrices of Equation 16 in the case of planar motion.

6. Consider the beam element whose nodal coordinates and shape function is de-

fined by Equations 1 and 2, respectively. Assume that the location and orien-

tation of this element with respect to the body coordinate system are defined,

respectively, by the translation a ¼ a1 a2½ �T of its first node and a rotation a.

Using the concept of the intermediate element coordinate system, define the

vector �u j of Equation 27 before the deformation takes place. Determine the

numerical values of this vector if a ¼ 2 1½ �T m, a ¼ 30� and the length of the ele-

ment l ¼ 1 m.

7. Consider two beam elements that are rigidly connected. The nodal coordinates

and shape functions of the elements are as defined in Equations 1 and 2,

respectively. The location and orientation of the two elements with respect to

the body coordinate system are defined, respectively, by the translations

a j ¼ a
j
1 a

j
2

h iT

of its first node and a rotation a j, j ¼ 1, 2. It follows that in

the reference undeformed configuration the location of the first node of the

second element must be l1 sin a1 l1 cos a1
� �T

, where l j is the length of the finite

element j. Using the concept of the intermediate element coordinate system,

define the matrices �T
ji
u , �T

ji
n , and B j

c for both elements.
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8. Determine the position, velocity, and accelerations of the mid-point of the beam

in Problem 6 assuming the following values for the coordinates, velocities, and

accelerations:

q ¼ RT h qT
f

h iT

¼ 1 �1 45� 0 0 0 0:001 0 0½ �T

_q ¼ _R
T _h _qT

f

h iT

¼ 10 0 0 0 0 0 50 0 0½ �T

€q ¼ €R
T €h €qT

f

h iT

¼ 0 2 0 0 0 0 0 0 0½ �T

where h is the angle that defines the orientation of the body coordinate system.

9. Show that the inertia forces of the flexible body that undergoes finite rotation

can be written in terms of the inertia shape integrals of Equation 51 in the case

of three-dimensional analysis and in terms of the inertia shape integrals of

Equation 52 in the case of planar analysis.

10. Obtain the inertia shape integrals of the finite element that has nodal coordi-

nates and shape function matrix defined by Equations 1 and 2, respectively.

11. Using linear strain-displacement relationship, show that the vector of the elastic

forces in the floating frame of reference formulation is a linear function of the

element nodal coordinates.

12. Based on the results of the preceding problem, explain why the floating frame of

reference formulation leads to a vector of elastic forces which is linear in the

nodal coordinates when linear strain-displacement relationships are used,

whereas the absolute nodal coordinate formulation leads to a vector of elastic

forces, which is nonlinear function of the element nodal coordinates.

13. Discuss the inertia coupling between the reference motion and the elastic

deformation.

14. Develop the mass matrix of the finite element that has nodal coordinates and

shape function matrix defined by Equations 1 and 2, respectively. Write this

mass matrix in the partitioned form of Equation 73.

15. From the general form of Equation 73, obtain the equations of motion of the

rigid body (no deformation) and the equations of motion of the structural

system (no reference motion) as special cases. In particular, show how to obtain

the Newton–Euler equations used in rigid-body dynamics.

16. Prove that the modal form of the inertia shape integrals is as given by Equations

83 and 84.

17. Show that by expressing the inertia shape integrals in their modal form, the

inertia coefficients in Equation 75 reduce automatically to those obtained using

Equation 81.
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Index

A

Absolute coordinates, 236

Absolute nodal coordinate formulation, 40,

92, 231–285

coupled deformation modes, 257

Acceleration, 71–75, 31

Almansi strains, 51, 65

Angular acceleration, 31

Angular momentum, 43–44

ANCF-coupled deformation modes,

257

Angular velocity, 30, 291–296

Anisotropic linearly elastic material,

134–135

Approximation methods, 37–40

classical, see Rayleigh–Ritz method

finite-element method, see Finite element

method

Rayleigh–Ritz method, see Rayleigh–Ritz

method

Area change, 85–89

Arc length, 257

Associative flow rule, see Associative

plasticity

Associative plasticity, 180, 182, 193

Assumed displacement field, 38, 234

Assumed strain finite element, 278

Assumed stress finite element, 278

Axis of rotation, 68

B

Back stress, 179

Backward implicit Euler method, 183, 185,

196

Bauschinger effect, 177

Beam elements,

three-dimensional, 269–270, 270–272

two-dimensional, 263–269

Beam theory, 266

Binormal vector, 259

Biot stress, 115

Body(s),

force, 104, 107, 243–246

reference, 296–297

rigid, 28–31, 55–59, 290, 302–305, 314

Boolean matrix, 241, 301

Bulk modulus, 139

Bulk viscosity coefficient, 174

C

Cable element, 269–270

Cartesian tensors, 13–25

Cauchy–Green deformation tensor,

left, 67

right, 67

Cauchy,

elastic material, 131

first law of motion, 108

second law of motion, 110

strains, 65

stresses, 65, 106

Cauchy stress formula, 103, 106

Cayley-Hamilton theorem, 21

Center of mass, 31–32

Change of parameters, 45–48

Characteristic equation, 18

Characteristic values, see Eigenvalues

Chebyshev polynomials, 251

Cholesky coordinates, 248

Chord frame, 304
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Classical theories, 256

Component mode synthesis, 316

Connectivity conditions, 240–243, 300–305

Conservation of mass, 34, 89, 113

Consistency condition, see Persistency

condition

Consistency parameter, 180

Consistent mass, 42, 118, 232

Constitutive equations, 108, 131–176,

173–174

Constitutive integration algorithm, 194

Continuity equation, 89–90, 113

Continuum forces, 33–34

Control volume, 89

Convective stress rate, 125, 126

Convective term, 72

Convolution integral, See Duhamel integral

Coordinate reduction, 314–317

Coordinate transformation, 45–48, 75–82

Co-rotational frame, 58, 256

Coupled deformation modes, see

ANCF-coupled deformation modes

Creep function, 154

Curvature, 258, 264

Gaussian, 262

mean, 262

normal, 261

principal, 262

radius of, 259

vector, 258, 261, 264

Curved beams, 276

Curves,

theory, 257–259

D

D’Alembert’s principle, 27–34

Decomposition of displacement, 69

Deformation examples, 92–100

Deformation measures, 67–68

Deviatoric stresses, 120–123

Dilation, 80, 94, 138

Direction cosines, 294

Discrete equations, 40–43

Displacement

decomposition, 69

field, 233–240

general, 292–293

modes, 236

planar, 28, 93

vector gradients, 59–60

virtual, 34

Dissipation, 158–159

Divergence operator, 107

Divergence theorem, 90

Double product, 15–17, 111

Duhamel integral, 151

Dummy index, 12

Dyadic product, See Outer product

Dynamic coupling, see Inertia coupling

E

Eigenvalue analysis, 17–21, 79

Eigenvalue problem, 17–21, 79, 316

Eigenvalues, 17, 79, 316

Eigenvectors, 18, 79, 316

Elastic coefficients, 137, 141

Elastic coordinates, 306

Elastic force, 243–246, 265–266, 268–269

311–313

power, 128

Elastic limit, 133, 146

Elastic loading, 181

Elastic predictor, 185, 196, 197

Elastic line approach, 271

Elastic mid-surface approach, 275

Elasto-plastic tangent modulus, 182

Embedding techniques, 43

Energy, 43–45

balance, 127–128

strain, 158–159, 266, 270, 271–272,

273–274

Engineering strain, 62

Equations of equilibrium, 107–109

Equations of motion,

for deformable bodies, 107–109, 246–249,

313–314

for rigid bodies, 31–33, 314

Equilibrium,

equations of, 107–109

force, 103–106

Equivalent plastic strain, 198

Euler angles, 291, 294

Singularity, 295–296

transformation matrix in terms of, 294

Euler–Bernoulli beam, 76, 263–267

Euler equation, 32

Euler parameters, 294

Eulerian coordinates, 53
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Eulerian description, 53, 71–72, 282

Eulerian formulation, 120, 233, 282–284

Eulerian strains, 51, 65–67

Evolution equations, 178

Extension, 93–96

F

Finite difference method, 37

Finite dimensional model, 37, 143

Finite element,

assumed displacement field, 234

assumed strain, 278

assumed stress, 278

beam, 263–267, 267–269, 269–270, 270–272

Boolean matrix, 241, 301

cable, 269–270

connectivity conditions, 240–243, 300–305

formulation, 231–285, 286–320

generalized forces, 243–246, 268–269

gradient deficient, 77, 256

inertia shape integrals, 250, 287, 309–311,

318–319

intermediate coordinate system, 232, 287, 296,

297–300

isoparametric, 275, 280–282, 287

large deformation, 231–285

mass matrix, 244, 309

method, 37, 231

nodal coordinates, 233, 236–237

performance, 275–280

plate, 272–274, 274–275

rectangular, 280

reference conditions, 300–305

shape function, 40, 235–236

shear deformable, 267–269

solid, 280

stiffness matrix, 315

tetrahedral, 280

triangular, 280

subparametric, 276

superparametric, 276

Finite rotations, 231–285, 281–282

First fundamental form of surfaces, 260

coefficients of, 260

First Piola-Kirchhoff stress tensor, 113

Floating frame of reference, 40, 55–59, 71,

250, 281, 286–320

Flow rule, 178, 180, 182, 190

Flow stress, 179

Fluid,

Constitutive equations, 173–174

ideal, 174

incompressible, 173, 174, 175

inviscid, 173

isotropic, 173

Newtonian, 53, 173

Force, 103–130

body, 104, 107

continuum, 33–34, 111–120

elastic, 111–120, 245–246, 265–266, 268–269,

311–313

gravitational, 104, 107

inertia, 107, 243–245, 307–311

magnetic, 104, 107

surface, 103

Frame indifference, 51

Free index, 12

Frenet frame, 259

Fundamental forms,

first, 260

second, 260

G

Gauss quadrature, 251

Gauss-Legendre coefficients, 252

Gauss theorem, 113

Gaussian curvature, 262

General displacement, 292–293

Generalized forces, 243–246, 268–269

Generalized Newton–Euler equations, 314

Gradient deficient finite element, 77, 256

Gradient of the displacement vector, 59–60,

256

Gravitational force, 104, 107

Green elastic materials, 131

Green-Lagrange strains, 51, 61, 73–75

Green-Naghdi stress rate, 125, 126

H

Hardening, 190

isotropic, 177, 179, 198, 207–214

kinematic, 177, 179, 198, 207–214

linear, 212–214

nonlinear, 207, 212

strain, 177

Hellinger-Reissner principle, 278

Hermite polynomials, 251

Homogeneous material, 132, 137–138–144

Index 329



Homogeneous motion, 69, 144

Hooke’s law, 132–134

Hookean material, 132

Hourglass modes, 280

Householder transformation, 26

Hu-Washizu principle, 278

Huber-von Mises yield function, 198

Hybrid principles, See Multi-field variational

principles

Hydrostatic pressure, 121, 171

Hyperelastic material, 131, 214

Hyperelastic-plastic material, 214–225

Hyperelastic potential, 217

Hypoelastic material, 131, 214

I

Ideal fluid, 174

Impulse response function, 151

Incompressibility, 90, 132, 173, 174, 175

Inelastic material, 214

Inertia,

coupling, 314

force, 107, 243–245, 307–311

mass moment of, 32

shape integrals, 250, 287, 309–311, 318–319

tensor, 33

Infinitesimal rotation, 281

Infinitesimal strains, 65, 68

Intermediate element coordinate system, 232,

287, 296, 297–300

Intermediate plastic configuration, 215

Internal variables, 179, 198

Interpolating polynomials, 38, 233–234

Invariants,

strain, 80, 139–140, 144–145

stress, 139–140

tensor, 17–21

Inviscid flow, 173

Irrotational flow, 71

Isochoric displacement, 60, 87

Isoparametric property, 275, 280–282, 287

Isotropic fluid, 173

Isotropic hardening, 177, 179, 198, 207–214

Isotropic material, 132, 137–144, 171–173, 175
Isotropic plastic modulus, 179

J

J2 flow theory,

isotropic/kinematic hardening, 197–214,

225–230

Jacobian matrix, 55

Jaumann stress rate, 125, 127

K

Kelvin viscoelastic model, 156

Kinematic analysis, 51–102

Kinematic equations, 306–307

Kinematic hardening, 177, 179, 198

207–214

modulus, 179

Kinematic viscosity, 175

Kinematics, 51–102, 306–307

of deformable bodies, 51–102,

264–265

of particles, 27–28

of rigid bodies, 55–59

Kirchhoff stress, 113

Kronecker delta, 8

Kuhn-Tucker complementarity condition,

180, 190

L

Lagrange multipliers, 43, 148, 278

Lagrange–D’Alembert equation, 35

Lagrangian coordinates, 53

Lagrangian description, 53

Lagrangian formulation,

total, 118–119

updated, 118–119

Lagrangian strain tensor, see Green-Lagrange

strain tensor

Laquerre polynomials, 251

Lame’s constants, 132, 137

Large deformation problem, 231–285

Large rotation, 231–285

Left Cauchy-Green strain tensor, 67

Left stretch tensor, 69

Legendre,

coefficients, 252

polynomials, 251

Linear momentum, 43

Linear structural systems, 314

Linear theory of elastodynamics, 317

Loading and unloading conditions, 180–181,

190

Locking, 123, 138–139, 257, 277–279

memberane, 139, 232, 278, 279

shear, 139, 232, 278

volumetric, 139, 232, 278

Logarithmic strain, 62
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Lumped mass technique, 42, 118

Lumped masses, 42, 118, 319

M

Magnetic force, 104, 107

Mass,

center of, 31–32

conservation of, 34, 89, 113

consistent, 42, 118, 232

lumped, 42, 118, 319

matrix, 244, 309

moment of inertia, 32

Material,

anisotropic, 134–135

Cauchy elastic, 131

coordinates, 53

Green elastic, 131

homogeneous, 132, 137–144

Hookean, 132

hyperelastic, 131, 214

hypoelastic, 131, 214

incompressible, 90

inelastic, 214

isotropic, 132, 137–144, 171–173, 175

Mooney-Rivlin, 132, 148–149

Neo-Hookean, 132, 146–148

symmetry, 135–137

viscoelastic, 150–174

Matrix, 2–6

addition, 6

adjoint, 5

cofactor, 3

diagonal, 2

determinant, 3

displacement vector gradients, 60

elastic coefficients, 137, 141

identity, 2

inverse, 5

mass, 244, 309

minor, 3

multiplication, 6

null, 2

orthogonal, 5

position vector gradients, 26, 27, 55, 216

product, 6

projection, 11

rectangular, 2

singular, 3

skew symmetric, 2

square, 2

stiffness, 315

symmetric, 2

trace, 2

transpose, 2

unit, 2

zero, 2

Maxwell viscoelastic model, 156, 168

Mean curvature, 262

Mean surface traction, 103

Mechanics,

particles, 27–28

rigid bodies, 28–31

Membrane locking, 139, 232, 278, 279

Mixed principles, See Multi-field variational

principles

Modal coordinates, 317

Modal transformation, 316

Mode shapes, 316

Modulus of elasticity, See Young’s modulus

Modulus of rigidity, 138

Mohr’s circle, 99

Moment of inertia, 32–33

Momentum, 43–45

Mooney-Rivlin material, 132, 148–149

Motion description, 52–60

Multibody computer programs, 318

flexible, 287

Multibody systems, 287

Multi-field variational principles, 278

Multiplicative decomposition, 177, 216

N

Nanson’s formula, 88

Natural strain, 62

Navier-Stokes equations, 174–175

Neo-Hookean material, 132, 146–148

Neutral loading, 181

Newton-Cotes formulas, 251

Newton–Euler equations, 32, 314

Newton-Euler formulation, 31

Newtonian fluid, 53

Newtonian viscous fluid, 173–174

Newton’s equations, 32

Newton’s second law, 27

Nodal,

coordinates, 233, 236–237, 317

points, 231

Nominal stresses, 114

Non-conservative system, 128

Non-homogeneous motion, 70
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Non-incremental solution, 257

Normal curvature, 261

Normal strains, 61, 80

Normal stresses, 106

Numerical Solution,

plasticity equations, 182–184, 194–195

O

Objectivity, 34, 51, 82–85, 123–127, 150

Oldroyd stress rate, 125, 126

Orthogonal matrix, 5

Orthogonal transformation,

proper, 5

improper, 5

Osculating plane, 259

Outer product, 7, 9–11

Overstress function, 224

P

Parallel axis theorem, 287, 296

Partial differential equations of equilibrium,

107–108

Partial stresses, 159

Particle mechanics, 27–28

Patch test, 232, 276–277

Penalty method, 148, 278

Perfect plasticity, 179, 188

Persistency condition, 181, 190, 219

Physical interpretation of strains,

61–63

Physical stress, See True stress

Piola-Kirchhoff stress, 83, 111, 113, 114

Piola transformation, 125

Pitch angle, 294

Planar analysis, 28, 93

Planar motion, 28, 93

Plane strain, 140–143, 198

Plane stress, 140–143

Plastic corrector, 185, 196, 197

Plastic flow rule potential, 180

Plastic loading, 181

Plasticity, 177–230

associative, 180, 182, 193

equations, 181–189, 194–195

explicit solution, 195

formulations, 177–230

implicit solution, 195–197

non-associative, 190, 219

perfect, 179, 188

rate dependent, 177, 224–225

small strains, 190–197

Plate elements, 274–275

thin, 272–274

Poisson effect, 94 , 138–139

Poisson’s ratio, 138

Polar decomposition theorem, 1, 25–27,

51, 69

Position vector gradients, 26, 27, 55, 216

Prager-Ziegler rule, 198, 212

Principal axes, 80

Principal curvatures, 262

Principal directions, 79, 106, 110, 262

Principal strains, 79–82, 144–145

Principal stresses, 110–111

Principal values, 79

Principle of conservation of mass, 34, 89, 113

Principle of virtual work, 34–37, 246

Projection,

Matrix, 11

Prony series, 169

Proportional limit, 146

Pull back, 65

Push forward, 65

Q

QR decomposition, 26

Quadrature, 250, 251

R

Radius of curvature, 259

Rate dependent,

material, 177

plasticity, 177, 224–225

Rate independent material, 177

Rate of deformations, 51, 72–75, 217–219

Rayleigh–Ritz method, 38

Rectangular element, 280

Reduced integration, 232, 256, 279–280

selective, 232, 279

Redundant coordinates, 43

Reference conditions, 300–305

Reference coordinate system, 57, 306

Reference coordinates, 306

Reference kinematics, 306–307

Reference motion, 59, 302–305

Reflection, 135–137

Relaxation function, 152, 161, 166

Relaxation time, 151
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Return mapping algorithm, 178, 184, 185,

186–189, 194, 210–212

radial, 187

Reynold’s transport theorem, 52, 90–92

Right Cauchy-Green strain tensor, 67

Right stretch tensor, 69

Rigid body,

dynamics, 314

inertia, 32–33

kinematics, 28–31, 55–59

mass matrix, 32–33

motion, 55, 290, 302–305

planar motion, 32

translation, 290–291

Rodriguez formula, 68

Rodriguez parameters, 294

Roll angle, 294

Rotation, 137

field, 26

finite, 281–282

infinitesimal, 281

large, 231–285, 286–320

matrix, 69

S

Scalar triple product, 86

Second fundamental form of surfaces, 260

coefficients of, 260

Second Piola-Kirchhoff stress tensor, 83, 111,

114

Selective reduced integration, 232, 279

Separation of variables, 233–236

Shape function, 235–236

matrix, 40

Shear,

deformation, 97, 267–269

locking, 139, 232, 278

modulus, 138

strain, 61

stress, 106

viscosity coefficient, 174

Shells, 276

Simpson’s rule, 251

Singular point, 257

Slider crank mechanism, 303

Slip rate, 180

Small deformation problem, 286–320

Small strains, see Infinitesimal strains

Solid element, 280

Spatial coordinates, 53

Spectral decomposition, 20, 80

Spin,

tensor, 72–75

Spurious singular modes, 280

Standard viscoelastic model, 150

Stiffness matrix, 315

Stokes’ relation, 174

Strain,

Almansi, 51, 65

auxiliary strain energy density function, 160

Cauchy, 65

components, 51, 60–67

energy, 134, 158–159, 266, 270, 271–272,

273–274

engineering, 62

Eulerian, 51, 65–67

Geometric interpretation, 61–64

Green–Lagrange, 51, 61, 73–75

hardening, 177

infinitesimal, 65

invariants, 80, 139–140, 144–145

logarithmic, 62

natural, 61

normal, 61

physical interpretation, 61–63

plane, 140–143

principal, 79–82

shear, 61

small, see Infinitesimal strains

space formulation, 178

transformation, 75–82

vector, 133

volumetric, 80

Strain additive decomposition, 151, 177, 179

Strain-displacement relationships, see

Constitutive equations

Stress, 103–130

back, 179

Biot, 115

Cauchy, 103, 106

components, 106

deviatoric, 120–123

invariants, 111, 139–140

Kirchhoff, 113

measures, 113–115

nominal, 114

normal, 106

physical interpretation, 120
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Piola-Kirchhoff, 83, 111, 113, 114

plane, 140–143

principal, 110–111

rate, 125

shear, 106

space formulation, 178

symmetry, 109–111

transformation, 106

true, 111

update algorithm, 194

vector, 133

Stress–strain relationships,

Stretch, 56, 93–96

left, 69

right, 69

tensor, 69

Structural mechanics, 314

Structural systems, 266, 314

Subparametric finite element, 276

Summation convention, 12–13

Superparametric finite element, 276

Surfaces,

curvature, 261–263

elliptic, 261

hyperbolic, 261

parabolic, 261

planar, 261

theory, 259–263

Surface force, 103

Surface traction, 103

Spurious singular modes, 280

Symmetry of the stress tensor, 109–111

T

Tangent frame, 27, 305

Tangent elasto-plastic modulus, 191, 220

Tensor,

Almansi strain, 65

alternating, 23

antisymmetric, 21

Cartesian, 13–25

Cauchy strain, 65

contraction, 15–17, 23

double product, 15–17, 23, 111

Eulerian strain, 65–67

fourth order, 24

Green-Lagrange strain, 61, 73–75

higher order, 21–25

identity, 14

infinitesimal strain, 68

invariants, 17–21

isotropic, 15

left Cauchy-Green strain, 67

rate of deformation, 51, 72–75, 217–219

right Cauchy-Green strain, 67

second order, 13

skew symmetric, 21

spherical, 15

spin, 72–75

symmetric, 19

third order, 21

unit, see Identity tensor

velocity gradient, 51, 72

Theory of curves, 257–259

Theory of surfaces, 259–263

Thin plate element, 272–274

Torsion, 259

Total Lagrangian formulation, 118–119, 282

Trace of matrix, 2

Traction, mean surface, 103

Transformation matrix,

planar, 30

spatial, 294

in terms of Euler angles, 294

Translation, 290–291

Transport term, 72

Transpose of matrix, 2

Tresca yield function, 178

Triadic product, 13

Trial stress, 197

Triangular element, 280

Triple product, 86

True stress, 111

Truesdell stress rate, 125–126

U

Unit dyads, 13

Updated Lagrangian formulation, 118–119,

233, 282–284

V

Vector, 6–12

cross product, 7

dot product, 7

dyadic product, 7

length of, 7

norm of, 7

orthogonal, 7
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outer product, 7

unit, 7

Velocity, 71–75

angular, 30, 291–296

gradients, 51, 72

strain, 72

transformation, 42

Virtual displacement, 34

Virtual power principle, 120

Virtual work,

of elastic forces, 111–120, 246, 265, 270

principle, 34–37, 246

Viscoelastic material, 150–174

Kelvin model, 156

linear, 150–164

Maxwell model, 156, 168

nonlinear, 164–171

one-dimensional model, 150–156

standard model, 150

strain additive decomposition, 151

Voigt model, 156

Viscosity coefficient, 173

Voigt viscoelastic model, 156

Volume change, 85–89, 112

Volumetric locking, 139, 232

Volumetric strain, 80

von Mises effective stress, 226

von Mises yield function, 178

Vorticity, 71

W

Weak form, 112

Weight,

coefficients, 252

factors, 252

Work and energy, 43–45

Principle, 45

Y

Yaw angle, 294

Yield condition, 179

Yield criterion, 179

Yield function, 178

Huber-von Mises, 198

Tresca, 178

von Mises, 178

Yield stress, 146, 179

Young’s modulus, 138

Z

Zero energy modes, 280

Ziegler’s rule, 179
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